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Chapter 1

What is Physics?

Physicsis the most fundamental of the sciences. Its goal is to leam the Universe works at the most
fundamental level—and to discover the basic laws by whiabpirates.Theoretical physicgoncentrates
on developing the theory and mathematics of these laws,ewapiblied physicfocuses attention on the
application of the principles of physics to practical perbk. Experimental physicBes at the intersection

of physics and engineering; experimental physicists hlagefteoretical knowledge of theoretical physicists,

andthey know how to build and work with scienti ¢ equipment.

Physics is divided into a number of sub- elds, and phys&at trained to have some expertise in all of
them. This variety is what makes physics one of the mostésterg of the sciences—and it makes people

with physics training very versatile in their ability to davk in many different technical elds.
The major elds of physics are:

Classical mechanics the study the motion of bodies according to Newton's lafveotion, and is
the subject of this course.

Electricity and magnetisrare two closely related phenomena that are together carsdidesingle eld
of physics.

Quantum mechaniadescribes the peculiar motion of very small bodies (atoiiziessand smaller).
Opticsis the study of light.

Acousticgs the study of sound.

Thermodynamicandstatistical mechanicare closely related elds that study the nature of heat.
Solid-state physids the study of solids—maost often crystalline metals.

Plasma physicss the study of plasmas (ionized gases).

Atomic, nuclear, and particle physissudy of the atom, the atomic nucleus, and the particlestia&e
up the atom.

Relativityincludes Albert Einstein's theories of special and geneshdtivity. Special relativityde-
scribes the motion of bodies moving at very high speeds (hesspeed of light), whilgeneral rela-
tivity is Einstein's theory of gravity.

The elds of cross-disciplinary physicsombine physics with other sciences. These inchatephysics
(physics of astronomyyeophysicgphysics of geology)biophysicqphysics of biology)chemical physics
(physics of chemistry), anchathematical physidgnathematical theories related to physics).

12
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Besides acquiring a knowledge of physics for its own sakestidy of physics will give you a broad tech-
nical background and set of problem-solving skills that gan apply to wide variety of other elds. Some
students of physics go on to study more advanced physicte wihiers nd ways to apply their knowledge
of physics to such diverse subjects as mathematics, engigebiology, medicine, and nance.

Another bene t of learning physics is that, unlike coursesdchnology, nothing you learn in this course
will ever be obsolete. Although theories at the cutting eafgghysics research may change, the basic physics
you'll learn in these courses will not. You will be able to usbat you learn in this course throughout your

life.

13



Chapter 2

The Greek Alphabet

Ancient Greek is the language spoken in the region aroundemo@reece, from time of the poet Homer
(8th century BC) through the time of classical Greece (4th%th centuries BC). Its alphabet consists of 24
letters, as shown in Table 2-1.

This is not a course in ancient Greek, so we will not have theodpinity to study the language in
detail. However, the letters of the Greek alphabet are venynaon in physics, mathematics, and engineering,
because we need symbols to stand for different quantitiestlee 26 letters of the Roman/English alphabet
are often not enough.

Table 2-1 shows the 24 letters of the Greek alphabet. In dolbe mathematically and scienti cally
literate, and so that you can communicate with others whdystnathematics and physical science, you
should know the proper names of these Greek letters. Thergimu shouldmemorize the entire Greek
alphabet so that you can provide the correct name of each letter woensge i€ The table shows both
uppercase and lowercase forms are shown in the table.

Note that several letters have alternate forms. Espeaaltynon are the two forms fapsilon( and")
and forphi( and').

Note also that there atavo different forms of the Greek lowercase letiggma The second form&)
is used whersigmais the last letter of a word; otherwise the formis used® This variation affectsnly
lowercasesigma not its uppercase counterpart, which is always writteh ag&lthough common in ancient
Greek writing, the& form of the lettersigmais almost never used in mathematics, physics, or engirgeerin

Originally the Greeks wrote using only capital letters. féheas no punctuation, nor were there even
spaces between words. Lowercase letters, spacing, antlgtino were later additions to the language, and
are used today when printing and reading ancient Greektedtsike in English, the rst letter of a Greek
sentence is generalhot capitalized; only proper names begin with a capital letter.

Before the time of Homer, during the Greek Dark Ages (120@-BG), the Greek language was written
using a completely different writing system—a syllabarlyezhlLinear B, which was not deciphered until the
1950s. [3,7]

1sometimes the German Fraktur alphabet (Appendix 2) is uspdovide additional symbols. And rarely, authors will sdimes
even dip into the Hebrew alphabet when even the Roman andk@lgleabets together don't provide enough symbols.

2By tradition, in science and mathematics we call Greek ety their ancient Greek names. Their names in modern Greek a
similar, but often different. R

3English had a similar feature until fairly recently. Untilet 19th century, the lettarwas written as a “long s” symbol | when it
was in the middle of a word. You'll see this usage in some ottiEruments like the Declaration of Independence.

4These statements are also true of ancient Latin: origirtlaélye were no spaces, punctuation, or lowercase letters.

14
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Table 2-1. The Greek alphabet.

Letter  Name Pronunciation

A alpha a as infather

B beta b as inboy

€ gamma  always harg, as ingirl

. delta d as indent

E" epsilon eas inget

z zeta d” asinadze

H eta ayas inhay

, theta unvoicedh as inthorn

I iota i as inpin (unstressed) amachine(stressed)
K kappa  kasinkill

f lambda I as inlamb

M mu m as inmoney

N nu nas innest

" Xi x orks as inbox

Oo omicron oasingot

. pi p as inpie

P rho r trilled or ipped as in Spanisipero
t & sigma sasinsong

T tau t as intank

T upsilon uas intube

o phi f orphas inphase

X chi as in Scottisthoch; or like Englishk
%o psi psas inoops

o! omega o0as inpoke

(Alternate forms* D , D" #D ,~D ,$ D ,%D ,&D , D'))

15



Chapter 3

Quotations from Classical Greek

Here are some notable quotations from ancient Greek auimatphilosophers. [21] As practice with the
Greek alphabet, try spelling each word by providing the nafreach letter. You may also try pronouncing
each quotation. Can you spot any Greek words that might bedinee of words in English? (For example,
the Greek word" " meansve, and is the source of the English wgrdntagor(a ve-sided polygon).)

o] o] o] "l o:
The worst of all deceptions is self-deception. —Plato

o0& 11l I
A man's character is his fate. —Heraclitus

o" "" o0& o0& o !o0& P
An unexamined life is not worth living. —Socrates

0& O ! I
Give me but one rm spot on which to stand, and | will move therldo—Archimedes, describing the lever

T
Eureka! | have discovered it! —Archimedes, jumping out ofublic bath as he discovered the laws of
displacement

! P o o0& "o0& " " 00&:
The most precious of all possessions is a wise and loyaldrieAHerodotus

o o " o0& "o _
A coward fears even things he ought not to fear. —Aristotle

"0 o o:
Moderation in all things is best. —Pythagoras
(The Roman philosopher Seneca later expressed the sanmaesarin Latin: Modum tenere debemiis.
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Chapter 4

Deductive Logic

Solving physics problems makes extensive usgediuctive logicOne begins with a set of known facts (given
in the problem) and a set of relevant equations and de ng{@rhich you select, based on the problem). Using
logic and mathematics, you then deduce the conclusion @lla¢ien to the problem).

As a simple example, suppose you are given that a body tré@8lmeters in 10 seconds, and are asked to
nd its average speed. You must search your knowledge ofiphys decide what additional facts are needed
to solve this problem. In this case, you decide to use theitlemof “average speed”: the total distance
divided by the total time. Putting the given information étiger with this de nition, you nd the solution to
be 700 meters divided by 10 seconds, or 70 meter per second.

If you enjoy solving logic problems, cryptograms, and sanpuzzles, then you'll enjoy solving physics
problems. Solving physics problems is the primary skill Yidue developing in this course. Professional
physicists solve similar types of problems — often more claxproblems. They also do experiments to try
to deduce the correct laws of Nature. In this course we'lspree some of the laws of Nature that have been
deduced so far, along with some of the important results andexjuences of those laws.
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Chapter 5

Units

The phenomena of Nature have been found to obey certaingahieivs; one of the primary goals of physics
research is to discover those laws. It has been known foraegenturies that the laws of physics are
appropriately expressed in the languagemaithematicsso physics and mathematics have enjoyed a close
connection for quite a long time.

In order to connect the physical world to the mathematicalldyave need to makemeasurementsf the
real world. In making a measurement, we compare a physieaitgy with some agreed-upon standard, and
determine how many such standard units are present. Fompéxawe have a precise de nition of a unit of
length called amile, and have determined that there are about 92,000,000 sule$ eitween the Earth and
the Sun.

Itis important that we have very precise de nitions of plogdiunits — not only for scienti ¢ use, but also
for trade and commerce. In practice, we de ne a tege unitsand derive other units from combinations of
those base units. For example, if we de ne units for lengtth time, then we can de ne a unit for speed as
the length divided by time (e.g. miles/hour).

How many base units do we need to de ne? There is no magic nyritbéact it is possible to de ne
a system of units using onlgne base unit (and this is in fact done for so-callegtural unit§. For most
systems of units, it is convenient to de ne base units fogtlnmass, and time; a base electrical unit may
also be de ned, along with a few lesser-used base units.

5.1 Systems of Units

Several different systems of units are in common use. Fayedag civil use, most of the world usesetric
units. The United Kingdom uses both metric units andraperial system. Here in the United Statés.S.
customary unitgre most common for everyday use.

There are actually several “metric” systems in use. Theybmbroadly grouped into two categories:
those that use the meter, kilogram, and second as baseMHKi&gystems), and those that use the centimeter,
gram, and second as base units (CGS systems). There is @68 system, calle8| units We will mostly
use Sl units in this course, but we will use other systems fiiora to time so that you get some experience
with using them.

1In the mid-1970s the U.S. government attempted to switchJthited States to the metric system, but the idea was abandddies
strong public opposition. One remnant from that era is theliter bottle of soda pop.
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5.2 Sl Units

Sl units (which stands for Systeme International d'usjtare based on thaeteras the base unit of length,
thekilogramas the base unit of mass, and #seondas the base unit of time. Sl units also de ne four other
base units (thempere kelvin, candela andmole to be described later). Any physical quantity that can be
measured can be expressed in terms of these seven baserwsttae combination of them. Sl units are
summarized in Appendix 9.

S| units were originally based mostly on the properties ef Barth and of water. Under thagiginal
de nitions:

» Themeterwas de ned to be one ten-millionth the distance from the éguim the North Pole, along a
line of longitude passing through Paris.

+ Thekilogramwas de ned as the mass of 0.00% wf water.
» Thesecondwas de ned as 1/86,400 the length of a day (one rotation oEgmeh).

» The de nition of theampereis related to electrical properties, ultimately relatingtte meter, kilogram,
and second.

» Thekelvinwas de ned in terms of the thermodynamic properties of watemell as absolute zero.

» Thecandelawas de ned by the luminous properties of molten tungstenthedehavior of the human
eye.

» Themolewas de ned by the density of the carbon-12 nucleus.

Many of these original de nitions have been replaced oumetivith more precise de nitions, as the need for
increased precision has arisen. Most recently, on May 209 2here was a major re-de nition of Sl units,
in which the de nitions of the kilogram, ampere, kelvin, amble were all changed. Sl units now really have
only one unit that is determined experimentally: the unitimfe, which is thesecond The other base units
are now de ned by de ning exact, unchanging values for salvef the physical constants.

Length (Meter)

The Sl base unit of length, threeter(m), has been re-de ned more times than any other unit, dtfetoeed
for increasing accuracy. Originally (1793) the meter wasielé to be 1=10;000;00Qhe distance from the
North Pole to the equator, along a line going through Pafisen, in 1889, the meter was re-de ned to be the
distance between two lines engraved on a prototype metdepaiin Paris. Then in 1960 it was re-de ned
again: the meter was de ned as the distancé;660;763:73vavelengths of the orange-red emission line in
the krypton-86 atomic spectrum. Still more stringent aacyrrequirements led to the the current de nition
of the meter, which was implemented in 1983: the meter is newet! to be the distance light in vacuum
travels in1=299;792;45&econd. Because of this de nition, the speed of light is rexactly299;792;458
m/s.

U.S. Customary units are legally de ned in terms of metrinigglents. For length, thmot(ft) is de ned
to be exactly 0.3048 meter.

2|f you remember this original de nition, then you can remeenthe circumference of the Earth: abd(t000;000 meters.
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Mass (Kilogram)

Originally thekilogram (kg) was de ned to be the mass of 1 liter (0.002)nof water. The need for more
accuracy required the kilogram to be re-de ned to be the nodssstandard mass called thgernational
Prototype Kilogranwhich is kept in a vault at the Bureau International des Peiddesures (BIPM) in Paris.
Each country was given its own copy of the IPK to use as its oational standard.

In 2019, the kilogram was re-de ned (somewhat indirectly)de ning Planck’'s constanfused in quan-
tum mechanics) to bexactlyequal toh D 6:62607015 10 * kg n? s 1. Since the meter and second
are given precise experimental de nitions, xing the valoth has the effect of de ning the value for the
kilogram.

Another common metric (but non-Sl) unit of mass is thetric ton which is 1000 kg (a little over 1 short
ton).

In U.S. customary units, thgound-masglbm) is de ned to be exactl9:4535923'kg.

Mass vs. Weight

Mass is not the same thing agight so it's important not to confuse the two. Theassof a body is a
measure of the total amount of matter it contains;wheéghtof a body is the gravitational force on it due to
the Earth's gravity. At the surface of the Earth, masand weightW are proportional to each other:

W D mg; (5.2)

whereg is the acceleration due to the Earth's gravity, equal to @88. Remember: mass is mass, and is
measured in kilograms; weight is a force, and is measuredraefunits olhewtons

Time (Second)

Originally the base Sl unit of time, theecond(s), was de ned to bd=600f 1=600f 1=240f the length of
a day, so that 60 seconds 1 minute, 60 minute® 1 hour, and 24 hour® 1 day. High-precision time
measurements have shown that the Earth's rotation ratehloaisterm irregularities, along with a long-term
slowing due to tidal forces. So for a more accurate de nitionl 967 the second was re-de ned to be based
on a de nition using atomic clocks. The second is now de nede the time required fo®;192;631;770
oscillations of a certain type of radiation emitted from aioen-133 atom.

Although of cially the symbol for the second is “s”, you willso often see people use “sec” to avoid
confusing lowercase “s” with the number “5”.

The Ampere, Kelvin, and Candela

For this course, most quantities will be de ned entirely émrhs of meters, kilograms, and seconds. There
are four other Sl base units, though: #mapere(A) (the base unit of electric current); thelvin (K) (the
base unit of temperature); tlkandela(cd) (the base unit of luminous intensity, or light brighteg and the
mole(mol) (the base unit of amount of substance). With the 204@raition of S| units, theampereis now

de ned by xing the value of the elementary chargeexactlye D 1:602176634 10 '° A s. Thekelvinis
now de ned by xing the value oBoltzmann's constarib exactlyks D 1:380649 10 22 J/K. Thecandela

is a unit that measures the brightness of light, and has awbateomplex de ntion that includes a model
of the response of the human eye to light of different wawgies:

Amount of Substance (Mole)

Since we may have a use for the mole in this course, let's lb@k de nition in detail. The simplest way to
think of it is as the name for a number. Just as “thousand” ;m&&®Q “million” means1;000;000and “bil-
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lion” meansl;000;000;000in the same way “mole” refers to the numb662;214;076;000;000;000;000;000
or 6:02214076 10?%. You could have a mole of grains of sand or a mole of Volkswagbuat most often
the mole is used to count atoms or molecules. There is a rehsomumber is particularly useful: since each
nucleon (proton and neutron) in an atomic nucleus has arageanass 01:66053906660 10 24 grams
(called anatomic mass unjtor amu), then there are=.1:66053906660 10 24/, or 6:02214076 10%°
nucleons per gram. In other words, one mole of nucleons haassa of 1 gram. Therefore, & is the atomic
weight of an atom, theA moles of nucleons has a massfofirams. ButA moles of nucleons is the same as
1 mole of atoms, sone mole of atoms has a mass (in grams) equal to the atomidwéigother words,
grams

moles of atom® —— (5.2)
atomic weight
Similarly, when counting molecules,
rams
moles of molecule® d (5.3)

molecular weight

In short, the mole is useful when you need to convert betwieemtass of a material and the number of
atoms or molecules it contains.

It's important to be clear about what exactly you're cougt{atoms or molecules) when using moles. It
doesn't really make sense to talk about “a mole of oxygeny, more than it would be to talk about “100 of
oxygen”. It's either a “mole of oxygen atoms” or a “mole of aen molecules®.

For convenience, sometimes the werttity is used to mean “atom or molecule.” Then the formula for
determining the number of moles from the mass becomes

grams
entity weight
whereentity weightmeans either atomic weight or molecular weight, dependmgvbether it's atoms or
molecules that are being discussed.

Note that although the base Sl unit of mass iskif@gram the mole is de ned by having the number of
gramsequal to the entity weight. Other kinds of “moles” have beemdd, such as theound-moleounce-
mole andkilogram-mole in which the indicated unit of mass is numerically equalhe éntity weight. For
example, 1 kilogram-mole of carbon-12 atoms is 12 kilograftarbon-12, and contai®s02214076 10°°
carbon atoms. The SI mole is the same things as a gram-mole.

With the 2019 Sl units re-de nition, the mole is de ned by e Avogadro's constant equal exactly
Na D 6:02214076 107 mol 1.

Interesting fact: it's estimated that there is roughly oraevof stars in the observable Universe.

moles of entitieD (5.4)

S| Derived Units

In addition to the seven base units (m, kg, s, A, K, cd, moBrerare a number of so-call&l derived units
with special names. We'll introduce these as needed, butrersury of all of them is shown in Appendix 9
(Table 9-2). These are just combinations of base units tbairooften enough that it's convenient to give
them special names.

Plane Angle (Radian)

One derived Sl unit that we will encounter frequently is thedt of plane angle. Plane angles are commonly
measured in one of two unitslegreesor radians® You're probably familiar with degrees already: one full

3Six hundred two sextillion, two hundred fourteen quingitli seventy-six quadrillion.

4Sometimes chemists will refer to a “mole of oxygen” when itisderstood whether the oxygen in question is in the atomjm(O
molecular (Q) state.

5A third unit implemented in many calculators is tiyad: a right angle is 100 grads and a full circle is 400 grads. Yay encounter
grads in some older literature, such as Laplatgsanique CélesteAlmost nobody uses grads today, though.
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circle is360 , a semicircle is180 , and a right angle i90 .

The Sl unit of plane angle is thradian, which is de ned to be that plane angle whose arc length iskqu
to its radius. This means that a full circleds radians, a semicircle is radians, and a right angle is2
radians. To convert between degrees and radians, thenuse ha

180

degreed radians (5.5)

and

radiansD degrees (5.6)

180
The easy way to remember these formulee is to think in termie$:u180 has units of degrees anchas
units of radians, so in the rst equation units of radiansaemon the right-hand side to leave degrees, and in
the second equation units of degrees cancel on the riglttdida to leave radians.

Occasionally you will see a formula that involves a “barefjl@that is not the argument of a trigonometric
function like the sine, cosine, or tangent. In such casesubhderstood that the angle mustibeadians For
example, the radius of a circte angle , and arc lengtls are related by

sDr; (5.7)

where it is understood thatis in radians.
See Appendix 16 for a further discussion of plane and solglean

Sl Pre xes

It's often convenient to de ne both large and small unitgtim@asure the same thing. For example, in English
units, it's convenient to measure small lengths in incheslarge lengths in miles.

In Sl units, larger and smaller units are de ned in a systé&nahy by the use opre xesto the Sl base
or derived units. For example, the base Sl unit of length ésrtteter (m), but small lengths may also be
measured in centimeters (cm, 0.01 m), and large lengths maygasured in kilometers (km, 1000 m). Table
9-3 in Appendix 9 shows all the Sl pre xes and the powers of H&ytrepresent. You shouldemorizehe
powers ofl0for all the Sl pre xes in this table.

To use the Sl pre xes, simply add the pre x to the front of thenme of the Sl base or derived unit. The
symbol for the pre xed unit is the symbol for the pre x writtein front of the symbol for the unit. For
example, kilometer (km 10° meter, microsecond ) D 10 © s. But put the pre x on thggram(g), not
the kilogram: for example, 1 microgram¢) D 10 © g. For historical reasons, the kilogram is the only Sl
base or derived unit with a pre &.

The 2019 Re-de nition of SI Units

On May 20, 2019, a major re-de nition of Sl units went intoexff. With this re-de nition, experimental
de nitions of several of the Sl units have been replacedi&ying the values of several fundamental physical
constants, so that these values become xed and unchangingiatter how many future experiments are
performed. The de ned constants are shown in Table 5-1.

60riginally, the metric standard of mass was a unit calledjtfaye(GRAH-veh, equal to 1000 grams. When the metric system was
rst established by Louis XVI following the French Revolati, the namgravewas considered politically incorrect, since it resembled
the German wordraf, or “Count” — a title of nobility, at a time when titles of ndlty were shunned. Thgravewas retained as the
unit of mass, but under the more acceptable nkingram The gram itself was too small to be practical as a mass stdnda
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Table 5-1. New Sl base quantities, de ning constants, andititns.

Base quantity De ning constant De nition De nes Sl unit

Frequency o, 138 Cs)ps The unperturbed ground-state hyper ne splitting frequesfc

the cesium-133 atom is exactly 9,192,631,770 Hz. (S
Velocity c The speed of light in vacuumis exactly 299,792,458 m/s. m
Action h The Planck constafitis exactly6:62607015 10 34 Js. kg
Electric charge e The elementary chargeis exactly1:602176634 10 1° C. A
Heat capacity ks The Boltzmann constaii is exactly1:380649 10 23 J/K. K
Amount of substance Na The Avogadro constam is exactly6:02214076 1022 mol 1. mol
Luminous intensity K cd The luminous ef cacyK ¢4 of monochromatic radiation of

frequency540 1012 Hz is exactly 683 Im/W. cd

5.3 CGS Systems of Units

In some elds of physics (e.g. solid-state physics, plasimgsirs, and astrophysics), it has been customary to
use CGS units rather than Sl units, so you may encounter theasionally. There are several different CGS
systems in useelectrostati¢ electromagneticGaussianandHeaviside-Lorentznits. These systems differ
in how they de ne their electric and magnetic units. UnlikeuBits, none of these CGS systems de nes a
base electrical unit, so electric and magnetic units aréeilved units. The most common of these CGS
systems is Gaussian units, which are summarized in Appdridix

Sl pre xes are used with CGS units in the same way they're wggd S| units.

5.4 British Engineering Units

Another system of units that is common in some elds of engiirey isBritish engineering unitsin this
system, the base unit of length is the foot (ft), and the baseaf time is the second (s). The base unit
of force is called thgpound-forcg(lbf), and mass is measured unitsstfigs where 1 slug has a weight of
32.17404855 Ibf.

A related unit of mass (not part of the British engineeringteyn) is called the pound-mass (Ibm). At
the surface of the Earth, a mass of 1 Ibm has a weight of 1 Ib§osoetimes the two are loosely used
interchangeably and called tpeund(lb), as we do every day when we speak of weights in pounds.

Sl pre xes are not used in the British engineering system.

5.5 Units as an Error-Checking Technique

Checking units can be used as an important error-checkoimigue calleddimensional analysisif you
derive an equation and nd that the units don't work out pndpethen you can be certain you made a
mistake somewhere. If the units are correct, it doesn't sy mean your derivation is correct (since you
could be off by a factor of 2, for example), but it does give ywmme con dence that you at least haven't
made a units error. So checking units doesn't tell you fotaieiwhether or not you've made a mistake, but
it does help.

Here are some basic principles to keep in mind when workinly wnits:

1. Units on both sides of an equation must match.
2. When adding or subtracting two quantities, they must hlagesame units.
3. Quantities that appear in exponents must be dimens&nles

4. The argument for functions like sin, cos, tan, gincos !, tan 1, log, and exp must be dimensionless.
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5. When checking units, radians and steradians can be aadidimensionless.

6. When checking complicated units, it may be useful to bdeakn all derived units into base units (e.g.
replace newtons with kg m 3).

Sometimes it's not clear whether or not the units match oh biates of the equation, for example when
both sides involve derived Sl units. In that case, it may ulgo break all the derived units down in terms
of base Sl units (m, kg, s, A, K, mol, cd). Table 9-2 in Appen@lishows each of the derived Sl units broken
down in terms of base Sl units.

5.6 Unit Conversions

Itis very common to have to work with quantities that are giireunits other than the units you'd like to work
with. Converting from one set of units to another involvegraightforward, virtually foolproof technique
that's very simple to double-check. We'll illustrate thetimed here with some examples.

Appendix 15 gives a number of important conversion factbtste conversion factors are available from
sources such as tli#ZRC Handbook of Chemistry and Physics

1. Write down the unit conversion factor as a ratio, and ke units in the numerator and denominator
so that the units cancel out as needed.

2. Now lIlin the numbers so that the numerator and denominebmtain the same length, time, etc. (This
is because you want each factor to be a multiplication by thatyou don't change the quantity—only
its units.)

Simple Conversions

A simple unit conversion involves only one conversion facithe method for doing the conversion is best
illustrated with an example.

Example.Convert 7 feet to inches.

Solution.First write down the unit conversion factor as a ratio, bjim the units as needed:
in
ft

Notice that the units of feet cancel out, leaving units ohie& The next step is to Il in numbers so that the
same length is in the numerator and denominator:

7 ft/ (5.8)

12in
gft — 5.9
1ft (5-9)
Now do the arithmetic:
12
71t/ 1—f't” D 84inches (5.10)

More Complex Conversions

More complex conversions may involve more than one comverfictor. You'll need to think about what
conversion factors you know, then put together a chain ohtteeget to the units you want.

Example.Convert 60 miles per hour to feet per second.
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Solution. First, write down a chain of conversion factor ratios, ijrnn units so that they cancel out
correctly:

mile ft hr
60 — 5.11
hr mile sec ( )

Units cancel out to leave ft/sec. Now Il in the numbers, pugtthe same length in the numerator and
denominator in the rst factor, and the same time in the nwaterand denominator in the second factor:

mile 5280ft 1hr

60 5.12
hr 1mile 3600sec ( )
Finally, do the arithmetic:
60 mile 5280ft 1hr D 88 ft (5.13)
hr 1mile 3600sec sec '

Example.Convert250;000furlongs per fortnight to meters per second.

Solution.We don't know how to convert furlongs per fortnight directtymeters per second, so we'll have
to come up with a chain of conversion factors to do the coimersWe do know how to convert: furlongs
to miles, miles to kilometers, kilometers to meters, fagtrts to weeks, weeks to days, days to hours, hours
to minutes, and minutes to seconds. So we start by writingezsion factor ratios, putting units where they
need to be so that the result will have the desired targes @mits):

furlong mile km m fortnight week day hr min

250;000
fortnight furlong mile km week day hr min sec
If you check the units here, you'll see that almost everyghdancels out; the only units left are m/s, which is
what we want to convert to. Now Il in the numbers: we want ta pither the same length or the same time
in both the numerator and denominator:

furlong 1 mile 1:609344km 1000 m 1 fortnight 1 week 1 day 1hr 1 min
250;000 —

fortnight 8 furlongs 1 mile 1 km 2 weeks 7 days 24 hr 60 min 60 sec
D 41:58m=s

Conversions Involving Powers

Occasionally we need to do something like convert an arealome when we know only the length conver-
sion factor.

Example.Convert 2000 cubic feet to gallons.

Solution. Let's think about what conversion factors we know. We know tlonversion factor between
gallons and cubic inches. We don't know the conversion fasetween cubic feet and cubic inches, but we
can convert between feet and inches. The conversion faetthteok like this:

in 3 gal

ft in3

2000ft3 (5.14)

With these units, the whole expression reduces to unitsltafrga Now |l in the same length in the numerator
and denominator of the rst factor, and the same volume inrthmerator and denominator of the second
factor:

12in 3 lgal

2000ft3
1t 231in®

(5.15)
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Now do the arithmetic:

12in * 1gal

2000ft3
11t 231in®

D 14;961gallons (5.16)

5.7 Currency Units

Money has units that can be treated like any other unitsgugia same techniques we've just seen. Two
things are unique about units of currency:

» Each country has its own currency units. Examples are diitates dollars ($), British pounds sterling
(E), European euro®(), and Japanese yen (¥).

» The conversion factors from one country's currency to bhaos is a function of time, and even varies
minute to minute during the day. These conversion fact@salledexchange ratesand may be found,
for example, on the Internet at

http://www.xe.com/currencyconverter/

Example.You're shopping in Reykjav'k, Iceland, and see an Icelandbol scarf you'd like to buy. The
price tag says 6990 kr. What is the price in U.S. dollars?

Solution.The unit of currency in Iceland is the Icelandic krona (kpoking up the exchange rate on the
Internet, you nd itis currently $D 119.050 kr. Then

_ $1:00 _
6990kr: T D $58:71 (5.17)

5.8 0Odds and Ends

We'll end this chapter with a few miscellaneous notes abduings:

* In a few special cases, we customarily drop the ending vofvalpre x when combining with a unit
that begins with a vowel: it'snegohm(not “megaohm?”); kilohm (not “kiloohm”); and hectare(not
“hectoare”). In all other cases, keep both vowels (enicroohm kiloare, etc.). There's no particular
reason for this—it's just customary.

* In pharmacology (on bottles of vitamins or prescriptiondice, for example), it is usual to indicate
micrograms with “mcg” rather than “g”. While this is technically incorrect, it is done to avoidsn
reading the units. Using “mc” for “micro” is not done outsiglearmacology, and you should not use it
in physics. Always use for “micro”.

» Sometimes in electronics work the SI pre x symbol may beduseplace of the decimal point. For
example, 24.9 M may be written “24M9”. This saves space on electronic diexgrand when print-
ing values on electronic components, and also avoids prablgith the decimal point being nearly
invisible when the print is tiny. This is unof cial use, anslonly encountered in electronics.

» One sometimes encounters older metric units of lengtieddahemicron( , now properly called the
micrometey 10 © meter) and thenillimicron (m , now properly called theanometer10 ° meter).
The micron and millimicron are now obsolete.

+ At one time there was a metric pre myria- (my) that meantl0*. This pre x is obsolete and is no
longer used.
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* In computer work, the Sl pre xes are often used with unitbgfes, but may refer to powers of 2 that
are near the Sl values. For example, the term “1 kB” may me@0 b@tes, or it may mea2'® D 1024
bytes. Similarly, a 100 GB hard drive may have a capacityQif;000;000;00@ytes, or it may mean
100 23° D 107;374;182;400ytes. To help resolve these ambiguities, a seimdry pre xeshas been
introduced (Table 9-4 of Appendix 9). These pre xes haveysitentirely caught on in the computing
industry, though.
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Chapter 6

Problem-Solving Strategies

Much of this course will focus on developing your ability tolge physics problems. If you enjoy solving
puzzles, you'll nd solving physics problems is similar inamy ways. Here we'll look at a few general tips
on how to approach solving problems.

At the beginning of a problem stated in Sl units, immedianvert the units of all the quantities
you're given to base Sl units. In other words, convert albléss to meters, all masses to kilograms, all
times to seconds, etc.: all quantities should be in un-prd $1 units, except for masses in kilograms.
When you do this, you're guaranteed that the nal result wlBo be in base Sl units, and this will
minimize your problems with units. As you gain more expecim problem solving, you'll sometimes
see shortcuts that let you get around this suggestion, bnofe converting all units to base Sl units is
the safest approach.

Similarly, if the problem is stated in CGS units immedigtebnvert all given quantities to base CGS
units (lengths in centimeters, masses in grams, and timrseconds). If the problem is stated in British
engineering units, immediately convert all given quaesitio base units (lengths in feet, masses in
slugs, and times in seconds).

Look at the information you're given, and what you're beiagked to nd. Then think about what
equations you know that might let you get from what you'resgito what you're trying to nd.

Be sure you understand under what conditions each equatiaiid. For example, we'll shortly see

a set of equations that are derived by assuming constarieeaioen. It would be inappropriate to use
those equations for a mass on a spring, since the accelew@ftia mass under a spring forcerist
constant. For each equation you're using, you should be elbat each variable represents, and under
what conditions the equation is valid.

As a general rule, it's best to derive an algebraic expoesfdr the solution to a problem rst, then
substitute numbers to compute a numerical answer as théagtistep. This approach has a number of
advantages: it allows you to check units in your algebrajiression, helps minimize roundoff error,
and allows you to easily repeat the calculation for difféerammbers if needed.

If you've derived an algebraic equatiocheck the unitef your answer. Make sure your equation has
the correct units, and doesn't do something like add guastitith different units.

If you've derived an algebraic equation, you can check thags the proper behavior for extreme
values of the variables. For example, does the answer malse setimet ! 1 ? If the equation
contains an angle, does it reduce to a sensible answer waemte i or90 ?
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» Check your answer for reasonableness—don't just writerdexaatever your calculator says. For
example, suppose you're computing the speed of a pendulbrimlibe laboratory, and nd the answer
is 14;000miles per hour. That doesn't seem reasonable, so you shouldeck and check your work.

* You can avoid rounding errors by carrying as many signitodigits as possible throughout your cal-
culations; don't round off until you get to the nal result.

» Write down a reasonable number of signi cant digits in theal answer—don't write down all the
digits in your calculator's display. Nor should you rounatmuch and use too few signi cant digits.
There are rules for determining the correct number of siggnit digits, but for most problems in this
course, 3 or 4 signi cant digits will be about right.

» Don't forget to put the correct units on the nal answer! Yaill have points deducted for forgetting
to do this.

* The best way to get good at problem solving (and to preparexams for this course) jsractice—
practice working as many problems as you have time for. Veigrghysics problems is a skill much like
learning to play a sport or musical instrument. You can'ttelay watching someone else do it—you
can only learn it by doing it yourself.
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Chapter 7

Density

As an example of a quantity involving mixed units, considier important quantity calledensity Density is
de ned to be mass per unit volume:

M
D v (7.2)
Here is the density of a body is its mass, an¥ is its volume. The Sl units of density are kginmass
has Sl units of kg, and volume has Sl units of.m

Density is a measure of how heavy something is for a xed vaufor example, lead has a high density;
styrofoam has a low density.

It is common to nd densities of materials listed in handbsak units of g/cm. Since the density of
water is 1 g/crd, this makes it easy to compare a material's density with waBet in doing calculations
involving density, you'll need to use Sl units, kgimA useful conversion factor to remember to convert
between these units is the density of water: it's 1 g/dn1000kg/m®.

Occasionally we'll run into other de nitions of density. Fowo-dimensional bodies, for example, we
de ne anarea density (mass per unit area) by D M=A. For one-dimensional bodies, we de ndiaear
density (mass per unit length) by D M=L. And sometimes we may need to de ne something like a
charge densityelectric charge per unit volume) omaimber densitynumber of particles per unit volume).
Unless otherwise indicated, though, the word “density"alisurefers tomassdensity.

Often the density of a material is a useful clue to deterngrita composition. For example, suppose
you're handed a gold-colored brick. Is the brick solid gadd,s it just a block of lead covered with gold
paint? Of course, you could just scratch the brick to seeeifgbld is just painted on, but suppose you don't
want to damage the brick? One test you might do is determabribk's density. First, determine the volume
of the block (either by measuring the brick or by immersingpia calibrated beaker of water). Then place
the brick on a scale to nd its mass. Now divide the mass by thleme to nd the density, and compare
with the densities of gold (19.3 g/dhand lead (11.3 g/cf).

Densities of some common materials are shown in Table 7-1.

it happens that tungsten also has a density of 19.3%/smthe density test alone would not be suf cient to distiisua solid gold
brick from a gold-painted tungsten brick. In that case, sother test would be required, such as measuring the bricddress or
electrical resistivity.
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Table 7-1. Densities of some materials.

Material  Density (g/crf)
Air (STP)  0.001275

Ice 0.9169
Water 1.000
Aluminum 2.6989
Iron 7.874
Silver 10.50
Lead 11.35
Mercury 13.55
Gold 19.3

Osmium 22.59

7.1 Specic Gravity

A concept closely related to densityspeci ¢ gravity, which is de ned to be the ratio of the density of a
substance to the density of water. Since the density of vimfe00 g/cm, the speci ¢ gravity is numerically
equal to the density in units of g/émNote, though, that speci ¢ gravity is dimensionless (has no units).
For example, the density of gold is 19.3 gfgrand so its speci ¢ gravity is 19.3 (with no units).

7.2 Density Trivia

+ Anything with a density less than 1 g/émill oat on water; anything with a greater density will sink

» Most substances are more dense in the solid state thanréhaytae liquid state, so that as they freeze,
the frozen parts sink. An important exception is water, whias its maximum density 4t C in the
liquid state. Frozen water (ice) is less dense that liquittwao the frozen parts oat. This has been
important for life on Earth: aquatic life is able to surviveézing temperatures because ice oats to
the top of bodies of water, forming a layer of ice that insesathe water below. If ice were more dense
than water, lakes and rivers would freeze solid and destiast mquatic life.

« The chemical element with tHewestdensity is hydrogen, with a density of 0.0899 gfcat standard
temperature and pressure. But excluding gases, the lighégsent is lithium, with a density of 0.534
g/cm?. Lithium and potassium are the only two solid elements legidugh to oat on water (although
they will also chemically react with water).

» The chemical element with theghestdensity is osmium. There has been some debate over the years
about whether osmium or iridium is the densest element, laadi¢nsities of the two are very close.
But calculations show that for a perfect crystalline sangileach element, the density of osmium is
22.59 g/cm, while that of iridium is 22.56 g/cf) making osmium the winner by a small margin.
Either element is twice as dense as lead.

+ Among the planets, Earth has the largest average densigg®/cni). The least dense planet is
Saturn, with a density of 0.687 g/émSaturn is the only planet in the Solar System that would arat
water (given a large enough ocean).

2Arblaster, J. W. “Densities of osmium and iridium: recaftions based upon a review of the latest crystallographa’ dBlatinum
Metals Review33, 1, 14-16 (1989).
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» Why was the International Prototype Kilogram made of a O@tatinum-iridium alloy? Platinum was
chosen because of its high density. Making the standarddho from a high-density material mini-
mizes its size, which minimizes the surface area that isestiltdp contamination, and also minimizes
the buoyant force of the surrounding air. Osmium and iridane denser but much more dif cult to
machine; platinum is dense, yet fairly easy to work with. Haglition of 10% iridium hardens the
platinum somewhat to minimize wear (which would alter thesg)a

» The lightest solids around are calladrogels These are arti cial materials that are essentiaiyy
light solid silica foams, and have the appearance of “satidle”. They are excellent thermal insu-
lators, and have been used by NASA to capture small dustcfesrtirom a comet (because they can
gradually decelerate the particles with minimal damagejrofels have been made with densities as
low as 0.001 g/crh If held up in the air and released, such an aerogel will raralinost stationary in
the air, falling very slowly to the earth.

» Except for a black hole (which has, in a sense, in nite dgrsthe densest object in Nature is@utron
star. Normally a star is in a state of equilibrium, with outwardieion pressure balancing the inward
gravitational pressure. But when the star runs out of finel,dutward radiation pressure is gone, and
the star collapses under its own gravity. If the star is lasgeugh, gravity can be strong enough to
push the electrons of the atoms into the nucleus, formingeathon star”, which is essentially a giant
ball of neutrons. A typical neutron star has a density 010 g/cn?. To get an idea of how dense
thisis:

— One pound of neutron star material would be about the sizespéek of dust.

— A bit of neutron star material the size of a grain of sand wauiigh as much atwo fully fueled
Saturn V Moon rockets.

— 1/4 teaspoon of neutron star material would weigh as muchebdrough of Manhattan.

— 1 teaspoon of neutron star material would weigh as much a8 6@@ald R. Fordclass aircraft
carriers.

— 1 cup of neutron star material would weigh as much as Mt. Btere

— A cube of neutron star material occupying 1/2 the collegepmaswould weigh more than the
entire Earth.
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Chapter 8

Kinematics in One Dimension

Kinematicds the study of motion, without regard to the forces respaedbr the motion. In kinematics, we
describe the motion of an object by analyzing its positi@bowity and acceleration.

Dynamicsis the study of motion which includes kinematics along with forces present that in uence
the motion. With dynamics, we introduce the ideasarte andmass A special case of dynamics is called
statics and is the study of those problems in which the forces baland there is no motion in the system.

We'll begin our study of kinematics in one dimension; the gr@tization to two or three dimensions is
fairly straightforward. Studies of dynamics and staticl eame later.

8.1 Position

Let's consider the motion of particle—that is, a point mass. In one dimension, a particle is cairstd to
move back and forth along the axis. At any given time, we can specify th@ositionof the particle by
giving its x coordinate. Giving the& coordinate for all times provides all the information we need for a
complete description of the motion.

We are free to de ne the coordinate system however we waatctordinate system is a mathematical
construction that we de ne for our own convenience, and ihtivaffect the physics. For one-dimensional
motion, we align thex axis with the direction of the motion, and we are free to cledbg origin at any place
that's convenient. Also, we will generally be free to chotdsezero timé D 0to be whenever is convenient.

Related to position is the concept diplacementlf a particle is at at positior; at some time;, then
at positionx, at some later tim&, then the particle has undergone a displacement

x DXy Xip: (8.1)

Note that the displacement depends only on the beginningadihg positions of the particle, not on what
happens in between. For example, if the particle startstopbsitionx; D 3 m, then moves to 50 m, then

back tox, D 3 m again, the displacemest D 0. The displacement isot the same as the total distance
traveled—it is thenetdistance traveled.

8.2 Velocity

Thevelocityof a particle is a measure of how much distance it covers ivengime! Sl units of velocity
are meters per second (m/s, or nt There are two ways we can talk about velocity: dveragevelocity
over some nite time intervadt , or theinstantaneouselocity at an instant in timée.

1The magnitude (absolute value) of velocity is caligaed

33



Prince George's Community College General Physics | Sim@gs8impson

Average Velocity

Suppose a particle is at positian at timet;, and it's at positiorx, at timet,. Then over the time interval
ot Dt, ti,the particle undergoes a displacementD x, X;. Theaverage velocity,e of the particle
over time intervabt is de ned to be
*X X2 X
D 2 1.

VaveD — :
ave ot t,

(8.2)

Example. If a particle travels 400 meters in 5 seconds, then its agex@ipcity iSVaye D *X=et D
400 m/=.5 ¢ D 80m=s. Remember thatkx D 400m means that the particle's position at the end of the
time interval is 400 meters beyond its position at the stathe interval. It might have traveled millions of
meters in between, but we don't care about that: all thatemats the starting position and ending position.

Instantaneous Velocity

Suppose we want to know tlestantaneous velocigt a single instant in timg rather than an average over
a time intervalet . The calculus gives us a method to do that: we just use Eq) {8.2d the average
velocity over a time intervadt , then make the time interval arbitrarily small. Mathemallig; this is just the
derivative:

*X dx

D i — 8.3
v M P ot (8.3)

Example.Suppose we have a formula for the positioof a particle at any time—for examplex.t/ D
5t> C 7 m. Then we can get a formula for the velocityat any timet by taking the derivativev.t/ D
dx=dt D 10t m/s.

8.3 Acceleration

In a similar way, we can take the derivative velocity withpest to time to getaicceleration which is the
secondderivative ofx with respect td:

dv _ d2x
abD D — (8.4)

Sl units of acceleration are meters per second squared)(m/s

Example.In the previous example, we found a formula for the velocitg particle as/.t/ D 10t. The
acceleration of the particle in this exampleais/ D 10 m/s, a constant.

As we'll see later when we discuss gravity, all objects atstinéace of the Earth will accelerate downward
with the same acceleration, 9.80 f/Fhis important constant is called taeceleration due to gravifyand
is given the symbod:

gD 9:80m=5" .D 32ft=5"/: (8.5)

This value is an average for the Earth; for a more exact vdlgg pou can use Helmert's equation (Section
54.4).
The acceleration due to gravity gives rise to a common (nipiu8t of acceleration, also called tige

1gD 9:80665m=s": (8.6)

This number is a standardized conventional value that heis d@opted by international agreement.
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8.4 Higher Derivatives

Occasionally one may have a use for higher derivatives dgfipasvith respect to time. The time derivative of
acceleration is callefbrk, and the time derivative of jerk is callgounce One published papgwhimsically
named the fourth, fth, and sixth derivatives »f“snap”, “crackle”, and “pop” after the cartoon characters
on boxes of Rice Krispi€sbreakfast cereal.

We will seldom, if ever, have need of these higher-ordenagisies ofx for this course, but for reference,
they are summarized in Table 8-1.

Table 8-1. Time derivatives of position.

Derivative  Symbol Name

0 X position

1 dx=dt velocity

2 d?x=dt?> acceleration
3 d3x=dt® jerk

4 d4x=dt* jounce, snap
5 dSx=dt> crackle

6 dbx=dt® pop

8.5 Dot Notation

Derivatives of quantities with respect to time are so cominanechanics that physicists often use a special
shorthand notation for them. The derivative with respedine is indicated with alot over the quantity; a
second derivative is indicated with two dots, etc. You canktlof this as similar to the “prime” notation for
derivatives encountered in calculus, except that the “duér a variable always indicates a derivative with
respect tdime This dot notation is especially common in more advancecdhar@cs courses.

For example, velocity and acceleration in one dimension beayritten in dot notation as follows:

¥ D dx=dt .velocity/ (8.7)
R D d?x=dt? .acceleratioh (8.8)

This dot notation for derivativesi R etc.) is due to Sir Isaac Newton. The notatébeedt, d2x=dt?,
etc. was originated by the German mathematician Gottfrigithiiz, who is believed to have been an in-
dependent co-discoverer of the calculus, along with Newfdre “prime notation” sometimes usexi®t/,
x%%/, etc.) is due to Italian mathematician Joseph-Louis Laggan

8.6 Inverse Relations

Given the de nition of (instantaneous) velocity

dx
D —: 8.9
VP ar (8.9)

2Visser, Matt. Jerk, Snap, and the Cosmological EquationiateSClassical and Quantum Gravit1(11): 2603-2616.
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we can invert this by multiplying both sides loit and integrating to get an expression faot/ : it is the
integral of velocityv with respect to time:
z

x.t/ D v.t/dt: (8.10)

Similarly, we can invert the de nition of acceleration

dv
D — 8.11
ab (8.11)
to get
z
vt/ D at/dt: (8.12)

8.7 Constant Acceleration

The de nitions of velocity and acceleration we've seen so(faD dx=dt, a D dv=dt) arealwaystrue. But
now let's look at an important special casmnstant acceleratianFirst, assume that the acceleratiis a
constant. Then by Eq. (8.12),

z
vt/ D adt (8.13)
z
Da dt (8.14)
D atC C; (8.15)

whereC is a constant. The assumption of constant acceleration £@megq. (8.14), where we use that
assumption to bring outside the integral.

What is the physical signi cance of the integration const@r? Let's look at what Eg. (8.15) gives us
whent D O:

v.0O/Da 0CCDC: (8.16)

SoC is just the velocity of the particle at tinteD 0 (theinitial velocity), which we'll write® asv.0/ D vyp.
Then Eg. (8.15) is written

vt/ D at C vo: | (8.17)

Now let's substitute Eq. (8.17) far.t/ into Eq. (8.10) to get an expression fot/ for constant acceler-
ation:

Z
x.t/ D .at Cvg/dt (8.18)
Z Z
D atdtC wvpdt (8.19)
Z Z
Da tdtCvy dt (8.20)
D 1at2 C vot C C© (8.21)

3The quantityvg is customarily pronounced“nought”,noughtbeing an old-fashioned term faera Similarly, x¢ is pronounced
“x-nought”.
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What is the physical signi cance of the integration cons@f? We do the same trick we did before, and
look at what happens wherD O:

x.0/ D 2a 0°Cvo 0CC°D C® (8.22)

SoCPis the position of the particle at tinteD 0 (theinitial position), which we'll write asx.0/ D xg. Then
Eq. (8.21) becomes

x.t/ D %at? C vot C Xo: (8.23)

Example.Suppose you're standing on a bridge, and want to know howyogtare above the river below.
You can do this by dropping a rock from the bridge and countioy many seconds it takes to hit the river.

We begin solving this problem by de ning a coordinate syst&ith Cx pointing downward, and the
origin at the bridge. This is an arbitrary choice; we coulst jas easily de ne th& axis pointing up instead
of down, and in either case we could put the origin at the leridgat the river (or anywhere else, for that
matter), and you'll get the same answer at the end. But guthia origin at the bridge simpli es the equations
somewhat, and pointing tf@x axis downward makes the acceleration and velocity posititie coordinate
system is an arti cial mathematical construction that wiedduce into the problem; the choice of origin and
direction will not affect the physics or the nal answer, se're free to choose whatever is convenient.

The acceleration is constant in this case (and equal to dedexation due to gravity), so we can use the
constant-acceleration expression xgrEq. (8.23). Since the acceleration is always downward agdew
de ned Cx downward, we hava D C g. We'llde ne time t D 0 as the instant the rock is released; then
Vo D O since the rock is released from rest, adD 0 because we de ned the origin to be at the point of
release. Then Eq. (8.23) becomes

x D $gt2: (8.24)

Let's say it takes 4 seconds for the rock to hit the water. Timenheight of the bridge above the river is
x D gt?2=2D .9:80m=s’/.4 §2=2D 78:4m.

Sometimes we'll nd a problem involving position and velbgibut not time. For such problems with
constant acceleration, it is useful to have an expressiordiocity v in terms of positiorx, i.e.v.x/. We
begin by solving Eq. (8.17) for timie

V. Vo

tD : (8.25)
Now substitute this expression fbinto Eq. (8.23):
1 v vy 2 %
x D Za 2 "cv C Xo: (8.26)
2 a
We've eliminated time; now we just need to solve this fer
1v v/? v V2
xD = ¥ ¢ 2 0 (8.27)
2 a a
2axD .v? 2w CV3/ C2.vvg V3/ C 2axg (8.28)
2ax Xo/ Dv? 2wuCViC 2wy 2V3 (8.29)
2ax  Xo/ DVv? v} (8.30)
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and so

vZD Vi C2ax xol (8.31)

This says that under constant acceleration, if the partiake velocityvg at positionxg, then it will have
velocity v at positionx.

Example—impact velocitysuppose we drop a rock from a bridge that we know td i 125m above
water. What is the impact velocity of the rock, i.e. the vélpof the rock just before it hits the water?

Notice that there is no time involved in this problem: onlyistance and a velocity. This suggests using
Eqg. (8.31) to nd the impact velocity. As in the previous exals) we begin by de ning a coordinate system,
and we'll use the same system as before: with the origin abtlige, andC x pointing downward. Then
Xo D 0 (because of where we de ned the origin D 0 (because the rock is released from rest), and
a D C g (because we de ne@ x as downward). Then Eg. (8.31) becomes

v2 D 2gh (8.32)

Solving forv gives the velocity at positiorn D h (at the water). We'll use only thpositivesquare root of
this equation, which gives the magnitude of the velocigy, the speed:

vD ' 2gh (8.33)
q

D 2.9:8m=s°/.125m/ (8.34)

D 49:5m=s (8.35)

Just to show that the de nition of coordinate system doeafiiéct the nal answer, let's re-work the
problem using a coordinate system that has the odgthe waterinstead of at the bridge, and let's construct
thex axis so thatCx pointsupward In this case the rock will have velocityy D 0 at positionxg D h,

a D g (because th& axis now points upward), and we wish to nd the velocityatx D 0. Then Eq.
(8.31) becomes

vZD 2. g/l0 h (8.36)
vD ' 2gh; (8.37)

where we have again used only the positive square root, argetie same result as before—the result is
independent of how we de ne the coordinate system.

8.8 Summary
Let's summarize the results so far:
Always True
These equations are de nitions, and are always true:
z
dx
v D at ) x.t/ D v.t/dt (8.38)
z
dv _ d?x
abD P e ) vt/ D at/dt (8.39)
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Constant Acceleration

These equations are valithly for constant acceleratioa:

x.t/ D at? C vot C Xo (8.40)
v.t/ D at C vg (8.41)
vZD V3 C2ax Xof (8.42)

8.9 Geometric Interpretations

Recall these ideas from your study of the calculus:

» The derivative of a functioh.t/ with respect td at any timet is theslopeof the tangent to the curve
att.

» The integral of a functiofi.t/ with respect td is theareaunder the curve (with negatife counting
as negative area).

Now if you're given aformulafor x.t/, you can use D dx=dt to nd a formula for the velocity. But
suppose that instead of a formula, you're given a data tatyod of x vs.t.* Then you can nd the velocity
at any time by nding the slope of the curve at that point—whis geometrically the same thing as nding
the derivative. R

Similarly, if you're given a formula fow.t/, you can us& D v dt to nd a formula for the positiorx.
Suppose, though, that instead of a formula, you have a daiadaplot ofv vs.t. Then you can nd the net
distance traveled between timgsandt, by nding the area under the vs.t curve between timetg andt;.

For example, consider the motion of a particles that movesmadimension according tat/ D 5t> C
3t C 7 (wherex is in meters and is in seconds), as illustrated in Figure 8.1. The posixiat any timet is
shown by the parabolic curve in Figure 8.1(a); you can re&thefposition of the particle at any time just
by looking at the graph. Thelopeof the graph at any time gives the velocity at that time. Famegle, at
t D 30sec, we can draw a straight line tangent to the curve, as shokig. 8.1(a); measuring the slope of
that line (as the “rise” divided by the “run”), we nd.30 sed D 33m/s.

(a) Position vs. Time (b) Velocity vs. Time (c) Acceleration vs. Time

ion (m/s”)

Velocity (m/s)

Accelerati

<

Slope = velocity at t=30 sec

Figure 8.1: Plots of position, velocity, and accelerati@n time for a particle moving according ot/ D
5t C 3t C 7m. From the calculus, we nd (by.t/ D dx=dt D 10tC 3m/s, and (ca.t/ D dv=dt D 10
m/<. The same results are found geometrically, as describdubitekt.

4The wordversugvs) has a speci ¢ meaning in plots: it's always the ordinatethe abscissa (e.g. vs.x).
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Figure 8.1(b) shows velocity vs. time for the same partitighis case, you can read off the velocityat
any timet by inspection of the plot. The slope of the plot at any tinggves theaccelerationat that time. In
this case, the plot of vs.t is a straight line with constant slope, so the acceleragdhe same at all times:
a D 10m/g. Theareaunder the curve gives the change in position between twastifher example, again
in Fig. 8.1(b), the area under thevs.t curve fromt D 20sec tot D 50 sec (the area of a trapezoid in this
case) gives the change in position during that time inte@j590m.

Figure 8.1(c) shows acceleration vs. time for the samegbarths before, you can read off the accelera-
tion a at any timet by inspection of the plot. In this case, the accelerationdsrastant 10 m/sfor all times.
The slope of the plot at any tintegives thejerk at that time. In this case, since the line is horizontal with
zero slope, the jerk is zero at all times. The area under theedn Fig. 8.1(c) gives the change in velocity
between two times. For example, the area under the curveebatwD 20 sec and D 50 sec gives the
velocity change during that interval, 300 m/s. This may be roed in Fig. 8.1(b): the velocity changes
from 203 m/s at D 20sec to 503 m/s @D 50sec.
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8.10 Projects

1. For constant velocity, we have a single equationxfof. For constant acceleration, there are three
equationsx.t/, v.t/, andv.x/. Now let's continue this: how many such equations do you eixfu

constanjerk? And what are those equations?

2. Continuing with the previous problem: how many such eiguatdo you exect should exist for constant
jounce

3. Continue by generalizing the previous two problems: famstantd"x=dt", how many equations
should you get? And what are those equations?
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Chapter 9

Vectors

We will next want to extend our knowledge of kinematics fromealimension to two and three dimensions.
However, the equations will be expressed in the mathendgicguage ofzectors so we'll need to examine
the mathematics of vectors rst.

9.1 Introduction

Some quantities we measure in physics have omhagnitudesuch quantities are calletalars Examples
of scalars are mass and temperature. Other quantities lotiva Imagnitude anddirection such quantities
are calledvectors Examples of vectors are velocity, acceleration, and eteetd.

You can represent a vector graphically by drawingaarow. The direction of the arrow indicates the
direction of the vector, while the length of the arrow rejrés the magnitude of the vector on some chosen
scale. By convention, we write vector names in boldface tpggpeset text (e.gA); when writing vectors
by hand, it is customary to draw a small arrow over the nang £8.

Besides drawing a vector in the plane of the page, occasyoyal may want to draw a vector diagram
in which you want to indicate a vector pointing directly irdoout of the page. You can do this using these
symbols:

Symbol Meaning

! Vectorin plane ofpage
Vectorinto page

Vectorout of page

Jhe symbolN is supposed to look like the tail feathers of an arrow yingegwfrom you, while the symbol
is supposed to resemble the head of an arrow ying directiyatal you. Of course, if you use these
two symbols, you can only indicate tld@rection of the vector, not its magnitude—but this is often all that's
needed.
Itis possible to do arithmetic on vectors: for example, yan add or subtract two vectors, or multiply a
vector by a scalar. These operations may be done eitherigadigtor algebraically. Both methods will be
described here.
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9.2 Vector Arithmetic: Graphical Methods

Vector arithmetic can be done graphically, by drawing thetmes as arrows on graph paper, and measuring
the results with a ruler and protractor. The advantage ofjthphical methods are that they give a good

intuitive picture of what's going on to help you visualize attyou're trying to do. The disadvantages are that

the graphical methods can be time-consuming, and not veryaie.

In practice, the graphical methods are usually used to majkeck sketch, to help organize and clarify
your thinking, so you can be clear that you're doing thingsectly. The algebraic methods are then used for
the actual calculations.

When drawing vectors, you are free to move the vector ardumgage however you want, as long as you
don't change the direction or magnitude.

Addition

We'll begin with addition. There are two methods availald@atd two vectors together: the rstis called the
parallelogram methodin this method, you draw the two vectors to be added withr tladiend points at the
same point. This gure forms half a parallelogram; draw tvelional lines to complete the parallelogram.
Now draw a vector from the tail endpoint across the diagoh#h® parallelogram. This diagonal vector is
the sum of the two original vectors (Fig. 9.1(a)).

The second graphical method of vector addition is calledribagle method In this method, you rst
draw one vector, then draw the second so that its tail is dh¢lael of the rst vector. To nd the sum of the
two vectors, draw a vector from the tail of the rst vector teethead of the second (Fig. 9.1(b)).

The triangle method can be extended to add any number ofrgddigether. Just draw the vectors one by
one, with the tail of each vector at the head of the previous dime sum of all the vectors is then found by
drawing a vector from the tail of the rst vector in the chamthe head of the last one (Fig. 9.1(c)). This is
called thepolygon method

Subtraction

To subtract two vectors graphically, draw the two vectorths their tail endpoints are at the same point. To
draw the difference vector, draw a vector from the head ofthsrahend vector to the head of the minuend
vector (Fig. 9.1(d)).

Scalar Multiplication

Multiplying a vector by a scalar will change the length of tleetor. Multiplying by a scalar greater than 1
(in absolute value) will lengthen the vector; multiplying & scalar less than 1 in absolute value will shrink
the vector. If the scalar is positive, the product vectot halve the same direction as the original; if the scalar
is negative, the product vector will be opposite the dimttf the original (Fig. 9.1(e)).

9.3 Vector Arithmetic: Algebraic Methods

Although the graphical methods just described give a gotdtive picture of the mathematical operations,
they can be a bit tedious to draw. A much more convenient aodraie alternative is the set afgebraic
methods, which involve working with numbers instead of ¢paBefore we can do that, though, we need to
nd a way to quantify a vector—to change it from a graph of aroarto a set of numbers we can work with.
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2A

Figure 9.1: Graphical methods for vector arithmetic. (aylifidn of vectorsA andB using the parallelogram
method. (b) Addition of the same vectoksandB using the triangle method. (c) Addition of vectaks B,
andC using a generalization of the triangle method calledgblygon methodThe sum vector points from
the tail of the rst vector to the head of the last. (d) Vectobtfaction:A B points from the head dB

to the head ofA. (e) Multiplication of a vectolA by various scalars. Multiplying by a scalar greater than 1
makes the vector longer; multiplying by a scalar less tharakems it shorter. The resulting vector will be in
the same direction & unless the scalar is negative, in which case the result wiilitmpposite the direction
of A.
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4]

Figure 9.2: Cartesian components of a vector.

Rectangular Form

One idea would be to keep track of the coordinates of the heddail of the vector. But remember that
we are free to move a vector around whereever we want, as rigeadirection and magnitude remain
unchanged. So let's choose to always put the tail of the vettthe origin—that way, we only have to keep
track of the head of the vector, and we cut our work in half. Atgecan then be completely speci ed by just
giving the coordinates of its head.

There's a little bit of a different way of writing this, thohg We begin by de ning twounit vectors
(vectors with magnitude 1):is a unit vector in thex direction, and is a unit vector in the direction. (In
three dimensions, we add a third unit vedtan the” direction.)

Referring to Fig. 9.2, lef, be the projection of vectok onto thex-axis, and letA, by its projection
onto they-axis. Then, recalling the rules for the multiplication ofexctor by a scalai\, i is a vector pointing
in thex-direction, and whose length is equal to the projecfign Similarly, Ay j is a vector pointing in the
y-direction, and whose length is equal to the projecgn Then by the parallelogram rule for adding two
vectors, vectoA is the sum of vector8y i andAyj (Fig. 9.2). This means we can write a veckons

AD A,iCAyj; (9.2)
or, if we're working in three dimensions,
ADACA/jCAk: (9.2)

Eqg. (9.1) or (9.2) is called thectangularor cartesiart form of vectorA.

1The namecartesianis from Cartesius the Latin form of the name of the French mathematician R@egcartes, the founder of
analytic geometry.
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Magnitude

The magnitudeof a vector is a measure of its total “length.” It is indicateith absolute value signs around
the vector fAj in type, orjAf in handwriting), or more simply by just writing the name oétector in regular
type (A; no boldface or arrow). In terms of rectangular componehesmagnitude of a vector is simply given
by the Pythagorean theorem:

q_
jAjD AD A2 CAZC AZ: (9.3)

Example.The magnitude of vectok D 2i C 5j is

P p_—
jAIDAD 22C5D 29D [5:3852

Polar Form

Instead of giving the andy coordinates of the head of the vector, an alternative fomgsve the magnitude
and direction of the vector. This is called thelar form of a vector, and is indicated by the notation

AD At ; (9.4)

whereA is the magnitude of the vector, ands the direction, measured counterclockwise from@heaxis.
By convention, in polar form, we always take the magnituda ekctor as positive. If the magnitude
comes out negative (as the result of a calculation, for ex@mhen we can make it positive by changing its
sign and addind.80 to the direction.
Converting between the rectangular and polar forms of aovésfairly straightforward. To convert from
polar to rectangular form, we use the de nitions of the sind aosine to get sin D opp=hypD Ay =A, and
cos D adFhypD Ax=A. Therefore to convert from polar to rectangular form, we use

Ax D Acos (9.5)
Ay D Asin (9.6)

To go the other way (rectangular to polar form), we just ihtleese equations to solve fdrand . To solve
for A, take the sum of the squares of both equations and add; te fwlv, divide theA, equation by thé\,
equation. The results are

@ [
AD AZCAZ (9.7)

Ay
tan D A, (9.8)
To nd , you must take the arctangent of the right-hand side if EQ)(But be careful: to get the angle
in the correct quadrant, you rst compute the right-handsid Eq. (9.8), then use the arctangefaAlN? )
function on your calculator. IA, > 0, then the calculator shows But if Ay < 0, you must remember to
add180 ( rad) tothe calculator's answer to getn the correct quadrant.

It is also possible to write three-dimensional vectors ifapform, but this requires a magnitude ameb
angles. We won't have any need to write three-dimensionzbve in polar form for this course.
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Example: Polar to rectangulaConvert the vectoA D 71 40 from polar form to rectangular form:

Ax D Acos D 7cos40 D 5:3623 (9.9
Ay D Asin D 7sin40 D 4:4995 (9.10)

so the rectangular form 8 D 5:3623i C 4:4995

Example: Rectangular to pola€onvert the vectoB D  4i C 8j from rectangular form to polar form:

9— p _
jBjD B2CB2D . 42C8D P I6c 64D " 80D 8:9443 (9.11)
B 8
tan D XD —D 2 ) D 116:565 (9.12)
By 4

so the polar form i8:9443F 116:565.

Notice thatto nd , we take the inverse tangent o and the calculator returns63:435. But because
the denominator (4) is negative we add180 to the calculator's answer: 63:435 C 180 D 116:565. If
the denominator had beg@uositive we wouldnot have added thi$80 . For example, the rectangular vector
CD 4i 8jwouldbe8:9443 64:435 in polar form.

Vector Equality

In order for two vectors to bequal they must have the same magnitude and point in the sameidirethis
means that each of their components must be equal. For ezaihpl D B, then all of the following must
be true:

A, D By (9.13)

A, D By (9.14)

A- D B (9.15)
Addition

Now we're ready to describe the algebraic method for thetawdof two vectors. First, both vectorsust be
in rectangular (cartesian) form-you cannotadd vectors in polar form. If you're given two vector in polar
form and must add them, you must rst convert them to rectéargorm using Eq. (9.5-9.6).

Once the vectors are in rectangular form, you simply addwlweviectors component by component: the
x-component of the sum is the sum of theomponents, etc.:

A D AxiCAyjC Ak
CB D BxiCByjCBk
ACB D.AxCBy/iC.AyCBy/jC.A- CB-/k

Subtraction

Just as with addition, vectors must be in rectangular (simé¢ form before they can be subtracted. Vector
subtraction is similar to vector addition: you simply s@gtrthe two vectors component by component:

A DACA,jCAK
B DB,IiCB,jCBk
A B DA, BJiCA, B,JjCA BIK

47



Prince George's Community College General Physics | Sim@gs8impson

Scalar Multiplication

Multiplication of a vector by a scalar may be done in eithetaagular or polar form. In rectangular form,
you multiply each component of the vector by the scalar. kan®le, given the vectok and scalac:

CAD c.AiCA)jCA K/ (9.16)
D cA4i C cA/j C cA k (9.17)

It's even simpler in polar form: if the vectégx D At , then
CAD .cA/T: (9.18)
It's conventional to keep the vector magnitude positivejfscA < 0, you should change the sign of the
magnitudecA, then addl80 ( radians) to the angle.
Example: AdditionAdd the vectordA D 6i 9jandB D 2i C 12j:
A D 6i 9]

CB D 2iC 12]
ACB D8iC3j

Example: SubtractiorSubtract the vector& D 6i 9j andB D 2i C 12j:

A D6i 9j
B D 2iC 12]
A B D4i 21

Example: Scalar multiplicatiorMultiply the vectorA D 6i 9j by 5:

5 6i 9j/D30i 45

9.4 The Zero Vector

Thezero vectoris the vectol0 D 0i C 0j C 0Ok. It has zero magnitude, and its direction is unde ned. The
zero vector is1otthe same thing as the scalar®@z 0. One is a vector, and the other is a scalar.

9.5 Derivatives

You can take the derivative of a vector component-by-coreparor example, if a vectak.t/ is a function
of timet, thenA.t/ D A,.t/i C Ay.t/j C A .t/k, and

dA.t/ D dA, .t/ i C dAy .t/j c dA- .t/ K-

dt dt dt dt (9-19)

It's possible to take other kinds of derivatives of vectdmspown as thelivergence(r ) andcurl (r ).
You'll learn about these in a course on vector calculus.
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9.6 Integrals

Integrating a vector is similarly done term-by-term. If actar A.t/ is a function of timet, thenA.t/ D
Ay t/i C Ay t/j C A t/k, and
z z z z
At/dt D Act/dtiC Ayt/dtjC A .t/dt k: (9.20)

9.7 Other Vector Operations

Other mathematical operations with vectors are possibbe.ekample, is it possible tadd a vector and a
scalar together? The answer is: sort of. You get somethintesito aquaternion which is a hypercomplex
number of the forma C bi C ¢j C dk (wherei? D j 2 D k? D 1). Quaternions are sometimes used in
aeronautical and astronautical engineering to describedtation of one coordinate system with respect to
another.

What about multiplying a vector by another vector? Yes, ihossible. In fact, there atbreedifferent
kinds of multiplication that can be used to multiply two et together, as described in the next chapter.

How about division—can you divide by a vector? No; divisigrebvector is not de ned. A vector may be
a dividend, but not a divisor. But you can divide a vector tscalar by simply multiplying by the reciprocal
of the scalar:

A 1
<D CALCACAK (9.21)
A A A
D —=ic Xjc —k: (9.22)
Cc Cc Cc
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Chapter 10

The Dot Product

10.1 De nition

In the arithmetic you're accustomed to (involving scalatkgre is only one type of multiplication de ned—
for example2 3D 6. But with vectors, there athireedifferent kinds of multiplication:

» Thedot productA B, in which you multiply two vectors together and ged@alarresult.

» Thecross productA B, in which you multiply two vectors together and get anothector as the
result.

» Thedirect productAB, in which you multiply two vectors together and geeasorresult.

In this chapter we'll look at the dot product, which is somes called thecalar product
The dot productof two vectorsA andB (written A B, and pronouncedA dotB”) is de ned to be the
product of their magnitudes, times the cosine of the angi@d®n them:

A BD AB cos: (10.1)

Why do we de ne it this way? It turns out that this combinatmocurs frequently in physics; the dot product
is related to therojectionof one vector onto the the other.

10.2 Component Form

Suppose we have two vectors in rectangular form. What is tdigrbduct of the two in terms of their
components? To answer this, we begin with the de nition &f dot product, Eq. (10.1):

A BD AB cos /; (10.2)

where isthe angle vectoA makes with respect to theaxis, and is the angle vectdB makes with respect
to thex axis, so that is the angle between the two vectors (Fig. 10.1). We now usig@nometric
identity to expand the argument of the cosine:

A BD AB.cos cos Csin sin/ (10.3)

Now making use of the relations coD adFhyp and sin D opp=hyp, we have

A B . A . B
cos D —X| cos D I sin DXl sin DX (10.4)
A B A B
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Figure 10.1: The two vectos andB are to be multiplied using the dot product to getB.

Making these substitutionsinto Eq. 10.3, we have

ABDAB BB A (10.5)
BA BA
D AyBx C AyB, (10.6)

This result can be generalized from two to three dimensiogget

A BD AByCAyBy, CA B (10.7)

Example.Suppose vectord D 3iC 4] 2kandB D i 5 C 2k. Then the dot product of the two vectors
is

A BD.3/1/ C.4. 5/C. 2/2/D

Notice that the nal result is acalar, not a vector.

10.3 Properties

Commutativity
Let's look at a few properties of the dot product. First of #ile dot product isommutative

A BDB A (10.8)

The proof of this property should be obvious from Eqgs. (1@rig (10.7). This isn't a trivial property; in fact,
the other two types of vector multiplication anen-commutative.
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Projections

The dot product is de ned as it is because it gives the prajacif one vector onto the direction of another.
For example, dotting a vectdk with any of the cartesian unit vectors gives the projectibrAoin that
direction:

A iD Ay (10.9)
A jD A, (10.10)
A kDA (10.11)

In general, the projection of vectérin the direction of unit vecto®is A ©

Magnitude

From Eq. (10.7), it follows thaA A D A7 C A7 C A? D A?; so the magnitude of a vectdr is given in
terms of the dot product by

A2DA A (10.12)

AD' A A (10.13)

Angle between Two Vectors

The dot product is also useful for computing the separatimiesbetween two vectors. From Eq. (10.1),

A B
D —— 10.14
cos AB ( )

Example.We wish to nd the angle between the two vectér® 3iC 4) 2kandBD i 55 C 2k. We
rst nd the dot product of the two vectors:

A BD .3/1/ C .4 5/C. 221D 21
The magnitudes of the two vectors are

p— _

AD 32C42C. 2/2Dp29

p— _

BD 12C. 5/2C22Dp30
Therefore

21
cos D p—p—D 0:711967
29 30

and so the angle betweénandB is

o (13540

You do not need to worry about getting the anglen the correct quadrant, becausewill necessarily
always be betweeh and180 , and the inverse cosine function will always return its hesLthis range.
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Orthogonality

Another useful property of the dot product is: if two vectare orthogonal, then their dot product is zero.
For example, for the cartesian unit vectors:

i jDj kDi kD O: (10.15)

The converse is also true: if the dot product is zero, themhoerectors are orthogonal.
The cartesian unit vectorsj, andk areorthonormal so that

i iDj jDk kD 1: (10.16)

Derivative

The derivative of the dot product is similar to the familiaoguct rule for scalars:

d.A B/ dB _ dA
DA —C — B: 10.17
dt dt dt ( )

10.4 Matrix Formulation

The dot product can also be written in matrix form. To begétisirepresent vectors aslumn vectors-that
is,3 1 matrices. We'll de ne the vectoré andB as the column vectors

0 1 0 1
Ay Bx
AD@A, Al BD@B, A (10.18)
A B-
The dot product can then be written
0 1
Bx
A BDA'BD A A, A @B, AD A,ByCAB, CAB/ (10.19)
B-

This the the product of & 3 row array witha3 1 column array, which givesa 1 result (i.e. a scalar).
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Chapter 11

Kinematics in Two or Three Dimensions

Armed with a knowledge of vector algebra, we are now in a pmsitb examine kinematics in two and three
dimensions. The approach will be very similar to kinematicene dimension, except that we replace the
positionx, velocityv, and acceleratioa with their vector counterparts: the position veatpvelocity vector

v, and acceleration vectar

11.1 Position

Let's begin with the position vector. First de ne a two-dingonal coordinate system (or a three-dimensional
system for a three-dimensional problem), placing the orégid axis directions in any way that's convenient.
Then theposition vectorr of a particle is a vector pointing from the origin to the peli

11.2 Velocity

We de ne the velocity vectow in a way that's analogous to the de nition of the scalar vijpausing the
vector version of the de nition of a derivative:

. d
m rD_r_

D i
v -tl! 0 ot dt’

(11.1)

wheree r D r, ry is the difference in the position vectars andr, at two closely spaced times andt;,
respectively.

11.3 Acceleration
Similarly, the acceleration vectaris de ned as

. 2
aD Ilim VDdV d’r

Aost © dt - dt2’ (11.2)

wheree vD v, v; is the difference in the velocity vectovs andv, at two closely spaced timeésandt,,
respectively.
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11.4 Inverse Relations

Equations (11.1) and (11.2) may be inverted, as was donesiionension:
z

rt/ D v.it/dt (11.3)
z

vt/ D at/dt (11.4)

11.5 Constant Acceleration

As was done in one-dimensional kinematics, we may derive afsequations for the motion of a particle
under a constant acceleration. In two or three dimensidsigh, it's a constant acceleratioactora. If
the acceleration vectaris constant, we can bring it outside the integral sign of Ed.4) just as we do with
constant scalars. We get

z z

vt/ D adtDa dt (11.5)
or
vt/ DatCC (11.6)

whereC is the constant of integration. By settingp 0, we can see that physically, just as in one-dimensional
kinematicsC D vy D v.0/ represents the velocity vector at tim® 0, so

@

Substituting this result into Eq. (11.3), we have

Z
rt/ D .at Cvo/dt (11.8)
Z Z
D atdtC vodt (11.9)
Z Z
Da tdtCve dt (11.10)
or
rt/ D 1at? C vot C ro; (11.11)

whererg D r.0/ is the position vector at timeD O.

The remaining constant-acceleration formula is a formatarfr/, in which we eliminate timé to get
an expression for velocity in terms of position. We did thisohe dimension by solving the equation for
v.t/ fort, then substituting into the equation foit/ and solving forv. Unfortunately, that technique won't
work with vectors, because it would require dividing by ateecwhich is not de ned. Instead, being guided
by the knowledge that the vector formula must reduce to trewknscalar formula when the vectors are
one-dimensional, we proceed as follows. Start with Eq.1(0forr.t/ for constant acceleration:

rt/ D 3at?C vot Crg (11.12)
r roD Zat? C vot (11.13)
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Now take the dot product of both sides with the acceleradion
a .r ro/Da .}at?>C vt/ (11.14)
D 1a’t>C a vot; (11.15)
and multiply both sides by 2:
2a .r ro/ D a%t?C 2a vpt: (11.16)

The left-hand side looks similar to the second term on thiet+itgand side of the one-dimensional Eq. (8.31),
but we still need to eliminateon the right-hand side. To do that, let's start by working ba trst term on
the right-hand side of Eq. (11.16). Starting with Eq. (11Ww8 have

v.t/ D at C vg (11.17)
v voD at (11.18)

Now take the dot product of the left-hand side of Eq. (11.18hwiself, and dot the right-hand side with
itself:

.V vo/l .v v/ D .at/ .at/ (11.19)
vZ  2v vo C V3 D a%t?: (11.20)

Next, let's work on the second term on the right-hand sidegpf(E1.16). To do this, let's take the dot product
of both sides of Eq. (11.18) withy:

Vo .v Vg/ Dvp at (11.21)
2v vo 2vi D 2a vpt (11.22)

Now we have all the pieces we need to eliminatén Eq. (11.16), we use Eq. (11.20) to replade?, and
we use Eq. (11.22) torepla@a vot:

2a .r ro/D.wv? 2v vgCV3/C.2v vy 2v3/ (11.23)
Dv? V& (11.24)

or
viDviC2a .r rol (11.25)

11.6 \Vertical vs. Horizontal Motion

Consider the experiment shown in Figure 11.1: two ballsitally at the same height above the oor; both
are released at the same time, but one is allowed to fallcadistj while the other is given an initial velocity
Vo in the horizontal direction. Which ball hits the oor rst?

You might be inclined to think that the ball that falls vediky would hit the oor rst, because it doesn't
have as far to go. But the correct answer is thath balls land at the same timéhe reason is that the
horizontal and vertical components of the motion are inddpat—the horizontal motion of the second ball
has no effect on its vertical motion. Let's set up a coordinahose origin is at the release point, wilx to
the right andCy upward. Then for the rst ball (the one falling verticallyye haveaD gj, vo D 0, and
ro D O; therefore

rt/ D at?C vt Crg (11.26)
D 2gt?] (11.27)
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Figure 11.1: Vertical vs. horizontal motion. If two objeet® released simultaneously (one falling vertically
and one given an initial horizontal velocity), then theytblaind on the oor at the same time. (Ref. [11])

or

x.t/ DO (11.28)
yt/ D 3gt?: (11.29)

For the second ball (the one given an initial horizontal glovy), we haveaD gj,vo D vpi,andro D O;
therefore

rt/ D 1at? C vot C rg (11.30)
D voti Zgt?] (11.31)
or
x.t/ D vpt (11.32)
yt/ D 3gt?: (11.33)

So both balls have the same verticg) Component of motion. Both balls fall together verticabiyt the sec-
ond ball has a uniform horizontal motion superimposed owdttical motion; the combination of horizontal
and vertical motions gives the second ball a parabolic jzathye'll see in Chapter 12.

11.7 Summary

Let's summarize the results so far for two- and three-dinare kinematics:

Always True
These equations are de nitions, and are always true:
dr z
vD at ) rt/ D vit/dt (11.34)
z
dv _ d?r
aD at D i ) vt/ D at/dt (11.35)
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Constant Acceleration

These equations are valily for constant acceleratioa:

rt/ D 1at? C vot C rg
v.t/ D at C vgp
vZDVviC2a .r rol
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Chapter 12

Projectile Motion

An important example of two-dimensional motion under canstcceleration is the motion of a projectile

(e.g. a cannonball red from a cannon) at the surface of thE#&ig. 12.1). The acceleration in this case is
the acceleration due to gravity, so the constant-acc@eratiuations apply. The position vector as a function
of time is given by Eq. (11.11):

r.t/ D %at? C vot C ro; (12.1)

wherevy is the initial velocity of the cannonball, called theuzzle velocitylLet's take timet D 0 to be the
instant the cannonball leaves the cannon. Then if we chd@serigin to be at the cannon (Fig. 12.1), then
ro D 0. The acceleration in this case is in thg direction, sca D gj, and Eq. (12.1) becomes

rt/ D 1gt?j C vot; (12.2)

where the initial velocityo D vy i C vy j. This vector equation actually represents two scalar eopusit
one forx.t/ and one fory.t/:

X.t/ D vyt (12.3)
yt/ D 2gt? C vt (12.4)

Typically in real life you will not know the cartesian compents of the velocity vectow(g andvyg); instead
you are more likely to know the magnitude of the muzzle véioey and the launch angle. Converting the
muzzle velocity vector from rectangular to polar form,

Vox D vp cos (12.5)
Voy D vpsin (12.6)

Equations (12.3) and (12.4) then become

x.t/ D .vgcos /t (22.7)
yt/ D 3gt? C .vgsin /t (12.8)

These equations give tlxeandy coordinates of the projectile at any tirhe
Now let's consider a few questions we can ask about the mafiarprojectile.
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R

Figure 12.1: Parabolic path of a projectile launched wittznhel velocityvy at angle . Here thex axis is
along the groundR is the range, ant is the maximum altitude.

12.1 Range

The rst question we'll look at is: how far will the projectlgo? This is called theange and is shown as
R in Fig. 12.1. How do we nd this? We need to look at what coratig are unique to the problem we're
trying to solve; in this case, what's unique about the raRgis that it's thex coordinate of the projectile
wheny D 0. So let'ssety D 0in Eq. (12.8) and see what happens:

0D £gt? C .vosin /t (12.9)

What we're after is the value of wheny D 0, so let's try solving this for time, then plugging that into Eq.
(12.7). Solving Eq. (12.9) far by factoring out &, we havé

0D E3gt C vosin «t: (12.10)

This means that foy D 0, eithert D O (which it is at launch), or elsegt=2C vpsin D 0. The second
case is the one we're interested in:

0D gt C vpsin (12.11)

or

2
tD §V0 sin : (12.12)

This is the total time the projectile is in the air, and is edlthetime in ight (¢ ). Substituting this time into
Eq. (12.7) gives the range:

2 .
R D x.ty / D .vgcos/ §V0 sin (12.13)

INote that we cannot divide Eq. (12.9) by the variabithout losing roots. The proper procedure is to factor otaaor oft,
then use the fact that if the product of two factors is zerentbne or both factors must be zero. It is OK to divide through honzero
constantthough.
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Using the identity sir2 2sin cos , this becomes

V2
R D EO sin2: (12.14)

A related question is: at what launch anglelo you get thenaximunrange for a xed muzzle velocity
Vo? Examining Eqg. (12.14), the largest value the sine can tsalgso

sin2 D1 (12.15)
2 D90 (12.16)
D 45 (12.17)

So a projectile will go the farthest if launched at an angld®ffrom the horizontal. Another way to arrive
at the same result is to use the rst derivative test: Eq.14PgivesR. / , so to nd the value of that gives
the maximum rang®, we setdR=d D O:

dR _ d V2
Bp L Ygno po (12.18)
d d g

or, using the chain rule,

2v2
?0 cos2 DO (12.19)
cos2 DO (12.20)

Now cos2 D Oimplies2 D 90 or2 D 270, and therefore D 45 or D 135. We discard the
solution D 135 on physical grounds: it corresponds to pointing the carimackwardsat 45 from the
horizontal, which is a solution we're not interested in.

12.2 Maximum Altitude

Let's look at another question: what is the maximum altituelsched by the projectile? Let's think about
what is unique about the pointwhere the projectile is at agimum altitude: thg component of the velocity
is momentarily zero at that point. Eq. (11.7) gives the viyogector of the projectile at any tinte

v.t/ D at C vg (12.21)
D gtj C vo; (12.22)

which is equivalent to the two scalar equations

vy .t/ D vy D vgcos (12.23)
vw.t/ D gtCwo D gtCvgsin (12.24)

To nd the maximum altitude, we want to sef D O:
0D gtCvgsin: (12.25)
Solving for timet,

tD \;—Osin : (12.26)
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This is the amount of time it takes the projectile to reachghit wherevy D 0, which is the point of
maximum altitude. Note that this is half of the time in ighEq. (12.12)), so the projectile reaches its
maximum height half-way through its ight. (You could alstrige at this same result by using Eq. (12.8) for
y.t/, then settingly=dt D 0 by the rst derivative test.)

Plugging this time into Eq. (12.8) gives the maximum altétd

1 2
hDy % D 59 VEOsin C .psin/ VEOsin (12.27)
1vgsir? c Vg sir? (12.28)
2 9 g
so the maximum altitude is
2sir?
hp Y037 (12.29)
29

12.3 Shape of the Projectile Path

What is the shape of the projectile's path in Fig. 12.1? To o, we can solve Eq. (12.7) for the time
and plug the resulting expression into Eq. (12.8) to elirg@hand get an equation for.x/ . First solve Eq.
(12.7) fort:

X

tD : (12.30)
Vg COS
Now substitute this into Eq. (12.8):
1 X 2
D - C .vpsin/ 12.31
y 2g Vg COS 0 Vg COS ( )
or
g 2 .
X/ D ——— x°C .tan /x: 12.32
y 2V5 cog ( )

This is the equation of parabolapassing through the origin, so the projectile follows a pali& path.

Actually, this is just an approximation, assuming the ame@lon due to gravity is a constant downward
in the vy direction. A more careful calculation would have to allow fbe curvature of the Earth, which
would show the actual path is that of a highly eccengtippse But over relatively short distances where the
curvature of the Earth is not important, the elliptical peéim be approximated as a parabola.

12.4 Hitting a Target on the Ground
Now let's look at the problem of using a projectile to hit ageir on the ground at randge®. We could do

this by xing the muzzle velocity and varying the launch amgbr by xing the launch angle and varying the
muzzle velocity, or by varying both.
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Fixed Launch Angle

The less common situation is to x the launch angland allow the muzzle velocity, to vary. Beginning
with Eq. (12.14),

V2
R D EO sin2 ; (12.33)

we solve for muzzle velocity:

R .
sin2

(12.34)

There will always be a solution to this equation unless 90 , which corresponds to pointing the cannon
backwards. In this casg will be imaginary, and there is no muzzle velocity that wilba the projectile to
reach the target.

Example. Suppose we have a cannon xed at an angl@%f and wish to hit a target at a distance of
R D 250m. What muzzle velocityy is required?
Solution.By Eq. (12.34),
r
oR
VoD —— D 56:55m=s: (12.35)
sin2

Fixed Muzzle Velocity

The more common situation is trying to hit a target when thezteuvelocity is xed and the launch angle is
allowed to vary. In this case we solve Eq. (12.14) for

1 R
D =sin? 9_2
2 Vg

(12.36)

Example.Suppose the muzzle velocitywg D 40 m/s and the target is at a distancacD 75m. What
launch angle is needed to hit the target?
Solution.The launch angle is given by

1 . R
D =sint? 9_2 D 13:67 and76:33: (12.37)
2 Vg

Recall that the arcsine of a number returns two angles inahga(E 0; 2 / so there will generally be two
solutions to Eq. (12.36). In this example, the “calculatesfution is13:67 , and other solution i6:33 . In
general, there will béwo complementary launch angles that will both hit the target.

Example.As a second example, suppose the muzzle velocity B 40 m/s and the target is at a distance
of R D 200m. What launch angle is needed to hit the target?
Solution.The launch angle is given by

1 R
D-sint &
2 v2

1.
D 5 sin 11:225D «« (12.38)
0
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The arcsine of a number greater than 1 is not depeb cannot be found in this case. Physically, this
means that the target is out of range at this muzzle veloEiy.a muzzle velocity of 40 m/s, the maximum
range is for D 45 , which by Eq. (12.14) is 163 m — so 200 m is out of range.

12.5 Hitting a Target on a Hill

In the previous section, we looked at how to aim a projectlést it hits a targedn the ground Now let's
look at a more general case: suppose the target is not nabessathe ground, but on a hill, so that it's
located at coordinates; y/. How do we aim the projectile to hit the target in this case?

Fixed Launch Angle

Let's rst look at the case where the launch angle is xed anel @an vary the muzzle velocity. We require
that the projectile's parabolic path pass through both tiggroand the target's position ¢; y+/, so let's begin
by substituting the poink; y¢/ into Eq. (12.32):

g

—— = _ x2C .tan /X {: 12.39
2v3icog ! ' ( )

yt D

We just need to solve this for the muzzle veloarty

g 2

.tan /x D ————— x 12.40
t yt ZVS CO§ t ( )

Yi OXt
tan —D —/————— 12.41
Xt 2v¢cog ( )
V2D gxt (12.42)

2 tan I cog
t
or
P

Vo D gxt (12.43)

2 tan L cog
t

Note thaty;=x; is tangent of the angle that tharget makes with the horizontal, as seen from the origin;
we'll call this angle ;. Then Eq. (12.43) becomes
r

vg D

Xt
2.tan tan {/cog

(12.44)

If we aim directly at the target, then D ¢, the denominator becomes zero, and wevgeD 1 : this says
that the muzzle velocity would have to be in nite to get it wlbw a straight-line path directly to the target.

Fixed Muzzle Velocity

Now let's look at the more common problem, where the muzzleoiy xed and we're allowed to vary the
launch angle. As before, we substitute the painty; into Eq. (12.32):

g

—— = x2C .tan /X {: 12.45
2v3icog ! ' ( )

yt D

2Actually, it's complexin this case, sin! 1:225 D 90 37:75 .
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Now we solve this for the launch angle Multiplying both sides by2cos ,

9
2
Vo

2y.co§ D x2C .2sin cos /X (12.46)

Now using the identity si@ 2sin cos

. gx?
X¢sin2  2y,co§ D R (12.47)
0

It turns out that this is about the best we can do—we just aniite this equation for in closed form. To
nd ,we mustresortto a numerical method such as Newton's me#tsodiescribed in the following chapter.

12.6 Exploding Projectiles

If a projectile explodes in mid-air, the force from the exgitm will cause the various fragments of the original
body to follow new trajectories—each of which will be a seginef a new parabola. Howeveahe center of
mass of the fragments will continue along the original paabtrajectory. (The center of mass is discussed
in Chapter 34.)

12.7 Other Considerations

In our study of projectile motion, we have made a number of@gdmations:

1. We have assumed the acceleration due to gravity is a ecinstawe've ignored the curvature of the
Earth. If a projectile travels a long distances, then it vddag important to take this into account, and
treat the motion as an ellipse.

2. We have assumed the projectile is in a vacuum—we did natusxtdor air resistance. The results
we've derived will beapproximatelycorrect, but to get answers that match reality more closely w
would need to allow for the effects of air resistance (Chap3.

3. We have not allowed for the effects wind. If a wind is blowing, it will alter the course of the
projectile.

4. If the projectile travels a long distance, then we woulddhto allow for the rotation of the Earth by
accounting for the€oriolis force (Chapter 46).

12.8 The Monkey and the Hunter Problem

A famous problem involving projectile motion is the “monkagd hunter problem” (Fig. 12.2). A hunter
spots a monkey hanging from a tree branch, aims his ri e diyext the monkey, and res. The monkey,
hearing the shot, lets go of the branch at the same instahtithter res the ri e, hoping to escape by falling
to the ground. Will the monkey escape? The unexpected ansWes”: the bullet will alwayshit the monkey
anyway, regardless of the angle of the ri e, the speed of tlilet) or the distance to the monkey, as long as
the monkey is in range.

To show that this is so, let's rst de ne a coordinate systeiret the origin be at the end of the ri e,
with thex axis pointing horizontally to the right, andpointing vertically upward. LeD be the horizontal
distance of the monkey from the origin, aHdbe the initial height of the monkey (Fig. 12.2).
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Figure 12.2: The “monkey and hunter” proble(@redit: The English School, Fahaheel, Kuwait.)

Now we'll show that atx D D, the monkey and the bullet will both be at the same hejght et the
muzzle velocity of the ri e bevy, and let the angle of re of the ri e from the horizontal be Let's begin by
nding the timet needed for the bullet to travel the horizontal distaBc&om the ri e. Since the horizontal
component of the velocity is a constantcos (Eq. 12.7), thex coordinate of the bullet at tinteis

Xp-t/ D .vg cos /t: (12.48)

Settingxp.t/ D D and solving for the timé, we nd (calling this timet )

D
D : 12.49
i Vo COS ( )
Next, let's nd they coordinate of théulletat this timet . By Eq. (12.8)
Yot/ D 2gt2 C .vgsin /t: (12.50)
Substituting D ¥ D D=.vgcos/, we have
1 D ?
D = C. in/ 12.51
Yo Zg Vg COS Vo sin Vg COS ( )
gD?
D ———CDtan: 12.52
2V5 cog ( )

But from trigonometry, tan D H=D ; making this substitution in the second term on the righthaees

gD?

— .bullet: 12.53
2V5 cog ( )

beH

Finally, let's nd the y coordinate of themonkeyat timet . The monkey falls in one dimension; iys
coordinate at time is (using Eq. (8.23) witly instead ofx, and witha D g, vo D Oandyo D H):

ymt/ DH  1gtZ: (12.54)
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Now substituting D ¢ D D=.vgcos/,

2
g D
DH = 12.55
Ym 2 Vpcos ( )
gb?
Ym D H W .monkey: (12.56)

Comparing Egs. (12.53) and (12.56), you can see that the eyarid bullet will have the samecoordinate
whenx D D, so the monkey will always get hit, regardless of the valde3 oH , vo, or . Q.E.D3

Essentially what's happening here is that the monkey anétare both accelerated by the same amount,
g D 9:8m/<, so for a given amount of time, the monkey will fall the samstalice as the bullet falls from
the straight-line path it would take if there were no gravitiierefore, the bullet always hits the monkey.

12.9 Summary

This following table summarizes the formulae for a projexitilitially at the origin, red with initial velocity
Vo at an angle from the horizontal.

Table 12-1. Summary of formulae for projectile motion.

Quantity Formula
X.t/ x D .vgcos /t
y.t/ y D 1gt?>C .vgsin f/t
y.x/ yx/ D 2\/520@ x2 C .tan /x
Time in ight t D évo sin
Range at angle RD ‘;—‘2’ sin2
Max. range (at D 45) Rmax D ‘;—‘2’
Angle needed to hit target at ranBefor xed vo | D 3sin ! %
Speed needed to hit target at raiyéor xed vo D ; Sﬁg
Max. altitude hp % ;'gnz
Speed needed to hit target.at; y./ for xed vo D r 9X1

vt
2tan 5t cog

Angle needed to hit target at;;y./ for xed vo | X; Sin2 2y;co€ D g\j(—z‘z

0

Note that this last expression must be solved iterativaly fo

3Q.E.D.is an abbreviation for the Latin phragaod erat demonstrandymeaning “which was to be demonstrated.”
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Chapter 13

Newton's Method

13.1 Introduction

As we have seen in the study of projectile motion, some problie physics result in equations that cannot
be solved in closed form, but must be solved numerically. Sthdy of the methods of solving such problems
is the eld of numerical analysisand is a course in itself. Here we look at one very simple oekttor
numerically nding the roots of equations, callékwton's method

13.2 The Method
Newton's method is a numerical method for nding the root{)f the the equation
fx/ DO: (13.1)

The method requires that you rst make an initial estimageof the root. From that initial estimate, you
calculate a better estimate using the formula

f.xXnl

Xnc1 D Xn Fox/ Ox ./

(13.2)

Applying this formula (withn D 0) to the initial estimatex gives a better estimate . This better estimate
X1 is then run through the formula agaim D 1) to get an even better estimatg, etc. The process may be
repeated inde nitely to yield a solution to whatever acayrés desired.

If the equatiorf.x/ D 0 has more than one root, then the method will generally nddhe closest to
the initial estimate. Choosing different initial estimatoser to the other roots will nd those other roots.

If there is no root (for exampld,.x/ D x?> C 1 D 0), the method will tend to “blow up”: instead of
converging to a solution, you may just get bigger and biggenivers, or you may get a series of different
numbers that show no sign of converging to a single value.

13.3 Example: Square Roots

When the rst electronic calculators became available i 1tid-1970s, many of them were simple “four-
function” calculators that could only add, subtract, npliti and divide. The author's father, L.L. Simpson
(Ref. [13]), showed him how he could calculate square roat®me of these calculators using Newton's
method, as described here.
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To calculate the square root of a numkemwe wish to nd the numbex in the equation

p
xD k: (13.3)
Squaring both sides then subtractinfrom both sides, we get a function of the form of Eq. (13.1):
fx/ Dx?> kDO: (13.4)

The values ofk that satisfy this equation are the desired square rooks dfiewton's method for nding
square roots is then Eq. (13.2) with thig/ (and withf °x/ D 2x):

xz k.
2Xn

Xnc1 D Xn (13.5)

For example, to calculatré 5, setk D 5. Make an initial estimate of the answer—say 2. Then we
calculate several iterations of Newton's method (Eq. 185%)et better and better estimates o%:

Xo D 2 (13.6)
2 5 2 5

x1 D Xo X02X0 D2 D 2:2500 (13.7)

xDx X 5poos00 2P0 55,080 (13.8)

22 oy ' 2 2:2500  ° ‘

2 5 22362 5

xsDxo 22_>p223el 22 _°poozel (13.9)
2% 2 22361

After just a few iterations, the solution has converged ta fiecimal places: we ha\?eg D 2:2361
There are actually two square roots of 5. To nd the othersofywe choose a different initial estimate—
one that is closer to the other root. If we take the initialreatexo D 2, we get

XoD 2 (13.10)
2 5 .22 5
x1 D Xo X°2X D 2 =D 2:2500 (13.11)
0 .
2 5 . 2:25007 5
x2Dx1 L_2p 22500 2 O 50361 (13.12)
2X, 2 . 2:2500/
x2 5 . 2:23617 5
xsDxp ~2—D 22361 oD 212361 (13.13)
2 . .

So to four decimals, the other square root of 5 k52361
L.L. Simpson notes that Eq. (13.5) for computing squaresa@ts typically used in the equivalent form

Xnc1 D - xnC . ; (13.14)

so that you repeatedly nd the averagexgfandk=x,. For the above example of ndin% 5, this gives:

Initial est. D 2
1stiter.. Average of 2 and 5/2 D 225
2nditer.. Average of 2.25 and 5/2.25 D 22361
3rditer.. Average of 2.2361 and 5/2.2361D 2.2361 (converged)
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13.4 Projectile Problem

Recall the problem from Section 12.5 of directing a projedt hit a target on a hill at positiar; y/, when
the muzzle velocity is xed and we're allowed to vary the amglVe found that in order to hit the target, the
launch angle is the solutionto Eq. (12.47),

. gx?
Xysin2  2y,co§ D R (13.15)
0

which cannot be solved in closed form and must be solved rigatlgr To solve this for using Newton's
method, we must rst putitin the forrh. / D O:

2
OXi

f./ Dx¢sin2 2y;cos V—ZD 0 (13.16)
0

Newton's method also requires the derivative af

f 0/ D 2x;cos2 C 4y,cos sin (13.17)
D 2x;cos2 C 2y, sin2 (13.18)

Using these expressions far/ andf ° / in Newton's method (Eq. (13.2)), we nd an iterative expliess
that lets us solve numerically for the launch angle

X¢Sin2 , 2y co$ n QgXZ=va .

- 13.19
2xycos2 , C 2y, sin2 , ( )

nctD n

Here the target coordinates;; y./ are known, as are the muzzle velocityand acceleration due to gravity
0, so the only variable on the right-hand side js To use this expression, we begin with an initial guess
for the launch angle,q (in radiang. Then plug this ¢ into the right-hand side, which returns; for the
next iteration, plug this; into the right-hand side, which returng, etc. After a few iterations, you should
get approximately the same angle over and over again onssicedterations. If the target is out of range,
the method will “blow up” and not converge, typically by reting larger and larger values of for each
iteration.

For this type of iterative calculation, it is handy to progrshe iteration formula into a programmable
calculator, or write a computer program.
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Chapter 14

Mass

Massis a measure of the amount of matter in a body. As discussédretitis measured in units dilograms
(kg) in Sl units. In CGS units, mass is measured in grams (u,ia British engineering units, mass is
measured islugs

Technically, there are two kinds of magsertial massandgravitational massinertial mass is a measure
of a body's resistance to being accelerated: you have tolpaigter on a high-mass body than on a low-mass
body to get it to accelerate by a given amount. As we'll seathanertial massm; is given by Newton's
second law of motion:

F
m; D E; (14.2)

whereF is the force on a body, aralis the resulting acceleration.

Gravitational mass is a measure of how strong a gravitdtieltha body produces. For example, if two
identical bodies each have a gravitational magsand are separated by a distamgghen the gravitational
force between them is given by Newton's law of gravily:D Gmé =r2. The gravitational mass is then

r
(14.2)

2l

mgDr

Experiments have shown that, to the highest accuracy theaweneasure, inertial and gravitational mass
are the same:

m; D mg: (14.3)

Because of this, we normally don't bother to distinguishwesn the two, and just refer to the “mags’

We really don't understand why inertial and gravitationalgs are the same; it just turns out that way
experimentally. This equivalence between inertial andiggtional mass, called thequivalence principle
was established in a famous experiment that was conduated@f 900 by the Hungarian physicist Lorand
Eotvos UT-vush. In the Eodtvos experiment, two unequal masses were avethdy a rod; the rod was
then connected at its balance point by a vertical wire to #ikng, forming a torsional pendulum. The
instrument was set up in such a way that if the gravitationdliaertial masses were different, it would set
the rod rotating in a horizontal plane, but no such rotatias whserved. Today the validity of the equivalence
principle has been demonstrated to high accuracy.
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Chapter 15

Force

Intuitively, aforceis a push or a pull. In Sl units, force is measured in unite@ftongN), named for the
English physicist Sir Isaac Newton. In terms of base units,

kgm
IND1——: 15.1
- (15.1)

In CGS units, force is measureddgnes(dyn):

gom,
2

In the British engineering system, force is measuregaands(lb). This is sometimes callggounds-force
(Ibf) when it's important to clearly distinguish it from pads-mass (Ibm).

1dyneD 1 (15.2)

slug ft

1libfD 1
2

: (15.3)

15.1 The Four Forces of Nature
There are four fundamental forces in Nature:

 Gravitational force.The gravitational force is a force between any two bodiestdukeir mass. The
gravitational force is the force responsible for keeping yttached to the oor at this moment: the
Earth's mass is pulling you down toward its center, and yoas$ris attracting the Earth upward toward
you. Without the gravitational force, you would be oatingély around the room.

The gravitational force is always attractive, and it is treakest of the four forces. Gravity is described
in more detail in Chapter 54.

» Electromagnetic force.The electromagnetic force is responsible for the attractind repulsion of
electric charges, and is also responsible for the magrmtie f

Most forces you encounter in everyday life (besides gra\arg electromagnetic in nature. When
you push on something with your hand, for example, you areeuaity in direct contact with it: the
outermost electrons of the atoms at the surface of the objecbeing electrically repelled by the
outermost electrons in the atoms at the surface of your h&mdilarly, when you're standing on the
oor, you're actually hovering a small distance above therothe outermost electrons at the bottom
of your shoes are electrically repelling the outermosttetes at the top of the oor.
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The classical theory of the electromagnetic force is giveiMiaxwell's equationswhich you'll study
in General Physics Il. The most modern and comprehensiveytité the electromagnetic force is the
theory ofquantum electrodynamigcg/hich you can learn about in a graduate course in physics.

» Strong nuclear forceThe strong nuclear force is the force that holds togethaopsoand neutrons in
the atomic nucleus, and overpowers the electromagnetigahtgpulsion of the nuclear protons. It is
also responsible faruclear fusionwhich is the process that causes the Sun to shine and israkserp
in the detonation of a hydrogen bomb.

» Weak nuclear forceThe weak nuclear force is responsible for a process callddcay in which a
neutron in the atomic nucleus decays into a proton and atr@fe@nd the electron escapes from the
atom.

Every force we encounter in Nature is ultimately due to onthe$e four forces.

15.2 Hooke's Law

If amass is attached to a spring and the spring is extendezhgpressed, then the spring will exert a force on
the mass that's proportional to the distance that the mameved from its “natural” position (thequilibrium
position). This fact was discovered by English physicist Robert Haaad is known aklooke's law It is
expressed mathematically as

FD kx; (15.4)

whereF is the forcex is the distance the mass is moved away from the spring'sibguiin position. The
constank is called thespring constantand is a measure of the stiffness of the spring. The springtaat
has units of N/m.

Hooke's law is an example of aempirical law it's something that has been found, by experiment, to
be at least approximately true over some range of physicalitions. In the case of a spring, Hooke's law
applies over a range of positiorsbut it breaks down if you compress the spring to the point tiva turns
of the spring are touching, or if the spring is extended beyitselastic limit.

Hooke's law may be used to describe not only forces due tagpribut can also describe the reaction
of elastic materials. It can also be usedafproximatelydescribe many other forces over a small range of
displacements.

15.3 Weight

Another important force was mentioned earlier in Chaptew®ightis the force on an object due to the
Earth's gravity. If the object is near the surface of the Eatiten its weightV is given by

W D mg; (15.5)

wherem is the mass and D 9:80m/s’ is the acceleration due to gravity.

15.4 Normal Force
If an object is resting on a table, then there are two forcgs@on it: a gravitational force (its weight) acting

downward toward the center of the Earth, and an upward fdreqwal magnitude acting upward, due to the
mutual electromagnetic repulsion between the outermestreins in the object and the outermost electrons
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in the table. This latter force is called ti@rmal force For an object sitting on a horizontal surface, the
normal force is given byn D mg so that it exactly balances the weight. This isn't alwaysftitenula for
the normal force, though. For example, if an object is gittin a surface that's inclined by an angl¢o the
horizontal, then the normal force will leD mg cos , and will exactly balance the component of the weight
normal to the surface, which &, D mgcos .

15.5 Tension

If a force is applied to both ends of a rope or wire in oppositeadions (so as to stretch the rope or wire),
then we say it is unddension Tension, like other forces, is measured in newtons, andualgo the force
applied at either end.
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Chapter 16

Newton's Laws of Motion

Classical mechanics (sometimes calielwtonian mechanigss based on three laws of motion described
by physicist Sir Isaac Newton (1643-1727, Figure 16.1) is tnonumental worlPhilosophiee Naturalis
Principia Mathematicg“Mathematical Principles of Natural Philosophy”) in 1687

Newton's three laws of motion are, in modern language andtiuot?

1. Law of Inertia. A body at rest will remain at rest, and a body moving with canstvelocity will
continue moving with that velocity, unless acted upon by sautside force.

2. F D ma: If aforceF is applied to a body of magn, it will accelerate with acceleratiomD F=m.

3. Forces always come in pairs that act in opposite direstitiibody 1 acts on body 2 with a forde,
then body 2 will act back on body 1 with forée (equal in magnitude and opposite in direction).

16.1 First Law of Motion

Newton's rst law states that bodies have a property caltegttia, which means that once given a velocity,
they will travel at that same velocity forever, unless aaipdn by some outside force. Nobody knows why
thisis; it's just the way the Universe works.

In retrospect, this was a brilliant deduction by Newton.daldife, if you push an object across the oor,
it will slide for a while, then come to a stop. This behaviousead Aristotle to believe a moving body was
lled with some sort of substance that was “used up” as theybrmdved. But in spite of observations like
this, Newton was able to deduce that this slowing of an oligedtie to an external force (friction), and that
if it weren't for friction, the body would travel at the samelwacity forever.

Today we have a little easier time of it than Newton did—weicaagine the behavior of bodies in space,
where frictional forces are negligible.

16.2 Second Law of Motion

Newton's second law of motion states that the net féroen a body is proportional to its resulting accelera-
tiona:

F D ma: (16.1)

1Appendix 19 gives Newton's laws of motion in their originatin.
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Figure 16.1: Sir Isaac Newton.

When a force- is applied to a body, it will accelerate with accelerat® F=m—the larger the mass, the
smaller the acceleration.

If the forceF is a function of position, and using accelerate® d?x=dt?, this becomes a differential
equation

d2x
F.x/ D mdtz' (16.2)

Solving this differential equation fot.t/ gives a complete description of the motion.

As we'll see later when we discuss momentum, the most gefenal of Newton's second law isot
F D ma, butF D dp=dt, wherep is momentum. This reduces o D ma when mass is constant.

In Newton's second law as given in Eqg. (40.1) is only its sieptalar form, and suitable for one-
dimensional problems. More generally, both force and acabn arevectors so that Newton's second
law takes the form

F D ma (16.3)

HereF is thenetforce on the body — that is, the vector sum of all the individoaces acting on it. We
might write this more explicitly as

X

Fi D ma (16.4)
[

In other words, the vector sum of all the forces acting on ayteglials its mass times the resulting accel-
eration. This vector formula is really a shorthand for vmgtthree scalar formulas. Taking the, y, and”
components of both sides of Eq. (16.4), we get

X

X W Fxi D may (16.5)
X

y W Fyi D ma (16.6)
X

“W Fi D ma (16.7)

(Of course, we omit thé equation when working in only two dimensions.) We'll see soexamples of the
use of these equations shortly.
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16.3 Third Law of Motion

Newton's third law of motion states that forces always comgairs that act in opposite directions. For
example, the Earth exerts a gravitational force on the Maod,the Moon in turn exerts a gravitational force
back on the Earth.

As a more complicated example, consider the forces predeen wou are standing on the oor:

1. There is a downward gravitational force acting on you dugaur mass and the Earth's mass (your
weight).

2. There is an upward gravitational force acting on the Edhnto your mass and the Earth's mass.
3. There is an upward normal force acting on you due to the. oor
4. There is a downward force acting on the oor due to you.

Items 1 and 2 are action-reaction pairs, as are items 3 anavd.offithese forces are acting on you: your
weight downward, and the normal force upward. These tweefmust be equal, because you're not accel-
erating, and therefore the net force on you is zero.
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Chapter 17

The Inclined Plane

An inclined plane(Fig. 17.1) is one of the classicsimple machine$ Let's consider the motion of a block
sliding down a frictionless inclined plane.

n =mg cosb

Figure 17.1: An object sliding on an inclined plane.

First, let's de ne a coordinate system: let's take the amigt the block's initial positionCx pointing
down the plane (in the direction of motion), aB¢ pointing upward perpendicular to the plane. Let's apply
Newton's second law to the andy directions:

X

X W Fx D mgsin D ma (17.1)
X

y W Fy Dn mgcos DO (17.2)

In Eq. (17.1), the sum of the forces in thalirection ismg sin ; solving this equation gives the acceleration
of a block down an incline:

@73

In Eq. (17.2), the forces in the direction aren (in the Cy direction) and they component of the weight
(mgcos )inthe Yy direction. Solving this equation gives the magnitude ofrtbiamal force:n D mg cos .

From this example, we can see the general procedure fomggivboblems like this:

1. De ne a coordinate system. You're free to de ne the difestand origin however you wish, so choose
something convenient that will make the equations simple.

1The others are the lever, the wheel and axle, the pulley, #tge, and the screw. See Chapter 25.

78



Prince George's Community College General Physics | Sim@gs8impson

2. ldentify all the forces acting on the body. You may wish tavda free-body diagram if it helps you to
identify the forces.

3. Find the projection of each force onto the coordinate sesde ned.
P
4. Apply Newton's second law (; F; D ma) in both thex andy directions.

5. Solve the equations to nd whatever you're asked to nd.
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Chapter 18

Atwood's Machine

Atwood's machineas a device invented in 1784 by
the English physicist Rev. George Atwood. (See
Fig. 18.1 at right.) The purpose of the device is
to permit an accurate measurement the acceleration
due to gravityg. In the 18th century, without accu-
rate timepieces or photogate timers, this was a dif -
cult measurement to make with good accuracy. At-
wood's machine has the effect of essentially scaling
g to a smaller value, so the masses accelerate more
slowly and allowg to be determined more easily.

Let's see how the machine works. There are
two identical masses (labeledl andB in the g-
ure) connected by a light string that is strung over
a pulley. Since the masses are identical, they will
not move, regardless of whether one is higher than
the other. The tall g ft) vertical pole has a distance
scale marked off in inches.

To use the machine, we move masso the top
of the scale, and place a small U-shaped bar on top
of the mass. (The bar is label&tl in the gure, but
is shown somewhat enlarged; the actual bar would
be just a little longer than the diameter of the ring.)
Now massA will begin accelerating downward until
it reaches rindR. The mass will then pass through
ring R, but the ring will lift the bar off the mass,
so that the bar is left behind, sitting on the ring—in
effect, the ring “locks in” the nal post-acceleration
velocity. AfterA passes throughthering, the masses
on both ends of the string will be the same, so the
acceleration will be zero and ma&swill continue
moving with a constant velocity until it lands on
stageS. Both ringR and stages are movable, and
can be moved up and down the scale as needed.

To collect data, we use a pendulum as a timing
device. Move ringR up and down until it takes one
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second for mas# (with barM on it) to fall from

the beginning of the scale to the ring. Then move stagg and down until it takes one second for mass
A (now missing baM ) to move from ringR to the stages. The distance between the ring and the stage
(divided by one second) gives the speed of mfas#ter it has accelerated for one second. Now repeat the
experiment for the case where m#stakes two seconds to fall from the top of the scale to Raghen again

for three and four seconds; in each case move stage it is one second's falling time below the ring. In
each case, the distance between the ring and the stagelgivesidcityv of massA afterA has accelerated

by the given number of seconds. Now since the acceleratioonistant,

vD atC v (18.1)

andvgy D 0, so the acceleration & D v=t; for each experiment, we can then determine the accelaratio
In theory,a should be the same for each experiment, so we just take thagavef the results.

Now that we've determined the acceleration of the maasbsw do we determine the actual acceleration
due to gravityg? To begin the analysis, let's rst de ne some coordinateteyss. For mas#, let Cx be
downward, and for masB, let Cx be upward; that way, as magsis accelerating downward arfl is
accelerating upward, both will be accelerating in @ direction; obviously both masses must have the
same acceleration Let the masses & andB each ban, let the mass of the bar lm,,, and let the tension
in the string beT, which is the same throughout the length of the string. Nas &pply Newton's second
law to both masses:

X
AW FxD.mCmpy/g TD.mC myla (18.2)

X
B W FxD mgCTDma (18.3)
Adding these two equations together, we get
Mpard D .2m C mpad a (18.4)

and so the acceleration due to gratis determined from

2mC m,
gD = 2, (18.5)
Mpar
where the acceleratiamis determined as described earlier.
Conversely, if you already knogy and wish to predict the acceleration of the masses in theimach
Mpar
ab——q: 18.6
2mC Moz (18.6)
More generally, if we refer to the two masses by their totatsrend call thermy D mC mpg,andmg D m,
then the two masses accelerate with acceleration
My Mg
aDb—q: 18.7
A C mg (18.7)

The above equations may also be solved for the string tefision

M C Mpar 2mamg
TD2 D 18.8
M omCmy 2° miCmg 2 (18.8)
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Complete Solution

Just for fun, let's work out the complete general solution thee Atwood's machine shown in Fig. 18.1.
Suppose the mass with the bar is released from near the tbp stale at timé D 0 and positiorxg on the
scale; that the ring at positioq lifts the bar off of the mass at tintg; and that the the mass hits the stage at
positionxs at timets. What is the acceleration due to gravityn terms ofxo, t; , X, ts, andxs?

Let's begin with the motion between the release at tinie 0 and reaching the ring at tinteD t;. The
mass is accelerating with constant acceleratipso from the equations of one-dimensional kinematics (Eqg.
(8.23)), we have at D t;

X, D 2at? C vot; C Xo; (18.9)

wherevy D 0 since the mass is released from rest. Assuming the scaleases goinglownward the
acceleration will be positive and given by Eg. (18.6); weathave

1 Mpar

xx D= —>2&
"7 2 2mC mpy

t2 C Xo: (18.10)
If we knew the timet, at which the mass reaches the ring, then we would be nishesd,jy solving Eq.
(18.10) forg—there would be no need for the stage later on. So appardmltimet, was not measured
directly in practice. Let's continue the analysis, incaigting information about the motion of the mass
between the ring and the stage.

After the ring lifts the bar off of the mass, the mass will beving at a constant velocity; given by

v, D at; C vy (18.11)
_Moar oy (18.12)
2mC mbar

Solving fort;,
2mC
t D > Mbar . (18.13)
Mpag

Substituting this fot; into Eq. (18.10), we have

1 Mpad 2mC Mpg 2 2
D - C 18.14
X2 3 ome Mpar Mbad Vi & Xo ( )
1 2mCm
D> = \2cx, (18.15)
2 Mpad

We don't know the velocity, , so we'll need to eliminate it. At velocity; , the mass will move from the ring
atx D x, tothe stage at D X intime

o D= X, (18.16)

Vr

wherest ts t. Solving forv,,

Xs X
v, D =2 t L. (18.17)
Using this expression to substitute fgrin Eq. (18.15), we have
1 2mCm Xs X 2
X D = bar s A T C xo: (18.18)

2 Mpa g ot
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Solving forg,
2mC m Xs X; 2
2%, Xo/ D bar %s _7r (18.19)
mba(g .t
ot 2 2mCm
2% Xol D bar (18.20)
Xs Xy Mpad
or
2mC mbar XS Xr 2
: 18.21
2mbar.Xr XO/ .t ( )

Simplifying somewhat, we have
" ”
.M=mp,/ C % Xs Xr 2.
Xr XO .t

(18.22)

gD

Apparently in operating Atwood's machine, one needed tosmemathe massesn(andmyy,), the positions
of the ring and stagex{ andxs), and the amount of time it takes the mass to move from the ring to the
stage. Then the acceleration due to gragityould be given by Eq. (18.22).
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Chapter 19

Statics

Staticsis the branch of mechanics that deals with systems in equitih where bodies are all stationary. In
this case the forces all balance, andtleéforce on each body is zero.

19.1 Mass Suspended by Two Ropes

As a typical example of a problem in statics, consider thgasion shown in Fig. 19.1(a). A block of mass
is suspended by a wire, and the upper end of the wire is atact®vo more ropes or wires that connect to
the ceiling. Each of the three ropes is under tension; thetdan are labeled;, T,, andTs.

To begin the analysis of this situation, it is often helpfutiraw afree-body diagranfor each body in the
problem. A free-body diagram shows all the forces actingheniody, and helps clarify your thinking when
doing the analysis. For this problem, there are two bodieseqmnt: the block and the knot. Fig. 19.1(b) is a
free-body diagram for the block, and Fig. 19.1(c) is a freéybdiagram for the knot.

Now let's begin the analysis; our goal will be to determine three tension$;, T», andTs, given the
massm and two angles; and ». First, let's look at the free-body diagram for the blockgF19.1(b)). For
the block, the tension and weight vectors are given by

T3 D Taj (19.1)
WD mgj (19.2)

(Note thex andy directions indicated in Fig. 19.1(a).) Now let's apply News second law in both the
andy directions, noting thae D ma D 0in this case:

X
xW  F,Dma ) 0D O (19.3)

X
y W Fy D ma ) T3 mgDO (19.4)

Both right-hand sides are zero because the acceleratitne tdidck is zero. The equation (Eq. 19.3) yields
a tautology0 D 0, which gives us no information. Theequation (Eq. 19.4) tells ug D mg, so we've just
found tensiorrs.

We can nd the other two tension3{ andT,) by analyzing the other body: the knot (Fig.19.1(c)). For
the knot, the three tension vectors are given by

T D Ticos 1i CT: sin 1j (195)
T, D T,cos zi CT, sin zj (196)
TsD Taj (19.7)
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w

Figure 19.1: A block suspended from the ceiling by ropesDfagram of the situation. The block of mass
m is suspended by a rope; the upper end of the rope is attachea tother ropes that are attached to the
ceiling. (b) Free-body diagram for the block. (c) Free-bdéagram for the knot.
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Now let's apply Newton's second lawr(D ma D 0) individually to thex andy components:
X
x W Fy D may ) Ticos 1 CTocos , DO (19.8)
X
y W Fy D ma ) Tysin 1CTesin, TzDO (19.9)

Again both right-hand sides are zero because the knot isauetexating. Sincds is already known, this
gives two simultaneous equations in the two unknown tessignand T,. One method for solving this
system of equations is to write the equations in matrix form:

COS 1 COS 7 T1 0

sin 1 sin 2 Tz D T3 : (1910)

Now multiplying both sides on the left by the inverse of the 2 matrix, we have

1
T, D COS 1 COS > 0

Tz sin 1 sin 2 T3 (1911)

Since the tensiofiz and the angles; and , are all known, this gives the two unknown tensidnasandT,.
We can further simplify this by computing the matrix inveeselicitly. The determinant of thg 2
matrix is (Appendix 18)

COS 1 COS >

det sin 1 sin D cos isin » sin 1cos > (19.12)
D sin 1C »f (19.13)
and the matrix of cofactors is
cof ~ $9S1 COS2 sin 2 Sin 1 (19.14)
sin 1 sin » coS » coS 1

Hence the matrix inverse, which is the transposed matrivofgators divided by the determinant, is

1 .

COS 1 COS 2 D — 1 sin » Ccos » (19.15)

Sin i SN 2 sin. 1 C »/ sin 1 COS 1

1 sin , cos »
o~ ; 19.16
sin ;C ,/ sini cos ( )
The tensiong; andT, are therefore
T1 1 sin » c€os » 0
PrE—— ; 19.17
T2 sin 1C ,/ Sini cos Ts ( )
T3 cos »
_— 19.18
sin 1C o/ COS ( )
Recall that we've already founts D mg; then the nal results are
mg cos »
T ro—— 19.19
Y2 Sin 1 C o ( )
mg cos 1

2D ————— 19.20
27 5Sin 1 C of ( )
T3 D mg: (19.21)
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19.2 The Elevator

An elevatoris a large box (called ear) that is used to lift and lower passengers or cargo, typiagkrated
by a pulley arrangement.

Suppose an elevator contains a passenger of masgnding on a scale. The scale will then measure the
total force on the passenger. If the elevator is stationary, thke sneasures the passenger's weiglyg, If
the elevator is moving up or down with a constant velocitgntthe scaletill measures only the passenger's
weight, mg. But if the elevator is acceleratingpward with acceleratiora, then the passenger will feel
heavier; the elevator's upward acceleration will be addethé acceleration due to gravity, and the scale will
readm.g C a/. If the elevator is acceleratindownwardwith acceleratiora, then the passenger will feel
lighter; the elevator's downward acceleration will be sabted from the acceleration due to gravity, and the
scale will readm.g  a/. If the cable holding the elevator breaks, the elevator fallldownward with an
acceleratiora D g, and the scale will read zero; in other words, there will bdaroe on the passenger, who
will begin oating inside the elevator car, similar to the yastronauts oat inside a spacecraft.

Suppose you fall asleep, and wake up in a closed, windowegater car in which you have your normal
weight. How do you know whether you're sitting stationary v surface of the Earth, or if you're in
space, being accelerated by rockets at 9.8 /& remarkable consequence of Einstein's General Theory
of Relativity (Section 54.8) is: you can't tell. There is ngperiment you can do that would enable you to
distinguish gravity from an acceleration of the elevatar daravity and acceleration are equivalent. This
result has been proposed as a means for providing arti cality to astronauts during a long space voyage:
the spacecraft can accelerate at 9.8rtdsprovide arti cial gravity for the astronauts up to the fialay point
of their trip; then the ship can rotat80 and de-accelerate at 9.8 rhfsr the last half of the trip.

19.3 The Catenary

Consider a chain elevated above ground, attached only avat®nds, both ends at the same height, and
hanging under its own weight. The chain will sag, forming aémpolic cosine curve calledcatenary With
a coordinate system de ned as shown in Figure 19.2, the &xjuaf the catenary is found to be
X

y D acosh 2 a (19.22)
wherea D H=w, H is the horizontal tension in the chain at the pole (in newtcarsdw is the linear weight
density of the chain (in newtons per meter).

The arc lengtls of the catenary from D 0to x is given by

s.x/ D asinh g (19.23)

so that if the poles are separated by a distahdbe total arc length; is
D 2asinh d (19.24)
S 2a '

Note that if the horizontal tensidt is very large (the chain is pulled very taut), tree® H=w is very large,
d=2ais very small, and so sinth=2a/ d=2a sothats; d, as expected.

Lin real life, elevators are built with several levels of spfidevices to prevent this kind of free fall. If the power gaes, the brakes
automatically engage, since the power holds the brakes dptre car goes too far inside the shaft, another indepetrstdrof brakes
engages. Also, there is a large spring at the bottom of thi¢ tsheatch the passengers just in case everything else fails
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Figure 19.2: A chain hanging under its own weight, forminggeoary curve.
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Chapter 20

Friction

20.1 Introduction

Friction is a resistive force between two solid bodies in contactitifabits the motion of the objects. We're
all familiar with friction in everyday life: if you try to stie an object across the oor, it does not continue in a
straight line at constant speed, as might be expected fromtdwés rst law of motion. Instead, the object's
speed decreases until it comes to a stop. The reason is givgevton's rst law: there must be an external
force present—the frictional force.

Friction is caused by the interaction of the surfaces of th@cts rubbing against each other. For ex-
ample, as an object is sliding across the oor, the top lafjeatoms in the oor are constantly making and
breaking chemical bonds with the bottom layer of atoms inaibject. This interaction of the atomic layers
causes the object's kinetic energy to be converted to healbit, so both the object and the oor become
hotter as the object slows down. (We'll learn about kinetiergy in Chapter 26.)

Here are a few facts about friction:

* Friction is a force that always actppositethe direction of motion of the object.

» Experimentally, we nd that the frictional forcé is proportional to the normal forcet f D n ,
where is called thecoef cient of friction

* Traditionally physicists describtree types of frictional force:static friction, kinetic friction and
rolling friction. Static friction is at work when the object is stationarynédic friction is at work when
the object is in motion; and rolling friction applies to fiol bodies. But under carefully controlled
conditions, experiments show that the two tend to becomistindguishable.

* No one has yet been able to derive the relafio® n from rst principles. It's an example of an
empirical law something that has been found to be at least approximatsyinder many conditions.

20.2 Static Friction

You know from everyday experience that if an object is siftim the oor and you give it a very light push, it
will not move. That's because a frictional force is at workiuyhave to give the object some minimum force
in order to get it to move at all. This is tisaticfrictional force. Itis found experimentally to be propantial

to the normal force:

fs sh; (20.1)
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wheref s is the static frictional forcen is the normal force, ands is thecoef cient of static friction

Notice the “less than or equal to” signin Eq. (20.1). Theistiictional forcef s is equal in magnitude to
the applied force, whatever the applied force may be—up th&ipoint just before the object starts moving.
The equality sign holds when the object is just on the vergm@fing. Once it begins to move, théetic
frictional force is in play.

It is notoriously dif cult to reliably reproduce measurents of the coef cient of static friction, which
suggests that it is due to nicks or bumps or other imperfestiio the surfaces, or to bits of dust or other gunk
that hinder the initial movement of the object.

20.3 Kinetic Friction

Once you push on an object enough to get it moving, therdiisadicfrictional force that will tend to slow it
down unless you keep pushing on it. If you apply just enougbefdo keep it moving at a constant velocity,
then the force you're applying will be exactly equal to the kKmeticfrictional force, which, like the static
frictional force, is found to be proportional to the normaide:

@02)

Heref | is the static frictional forcen is the normal force, and is thecoef cient of kinetic friction The
direction of the force of kinetic friction is always oppasthe direction in which the body is moving.

If you push an object with a force less thhg, it will not move, and will be held in place by the static
frictional forcef s. If you push it with a force greater thdn , it will accelerate with an acceleratian D
Fapp fi/=m, whereF ., is the applied force.

20.4 Rolling Friction

A different kind of frictional force applies to rolling boe like wheels. If a wheel rolls along the ground
without slipping, there is a rolling frictional force at tip@int of contact between the wheel and the ground,
due to the forming of chemical bonds between the wheel andriend at that point, and the breaking of
those bonds as the wheel moves along to the next point. Thistikinetic friction, because the wheel is
not sliding across the ground — each point of the wheel isju@nentarily in contact with the ground. The
rolling frictional force is found to be, like the other twadtional forces, proportional to the normal force:

@03

Heref ; is the rolling frictional forcen is the normal force, and; is thecoef cient of rolling friction The
direction of the rolling frictional force is always oppasthe direction of motion of the axis of the wheel. For
example, if the wheel is rolling to the right, then the raodjifrictional force points to the left.

20.5 The Coef cient of Friction

Some physics textbooks and handbooks include tables otcmr@t of friction ( s and ) for rubber on
wood, metal on metal, etc. These tables are all false, andldto@ ignored. The coef cient of friction
depends on a number of factors, including the smoothnedseafurfaces and complex surface chemistry
(including contaminants from the air sticking on the suef§¢ and cannot be simply looked up in a table.
So howdo we determine the coef cient of friction? One simple methsda place an object of mass
m on an inclined plane (Fig. 20.1). Now tilt the plane up to lighnd higher angles, gradually increasing
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until just before the object starts to move; let's call thigke s. Now let's apply Newton's second law
(F D ma D Osince the acceleration is zero) to th@andy components of the motion:

X

x W Fy D may ) mgsin ¢ fsDO (20.4)
X

y W Fy D ma ) n mgcos sDO (20.5)

n = mg cosb

Figure 20.1: An object sliding on an inclined plane, witkefrdon included.

Thex equation (Eq. 20.4) tells us the magnitude of the maximumicdiéctional force:
fsD snD mgsin g: (20.6)
They equation (Eqg. 20.5) tell us the magnitude of the normal force
n D mgcos s (20.7)
Now using Eqg. (20.7) to substitute for the normal forc Eq. (20.6), we have
f¢D s.mgcos ¢/ D mgsin s: (20.8)

To solve for ¢, we divide through byng cos s:

(209)

So the coef cient of static friction between the object ahd inclined plane is just the tangent of angle

Now increase the incline anglea little more as you give the masslittle taps to get it going. At some
angle , the object will keep moving, at a constant velocity. (Tipgthe incline up farther will cause the
object to accelerate; you want the angle at which the objestesr down the incline at constant velocity,
without accelerating.) Once again in this case the acdaberaf the object is zero, and the analysis follows
just as with the static case. The coef cient of kinetic fract is then

o0

So the coef cient of kinetic friction between the object ahé inclined plane is just the tangent of angjle
As a general rule, the coef cient of static friction is greathan the coef cient of kinetic friction; in other
words, it generally takes a larger force (acting againstifrh) togetan object moving than tkeepit moving:

s>k .generally: (20.112)

But as mentioned earlier, under carefully controlled ctinds, one nds the relationship tends towarg D
k» SO the two frictional forces tend to become indistinguidba
The coef cient of rolling friction is typically much less #n the coef cient of kinetic friction:

r K .generally: (20.12)
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Chapter 21

Blocks and Pulleys

In this chapter, we will examine the dynamics of two blockamected with a string, where the blocks lie on
smooth (frictionless) surfaces, rough surfaces, or argingrvertically.

21.1 Horizontal Block and Vertical Block

Consider the following problem: a block of mass is on a frictionless horizontal surface, and connected by a
string, through a pulley, to a mas® hanging vertically (Figure 21.1). (We assume the stringnisreakable,
unstretchable, and of negligible mass.) What is the acatiber of the system?

First, we recognize that the bloek; will accelerate to the right, and bloak, downward, with the
sameacceleratiora, since the two blocks are tied together. Next, consider d#heek on blockn;: it has a
weightm; g, and is acted upon by a normal force, also of magnitage, so that the net force in the vertical
direction is zero. This is as expected, since the block isacoelerating in the vertical direction. In the
horizontal direction, the only force acting om is the string tensioff . Thus form;, Newton's second law
gives, in the horizontal direction,

tiFi D ma ) T D ma (21.1)

There are no horizontal forces acting on mawss but there aréwo vertical forces: the upward tensidan
(equal to the tension acting ey ) and the downward weight foraag. Then Newton's second law fan;,

Pulley

- %

Figure 21.1: Horizontal and vertical pulley connected byring.
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in the vertical (downward) direction, is
tiFi D mpa ) mpg T D mpa (21.2)

This gives us two simultaneous equations in the two unknaavaed T. Adding the two equations will
eliminate the tensiom ; we can then solve for the acceleratiato nd

mp
D— 21.3
ab e, 9 (21.3)

And then by Eqg. (21.1), the tension in the string is

mymy
TD ——— 21.4
mCm, (21.4)

Now let's consider the same problem, but this time we'll ird# friction acting on the horizontal block.
In this case, Newton's second law for; (Eq. (21.1)) will include a frictional forcé D n D m ;g
(where is the coef cient of (kinetic) friction) acting to the lefand becomes

tiFi D ma ) T migDmia (21.5)
Newton's second law applied to mass is the same as before:
tiFi D ma ) mpyg T D mpa (21.6)

Adding these two equations to eliminate the tendignve nd the acceleratiom to be

msy m 1
D— 21.7
ab =, 9 (21.7)

and the tension to be (using Eq. (21.5)),

AC/
Tp - MM, (21.8)
m; C my

Notice that these last two equations reduce to their fidéiss counterparts whenD 0.

21.2 Inclined Block and Vertical Block

Now let's generalize the previous problem by placing blagkon an upward inclined plane that makes an
angle tothe horizontal (Figure 21.2). We'll begin with the caseamthe inclined plane is frictionless. The
forces on massn; are the upward tensioh as beforeplusa downward acceleratiom;g sin  down the
inclined plane.

Taking upslope as positive and downslope as negative, Nésxdecond law fom; is then

tiFi D ma ) T mgsin D ma (21.9)
Newton's second law fomy, in the vertical (downward) direction, is the same as before

tiFi D ma ) mpeg T D mpa (21.10)

93



Prince George's Community College General Physics | Sim@gs8impson

Figure 21.2: Inclined block and vertical block.

As before, we add these two equations to eliminate the tefisiand solve for the acceleratien We nd

my  mp Sin
ab ——M— 21.11
mcCm, ° ( )

and then solving for the tensian, we nd

mym,.1 C sin /
TD——m—— 21.12
mcm, ° ( )

Notice that these equations reduce to the equationafan a horizontal surface (Section 21.1) when we set
D 0, as expected.

Note particularly how we chose the signs in this problem. iMine system is released, the vertical block
will fall downward; we'll choose to call this thpositive(C a) direction. Since this will result in the block
on the plane acceleratingpslopethis means we must choose upslope to be the positive dirgctikeep the
signs consistent.

Now let's generalize this even further by adding frictiorthe inclined plane. In this case, masg will
experience an upslope force equal to the ten3i@nd a downslope foram; g sin . In addition, there will
be africtionalforcd D n D m jgcos acting opposite the direction of motion (downslope). Thus

tiFi D ma ) T mgsin m igcos D mia (21.13)
Newton's second law fomy, in the vertical (downward) direction, is the same as before
tiFi D ma ) mpyg T D mpa (21.14)

As before, we add these two equations to eliminate the tefisiand solve for the accelerati@n

m; mp. cos Csin/
D 21.15
a i C g ( )

and we nd the tension to be

mim,.1C cos Csin/
TD 21.16
mC m g ( )
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The last two equations are generalizations of all the pre/pyoblems. Setting D 0 recovers the equations
for my on a horizontal surface, and settingD O recovers the frictionless formulas. Furthermore, setting
D 0and D 90 produces the equations for the acceleration and tensiothéoAtwood's machine

discussed in Chapter 18.
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Chapter 22

Resistive Forces in Fluids

22.1 Introduction

In the last chapter we examined the frictional force betwssid bodies in direct contact. Another type of
resistive force applies to objects moving through a ‘usich as air. In such a situation, the resistive force
Fr is generally found to be proportional to some power of theci#y v of the body:

Fr/ v (22.1)

We'll examine two common models of this resistive force: ovieeren D 1, and another whera D 2.
Examples withn D 1 include ow through ne brous mats such as furnace ltersnd the movement of
fog, mist, and dust particles through the atmosphere. Eleampithn D 2 include most falling objects,
parachute ight, and aerodynamic drag on automobiles.

22.2 Modell:Fr/ v

In this rst model, we model the resistive forég through a uid as being proportional to the rst power of
the velocityv:

Fr D byv; (22.2)

whereb is the constant of proportionality; the minus sign shows tha resistive force is alwaysppositehe
direction of motion.

Under this model, the net downward force on the falling badypg C Fr D mg bv. Then by Newton's
second law,

F D ma (22.3)
d
mg bvD md—\t/: (22.4)

Dividing through bym, we have

dv _ b
—C —vDag: 225
dt mV g ( )

1A uid is a substance that ows (a gas or a liquid).
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This is a rst-order differential equation, which you wikkérn to solve for.t/ in a course on differential
equations. But brie y, for a differential equation of therfo

d

% Cptly Dqdt/: (22.6)
the solutiony.t/ is found to be (Ref. [2])

1 z

y.t/ D TR t/gt/dt CC ; (22.7)

whereC is a constant that depends on the initial conditions, dnd is anintegrating factor given by
z
t/ Dexp p.t/dt : (22.8)

Since thisis a rst-order differential equation, there Maig¢ one arbitrary constant of integration, and it is the
constanC in Eq. (22.7).
Comparing Eq. (22.5) with Eq. (22.6), we have

y.t/ D v.t/, (22.9)
p.t/ D b=m,; (22.10)
g.t/ D g: (22.11)
Then the integrating factort/ is, from Eq. (22.8),
z
t/ Dexp p.t/dt (22.12)
z b
D ex — dt 22.13
P ( )
D AePt=m; (22.14)
whereA is a constant of integration. The solution to Eq. (22.5) enthiven by Eq. (22.7):
e bt=m z
vD — Ae’=Mgdt C C (22.15)
hmg [
D e P=m Tem:m cco (22.16)
D % C Cl bt=m. (22.17)

To nd the constaniC® we use the initial condition: if we release the body at tiraeoz therv D 0 when
t D 0; Eq. (22.17) then becomestab 0

0D % cco (22.18)
and so
c°D %: (22.19)

Therefore, from Eq. (22.17), the solution is

m m -
_g _ge bt=m.

D :
P D

(22.20)
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or

m -
vD Tg 1 eb=m (22.21)
This is the solution we're after: it gives the falling objsatelocity v at any timet, assuming that it's dropped
fromrest at time D O.

Now let's examine what happens to the solution (Eq. 22.21)lds . In this case, the exponential term
approaches zero, and the falling object's velocity apgneadhe limiting value

vi D %: (22.22)

This is called theerminal velocity and is a general feature of bodies falling through resstinds: at
some point the resistive force balances the downward gitéwital force, and the body stops accelerating and
moves at a constant velocySky divers experience this phenomenon: some time afterijugngut of an
airplane, a sky diver will reach a terminal velocity of rolygh00 miles per hour, and will not change speed
further until the parachute is deployed.

22.3 Model ll: Fg / Vv?

Now let's consider a different model of resistive force inwid, in which the resistive force is proportional
to thesquareof the velocity:

Fr/ Vv (22.23)

This model is appropriate for most situations when Model ha$ used. We nd experimentally that the
resistive force in this case is proportional to the aéeaormal to the ow direction, and to the densityof
the uid. We write Eq. (22.23) as

Fr D Cp Av % (22.24)

whereCp is called thedrag coef cient and the factor ofil=2is conventional. The drag coef cier®p
depends on things like the shape of the falling body, its shmeess, and how turbulent the ow of uid
around the body is.

Proceeding as with Model |, we have, starting with Newtorsand law,

F D ma (22.25)
1 2 dv.
mg 5Cp Av-D ma. (22.26)

This is a nonlinear differential equation that is much mdfeudlt to solve than the one we had for Model |
(Eqg. 22.5). Instead of trying to solve fart/, we'll simply note that we can nd the terminal velocity by

setting the acceleraticsiv=dt D 0in Eq. (22.26). This immediately gives
s

vi D

2mg |
Co A
So Model Il of the resistive force, like Model |, exhibits arr@nal velocity: as time& ! 1 |, the velocity of
the falling body will approach a constant, .

(22.27)

Example.With what speed do raindrops hit the Earth?
Solution.Assume the following rough estimates:

2A simpler way to arrive at Eq. 22.22 is to simply set the aacegiendv=dt D 0 in Eq. (22.5), which immediately giveag D
mg=b.
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» Cloud base heighh D 1000m

+ Airdensity: 5 D 1:29kg/m?

» Raindrop (spherical) diametet: D 2 mm

+ Raindrop (water) density:, D 1:00 10° kg/m?
» Raindrop coef cient of friction:Cp D 0:5

First, let's try a na’'ve approach, and neglect air resianAs seen in Chapter 8, the velocityof a
raindrop falling under gravity through a heidhts given by

vD ' 2gh (22.28)
q

D 2.9:8m=s?/.1000 m/ (22.29)

D 140ms=s (22.30)

D 313mph (22.31)

Clearly raindrops are not hitting the Earth with a speed & B8iph, or they would be lethal. The problem
here is that it is very important to consider air resistancg,ou will not get even close to the correct answer.
A more accurate analysis would be to allow for air resistamceomputing the terminal velocity. After
falling 1000 meters, a raindrop will have more than enougtetio reach the terminal velocity, so the impact
velocity will equal the terminal velocity, given by Eq. (27). We're giveng, Cp , and ; the cross-sectional

A D d ?=4 and theraindropmasaD ,V D ,.d 3=6/. Then by Eq. (22.27), the impact velocity will
be

s
2mg
D —— 22.32
Vi A ( )
s
2. w d 3=6/g
D ———— 22.33
Co d 2=4 ( )
s
4 ,dg
D 22.34
3G ( )
s X 2
4.1000kg=m°/.2 10 3 m/.9:8 m=s"/
g o (22.35)
3.0:5/.1:29 kg=m°/
D 6:37m=s (22.36)
D 14:2mph (22.37)

Whether or not it's important to consider air resistance jpadicular problem is a matter of judgment

and experience. With practice you develop an intuition aladwen it's likely to be important to include these
kinds of effects.

Example.Consider the following problem due to L.L. Simpson (Ref.])J1¥ it is considered safe for an
adult to jump off of a three-foot high ladder without injuryhat is the maximum design load for a conical
parachute that is 30 feet in diameter and has a drag coef oeh.5? The design air density is 0.08 18/ft

Solution.Here, the term “design load” means the weight of the parashurirst, let's convert everything
to Sl units:
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» Height: 3 ftD 0.9144 m.
» Parachute diameter: 300 9.144 m.
« Air density: 0.08 Ib/ff D 1.281477 kg/rh.

Here's the general approach to the solution: from the rat pdthe problem, we can calculate the impact
velocity of an adult jumping from a three-foot ladder. Thaipiact velocity is considered safe, so we'll use
that as the terminal velocity (using Eqg. (22.27), since Mdldis applicable for parachutes). We then solve
for the weightmg, which is the required maximum weight that can be attachédgparachute and still have
it reach a safe terminal velocity.

Let's begin. The impact velocity is given by Eq. (8.33),

p—
vD 2gh (22.38)
q
D 2.9:8m=s?/.0:9144m/ (22.39)
D 4:23347m=s: (22.40)

We'll set the parachute terminal velocity equal to this impact velocity. Now solve Eq. (22.27) for the
weightmg:

mgD £Cp Av 2 : (22.41)
Next replace the parachute amavith d ?=4, whered is the parachute diameter:
mgD £ Cp d2vZ; (22.42)

and substitute the numbers we're given:

mg D 1 .1:5/.1:281447 kg=m®/.9:144 m/2.4:23347m=g/2 (22.43)
D 1131:167(N (22.44)
D 254Ibf; (22.45)

where in the nal step we've converted back to British engirieg units; the maximum design load is a
weight of 254 Ibf.
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Chapter 23

Circular Motion

23.1 Introduction

As we've already seen, the acceleration veets de ned by Eq. (11.2):

dv
abD e (23.1)

This says that acceleration is the time rate of change ofelaity. We typically think of an acceleration as
being a change in thmagnitudeof the velocity, but it can also be a change in theection of the velocity.
For example, if a particle is moving in a circle at constarges} it is still accelerating: the velocity vector,
while not changing its magnitudis,changing its direction with time.

So if we have a particle moving in a circle of radiuith a constant speed then it's accelerating; what
are the magnitude and direction of the acceleration vedhbg?situation is shown in Fig. 23.1.

Figure 23.1: (a) A body moving in a circular path of radiuwith constant speed. Attimet;, the body is
at positionr, and has velocity;; at a slightly later timds, it is at positionv, and has velocity,. (b) The
difference in velocity vectorg, v is the direction of the acceleration vector.
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Note that since the path is circular, the triangle in Fig128) is an isosceles triangle with apex angle.
Since the speed is constant, the triangle in Fig. 23.1(b) is also isoscelad,also has apex angle . Since
the two isosceles triangles have the same vertex angld]at®from geometry that the two triangles are
similar. Therefore

o Vi e

D : 23.2
" - (23.2)
Multiplying both sides by=st ,
ot rost -’ '
Taking the limitast ! O,
im Y p Y i, 20 (23.4)
st 1 0 ot r «t! o et
or
dv _ v dr
— D - —: 235
dt r dt ( )

The left-hand sidelv=dt is just the acceleration.; the second factor on the right-hand sile=dt is the
velocity v. Therefore this equation becomes

a. D VT: (23.6)

We've now found the magnitude of the acceleration of a plartisoving in a circle: it's the square of its
speed divided by the radius of the circle. This accelera8aalled thecentripetal acceleration

The direction of the centripetal acceleration vector casd®n by examining Fig. 23.1(b): by inspection,
you can see that the acceleration vee@ointsinward, toward the center of the circle.

In summary, if a particle is moving in a circular path of regliuwith constant speed, its acceleration is:

+ in magnitudea, D v?=r;

* in direction:inward, toward the center of the circle.

23.2 Centripetal Force

By Newton's rst law of motion, a body in motion will tend to cainue that motion in a straight line, unless
acted upon by some outside force. Therefore, if a body is ngpvi a circle, there must be some force present
that iscausingit to move in a circle. Whatever force is responsible for makihe body move in a circle we
identify as thecentripetal force The magnitude of the centripetal force is equal to the médgedody times
the centripetal acceleratiorf=r:

2
F. D g: (23.7)

For example, for a satellite orbiting the Earth, the certidpforce is the gravitational force. If you tie a
small weight to the end of a string and swing it over your heuad tircle, then the centripetal force is the
tension in the string.

1Sincea D « v=st pointsin the same direction asv.
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Typically the way we approach problems involving uniformcailar motionis to write down an expression
for the centripetal force, and set it equahe?=r.

Example.The International Space Station orbits the Earth at arudkiof about 350 km. How fast is it
moving?

Solution.We'll write down an expression for the gravitational foraedaset it equal tenv2=r. The radius
of the Earth is 6378.140 km; if you add that to the altitudenef $pace Station above the Earth's surface, you
nd the radius of its orbitr D 6378:140km C 350km =6728:140km = 6728140m. The centripetal force
in this case is the gravitational force, which (as will berskater) is given by D GM m=r?, whereM
is the mass of the Eartim is the mass of the space stations the radius of the orbit, an@ is the universal
gravitational constant. Setting this expression for travigational force equal to the centripetal forog?=r,
we have

M m _ mv2
5D = (23.8)

G

Multiplying both sides by=m,

M
vZD GT; (23.9)
and so
r—
GM
vD (23.10)

r

Using the orbital radius D 6728140m andGM D 3:986005 10 m3®s 2, we have the velocity of the
Space Station as

r

vp M (23.11)
S r
3:986005 101 m3 s 2
23.12
6728140m (23.12)
D 7697m=s (23.13)
D 17;200mph (23.14)

A note about Eq. 23.12: the produgM is known to higher accuracy than eith@ror M individually;
therefore we use the product here. See Appendix 13 for adisticommon physical constants.

23.3 Centrifugal Force

Sometimes it is helpful to think of uniform circular motiom ierms of a ctitiouscentrifugal force We've

all experienced this: when you're in an automobile makingyhttturn at high speed, you feel what appears

to be a “force” pushing you outward, away from the center efdincle. This is calledctitious force because

there really is no force pushing you outward; instead, y®trying to continue moving in a straight line while

the car is turning underneath you. The “centrifugal foreetdally just inertia: it is an artifact of making an

observation in the rotating reference frame of the cargratian in an “inertial” (non-accelerating) frame.
The centrifugal force, like the centripetal force, has a nitagle ofmv2?=r.
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23.4 Relations between Circular and Linear Motion

It's a simple matter to derive some very useful relationsveen circular and linear motion. We begin with
the relation between arc lengttand angle (in radians) for a circle of radius

sDr: (23.15)

Taking the derivative with respect to time of both sides gigeelation between linear veloctiyD ds=dt
andangular velocityl D d =dt:

(23.16)

23.5 Examples

Example—motion in a horizontal circle.

Suppose you spin a massin a horizontal circle of radius over your head; then the centripetal force
(the tension in the string) imv2=r, wherev is the speed of the mass.

Assume there is no gravity present; then what happens ittimgsuddenly breaks? Then the mass will
immediately move in a straight line tangent to the circle.

Example—motion in a vertical circle.

If you spin a bucket of water in a circle in a vertical planegiF23.2), then (if you're spinning it fast
enough) the centrifugal force (i.e. inertia) will keep thater in the bucket. How fast must you spin the
bucket?

At top of the swing (when the string is vertical
and the bucket is upside-down), the outward cen-
trifugal forcemv?=r must be greater than or equal
to the weight of the watemg; so the minimum
speedv of the bucket is given by

2

. D mg (23.17)

or

p

vD P gr (23.18)

The timeT required for the bucket to make one
complete circle (called theeriod of the motion) is

then
2r 2r
TD=—-D Por (23.19)
or
r __
TD?2 é (23.20)

For example, if the bucket is swung in a circle of ra-
dius 0.8 meters, this formula gives a period of 1.80
seconds; in other words, if you swing the bucket in
a vertical circle at a constant speed so that it com-
pletes each circle in not more that 1.80 seconds, thigure 23.2: A bucket of water being spun in a verti-
water will stay in the bucket, even at the top of theal circle. Inertia (sometimes thought of as a ctitious
swing. “centrifugal force”) keeps the water in the bucket, even
when upside-down. (Ref. [20]).
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Chapter 24

Work

24.1 Introduction

If a force is applied to an object over some distance, thesfegsaid to have dongork on the object. The
work done is equal to the product of the force and the dist#moaigh which the force acts.
Work is measured in S| units joules(J), named for the English physicist James Joule:

1JD1INmD 1%: (24.1)
In CGS units, work is measured éngs

lergD 1dynecmD 1 g: (24.2)
The British engineering system does not have any speciat fiamwvork; itis simply measured iimot-pounds

(ft-1bf).
Although work is always the product of force and distancerdhare simpler expressions if the force is
constant or in the direction of motion. We'll look at thesesjal cases before examining the general case.

24.2 Case l: Constant Kk r

Suppose that the applied force is constant and parallektditiection of motion. Then the woll done by
the forceF acting through a distanceis simply

W D Fx: (24.3)

Example. Suppose you have a box sitting on the oor. You apply a forc&®fN to the box over a
distance of 4 meters, causing it to accelerate. Then the mintdwork done by you on the box M/ D
.50 N/.4 m/ D 200J.

Example.Suppose a masas is sitting on the oor; you pick it up and lift it a height. Then you have
done workW D mgh on the mass against gravity. Another way to think of this isag the gravitational
force has done work mgh on the mass against you. If you now lower the mass down to tiwengt, you're
doingnegativevork mgh on the mass against gravity, and gravity is doing w@rkgh on the mass against
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you. It's important to keep the signs straight when computirork: be sure you're clear about what force is
doing the work.

Note that the physics sense of “work” is a bit different frome everyday sense. If you're standing with
a 100-Ib mass in your arms, your muscles are exerting quitecd éffort to hold up the heavy mass. But in
the physics sense of the word, you're doimegowork against gravity. Only if yolift the mass are you doing
work.

24.3 Case ll: ConstantF—~r

Now let's look at a more general case. Suppose the applied Fois still constant, but not necessarily in the
direction of motion. Then the woW done by the force is equal to tkemponenbf F that's in the direction
of motion times the distance over which the force is appli&d.can write this using the dot product:

WDF r; (24.4)

wherer is a vector in the direction of motion, whose magnitude isa¢tthe distance over which the force
is applied.

Example.Suppose a constant forEeof magnitudd= D 60N acting30 from the horizontal is applied to
a box sitting on the oor for a horizontal distance of 12 m. fitbe work done by the force W D F r D
Frcos D .60N/.12 m/.cos30/ D 623:5J.

24.4 Case lll: Variable Fk r

Now let's take another case: suppose the fétcas in the direction of motion, but suppoBeis not constant,
but is a function of positiox. Now take the straight-line path over which object moves dindle it into
many in nitesimal segments, each of lengilx. Then over distancex, the forceF can be considered
constant, and the woitkW done over distancgx is F.x/dx . To get the total work done by the forEe we
sum up all these contributiofridx by doing an integral:
z
WD F.x/ dx: (24.5)

Example.For a mass on a spring, the work done by the spring force isxdiyeHooke's law:F.x/ D
kx, wherek is the spring constant. Then the work ddnghe spring is

Z
WD F.x/dx (24.6)
Z
D . k/xdx (24.7)
Z
D k xdx (24.8)
D 1kxZ: (24.9)

In extending the spring a distangefrom equilibrium, a work kx?=2is doneby the spring; workC kx?=2
is doneby you, againstthe spring.
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24.5 Case IV (General Case): Variable - r

In the most general case, an object moves through someaayhitath in space, and the forEes variable,
which we'll write asF.r/. Then we'll divide the path into in nitesimal segmends, and the force alongr
can be considered constant over that short distance. THedsae by the force alondr isdW D F.r/ dr.
Then thetotal work done by the force is computed with an integral:
z
WD F.r/ dr: (24.10)

This means that you imagine dividing the entire path intanitesimal segmentdr; at each segment, you
compute the forc&.r/ at that segment, and take the dot prodaet dr. You then add together all those
dot products with an integral to get the total work done byftree.

This general expression for work reduces to the other fosenuhder the special conditions mentioned
earlier. For example, iF acts in the direction of motion, thédar/ dr D F.x/ dx , and we get Eq. (24.5).

If the forceF in Eq. (24.10) is constant, théhcan be taken outside the integral, and we recover Eq. (24.4).

And if F andr are parallel, then Eq. (24.4) reduces to Eq. (24.3).

24.6  Summary

The following table shows all four work formulae, and the citieths under which they may be used.

Table 24-1. Formulae for computing work.

Formula Fkr? ConstanE?

W D Fx X X
WDFR r X
WDRFdx X

WD F dr
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Chapter 25

Simple Machines

A given amount of work may often be accomplished with lessrethy employing some sort of machine.
Classical physics has, since the Renaissance, recogrnizbdsscsimple machinesAll other machines in
use today may be considered as combinations of two or mohesétsimple machines. The simple machines
are:

. inclined plane

. wheel and axle

1

2

3. pulley
4. lever

5. wedge
6. screw

Each of these simple machines allows work to be performellesis effort, by trading off effort (applied
force) for distance. Recall that work is the product of foaoel distanceWW D F x, so that the same amount
of work W may be accomplished by applying a smaller fdfcever a greater distance This is what simple
machines do.

We de ne themechanical advantage a simple machine to be the ratio of tlesistanceresistive force)
Fr to theeffort (effort force)Fe :

M:A: D Fr (25.1)

Fe

For example, the resistive forég; may be the weight of a body, and the effort fofee may be the force
required to lift it. Suppose, for example, that we have a bofdypassm, and we wish to lift it onto the top
of a table. In this case, the resistive force is the weighhefliody,mg; the force required to lift it directly
onto the table is equal to also its weighyj, so the mechanical advantage for lifting the body direathtf
no machine) iM:A: D mg=mg D 1. If one uses a simple machine such as an inclined plane ayptitie
same body may be lifted with less force, and therefore a nmechlaadvantage greater than 1. In the sections
below, we'll see how to compute the mechanical advantagedoh of the simple machines.

We may also de ne thef ciency of a simple machine to be the ratio of the output wk to the input
work W,. Since work is force times distance,

Wo . Fr Xr

D—D
W, Fe Xe

(25.2)
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whereW, D Fr Xg is the output work—the resistive force times the distana evhich the resistive force
moves, andV, D Fg Xxg is the input work—the input effort force times the distangerowhich the effort
force is applied. In the absence of friction, the ef ciendyaosimple machine will be 1, or 100%, and the
input and output work are equal. If friction is present, tladarger input effort forc&g will be required to
overcome friction, and the ef ciency will be less than 1.

25.1 Inclined Plane

An inclined plane(previously encountered in Chapter 17) is a at surfacesdilat some angle from the

horizontal. For example, if you're ever rented a moving e, van will have an inclined plane (a “ramp”)
at the back of the truck. Instead of lifting heavy items dilyemto the back of the truck, one may push or roll
them up the ramp. This requires less force (effort), at thpeege of having to move it farther. (Figure 25.1)

FOUR MEN NEEDED TO
LIFT SAFE ONTO TRUCK

__ _LENGTH OF PLANE
" HEIGHT OF PLANE

THE INCLINED PLANE

Figure 25.1: The inclined plane. In this example,D 12ft, H D 3 ft, so the mechanical advantage is
M:A: D L=H D 4. Rolling the safe up the incline requires only 1/4 the fortkfting it directly. (Ref. [19])

In the case of an inclined plane whose inclined length iand whose high end is at heigHt, the
mechanical advantage is found frafh D W, or

Fe LD Fg H (25.3)

so the mechanical advantagleA: D Fr=F¢ is

L
M:A: D m D csc (25.4)

Note that as ! 90, the inclined plane approaches a vertical ramp, and the anézdl advantage ap-
proaches 1, as expected. The mechanical advantage of thmethplane may be made arbitrarily large by
increasing the length of the plane.

25.2 Wheel and Axle

A wheel and axleonsists of a large wheel rigidly attached to a smaller akkee resistive force is attached
to the axle, and the applied effort force is attached to thgelawheel. Then the distance traveled by the
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resistive force i2 r 5, wherer, is the axle radius. The distance through which the effortdas applied is
2 r w, wherery, is the wheel radius. (Figure 25.2.)

(2] The wheel and axle. {#-The windlass.

Figure 25.2: (a) The wheel and axle. (b) The windlass, amdipe of wheel and axle. HerR is the
resistance (resistive force) afdis the effort (effort force). (Ref. [19])

The input and output work are

W D Fg 271 (25.5)
W, D Fr 2T 4 (25.6)

In the absence of frictiony D W, so
FE2rwDFR2r 4 (25.7)

The mechanical advantage is then

M:A: D R p2fw (25.8)
FE 2 r a
or
M:A: D (25.9)
la
25.3 Pulley

A pulleyis a grooved wheel mounted in a frame. Pulleys may be comhéztther pulleys to form compound
pulley systems that have a large mechanical advantage. @p@se such pulley arrangements to allow just
one or two men to lift a large, heavy object such as a pianofer gaigure 25.3)

The mechanical advantage of a set of pulleys is equal to tilbauof strand$lr holding up the resistive
force:

M:A: D Ng (25.10)

Therefore one can gain a larger mechanical advantage (andifira heavier weight) by using more pulleys.
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Figure 25.3: Systems of pulleys. These systems have a nmieahadvantage of (left to right): 1, 2, 5, and
6, so that each example requires only 1 |b of effort to lift 152and 6 pounds, respectively. Note that the
leftmost arrangement only changes the direction of theieggiffort force, by allowing us to pull downward
to lift the weight upward; it does not provide any mechanadantage. (Ref. [19])

25.4 Lever

& o ! ! . (Give me a place to stand, and | shall move the Earth.
—Archimedes

In this famous quote, Archimedes is referring to liaeer. A lever is a rigid bar free to turn around a pivot
point called thdulcrum Levers may be divided into three classes, according todlaive position of the
effort, resistance, and fulcrum (Figure 25.4):

» First class— the fulcrum is between the resistance and the effort.
» Second class- the resistance is between the fulcrum and the effort.
» Third class— the effort is between the fulcrum and the resistance.

The mechanical advantage of the lever may be found simplg.digtance from the effort to the fulcrum
is called theeffort arm(rg ); the distance from the fulcrum to the resistance is caleddsistance arnfrgr).
Then in the absence of friction, the input work equals th@ouivork:

W D W, (25.11)
or
Fe re D FrIRr (25.12)

Thus the mechanical advantage is tier=Fg , or the effort arm divided by the resistance arm:

M:A: D -E (25.13)
R
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SECOND

"“ ™
!F EI R ,, y o
. R s { s l
| *E ,:g
F\’_f !
HUMAN ARM SUGAR TONGS

Figure 25.4: The three classes of levers. (Ref. [19])
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Figure 25.5: A jackscrew, here used to lift the back of a trflef. [19])

25.5 Wedge

The wedgeis a movable inclined plane, used to split a body. Examplesaaes, chisels, knives, nails,
and pins. Because friction plays a large role in the opanadifothe wedge, it is dif cult to determine its
mechanical advantage.

25.6 Screw

The screw is essentially an inclined plane wound arounahdgli. A common example isjackscrew(Figure
25.5). Let" be the length of the arm, and Iptbe thepitch of the screw (the distance between successive
threads). Then one complete turn of the arm will move the drldeoarm a distanc2 ~ , and this will result
in the load being moved a distangpe

Since the input work is equal to the output work,

W, D W, (25.14)
or
Fe.2/ D Fgrp (25.15)

The mechanical advantage of the jackscrew is thgaFg , or

5
M:A: D = (25.16)

25.7 Gears

Some writers list thgearas a seventh simple machine, but it isn't. There are onlyisipke machines. The
gear is a compound machine: a combination of the wheel amdaard the pulley.

A system of two connected gears can provide a mechanicahtaty@ in a rotational sense. The rotational
work done by a rotating disk like a geat i/ D , where is the torque applied to the gear, ands the
angle through which the gear is turned. Since the input wegqual to the output work,

W, D W, (25.17)

1Rotational motion is described later in these notes.
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or
EeD rRRr (25.18)

The mechanical advantage of the two gears is theng , or

! N
MA: D-Ep_EpRp R (25.19)
R 'R re  Ng

Here one of the two gearg | is the “input” (effort) gear, and the other gedt)(is the “output” (resistance)
gear. Therefore the mechanical advantage is the ratio oinhe angle rotated ) to the output angle
rotated (r). Itis also equal to the ratio of the angular speeds of thatitpoutput gears; to the ratio of the
output to input gear radirg =rg ); and to the ratio of the number of teeth in the output geahéciumber of
teeth in the input gealNRr =Ng ).

The mechanical advantage is also known agyéee ratio.

If the input gear is smaller than the output gear € r r), then several turns of the input gear are needed
for each turn of the output gear. The mechanical advantaege (gtio) is greater than 1, and less input torque
is required to do the same work.

If the input gear is larger than the output gear (> r r), then one turn of the input gear will produce
several turns of the output gear. The mechanical advantgge (atio) is less than 1, and more input torque
is required to do the same work; this can be used to turn thgubgear at high speed while turning the input
gear at low speed.

An example of the use of gears is in the bicycle. The input ¢sachainring) is attached to the pedals,
and the output gear (theog) to the rear wheel. In addition, most bicycles provide savgears on both the
chainring and the cog, and the rider is able to select a diftegear for each. For a bicycle, the gear ratio
is usually less than 1, so that each turn of the pedals wililt@s more than one turn of the rear wheel. A
larger gear ratio (a small front chainring gear used withrgdaear cog gear) provides a larger mechanical
advantage, and is used for pedaling up hills with less effogmaller gear ratio (a large front chainring gear
used with a small rear cog gear) provides a smaller mechaadeantage, and is used for pedaling at high
speed on level ground or downhill.
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Chapter 26

Energy

26.1 Introduction

Energyis one of the most important concepts in all of physics, altioit's a bit dif cult to de ne exactly.

Units for energy are the same as the units of wgokiesin Sl units,ergsin CGS units, andoot-pounds
in British engineering units.

Another common (non-Sl) unit of energy is takectron volt(eV). This is a small unit of energy, com-
monly used in atomic, nuclear, particle, and plasma phy#iés de ned as the amount of energy gained by
accelerating an electric charge equal to the electron elthrgugh an electric potential difference of 1 volt,
and has a value of 1 e™ 1:602176634 10 °J.

26.2 Kinetic Energy

Kinetic energyis the energy a body has as a consequence of it being in méiteobody is at rest, it has zero
kinetic energy; if it is in motion, it has more kinetic enerte faster it's going.

Kinetic energy is de ned to bthe amount of work required to accelerate a body of nmagsom rest to
velocityv. We can compute an explicit formula for it as follows: by d&ion, the kinetic energK is, by
Eq. (24.5),

z
KDWD Fdx: (26.1)

Applying Newton's second law D ma,
z

KD madx (26.2)
z
dv
D m—dx: 26.3
T (26.3)
Now applying the chain rule,
dv dx
KD m——dx 26.4
dx dt ( )
Cancellingdx in denominator with the nabtlx,
Zv dx
K D m— dv: (26.5)
o dt
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Now dx=dt is just the velocity, so

Z v
K D mv dv (26.6)
Dm vdv (26.7)
0
or
K D $mv2: (26.8)

Sometimes it's useful to write this in vector form:

KD imv v: (26.9)

26.3 Potential Energy

Potential energys stored energyenergy is stored in the system in some fashion. Once thepaltenergy
is released, it can do work.
Since potential energy is the ability to do work, it can be expressed as
z

UD WD  Fux/dx; (26.10)

whereW is the work dondythe force. Unlike the kinetic enerdy, for which there is a single formula (Eq.
26.8), potential energy has many formulee, depending on foha present.

Gravity

For example, suppose the force is gravity between two poagses, for which the force given by D
Gmym,=r2. Then the potential energy is
z

U.r/ D F.r/dr (26.11)

Gmyms
r

D

cc: (26.12)

We now have a formula for the potential energy for the graiteal force—but what do we do with the
integration constan€ ? It turns out thaC is completely arbitrary; you can set it to any convenientieal
Values of potential energy actually have no physical megnins only differencedn potential energy that
are physically meaningful, and for differences in potdreizergy, the integration constars cancel out.
This is an important feature of potential energy that yowsth&eep in mind.

By convention, one generally chooses the integration eom$or gravity so tha D Owhenr D 1 ,
and by inspection of Eq. (26.12) this implies that we choB6s® 0. So for gravity we nd the potential
energy functiorJ.r/ to be

G
U.r/ D w .gravity/: (26.13)

Note that the gravitational potential energy is always tiggaas the masses become increasingly separated,
the potential energy increases, becoming less and lessiveegaally reaching zero when the masses are
in nitely far apart.
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Eqg. (26.12) may be used to nd an expression for the grawvitegti potential energy of a massdue to
the Earth, which has mas4 and radiuRR :

urp oMM

cc: (26.14)

Here one may choodd D Oatr D 1 (for whichC D 0), or one may choosel D O at the surface of
the Earth{ D R ). The choice is arbitrary, and just depends on what is masterdent for the problem at
hand. In the second casd © Oatr D R ), we can ndC by noting that

GM
UR /D Mccoo (26.15)
S0
GM
CD m (26.16)
R
Thus
1 1
Uur/DGM m — = ; (26.17)
R r
orinterms ofthe altituda D r R
1 . )
U.h/ DGM m R hCR .gravity;, Earth’ (26.18)

An important special case of this is when a body of masis a short altitudeh above the surface of
the Earth. In this case, Eq. (26.18) may reduced to a muchlairfgrm. First, expand=.hC R / into a
binomal series:

1 1 h h? h3
——D— —C— —(C 26.19
hCR R R2 " R® R4 ( )

Now substitute this result into Eq. (26.18):

I#
1 1 h h? h3
Uh/DGM m — — —C— —(/C (26.20)
R R RZ " R® R*
!
h h? h3
DGM m Y R_3C R (26.21)
Ifh R ,wecan neglect'all but the rstterm in the series in paresdéisewe then have
.
uh/ GM m RZ (26.22)
GM
D =2 mh (26.23)
Or, sinceGM =R? D g,
U.h/ D mgh .gravity; near Earth surfa¢e (26.24)

In this caseh is the height above any convenient surface. Choose whatthesg want to use for the D 0
level at the beginning of a problem, then stay with that chdfroughout the solution to the problem. A
typical choice for many problems is to choddeD 0 at the oor, ground, or a tabletop, so tHats the height
above that surface. But remember: the choice of where yoasgid D 0is arbitrary, so you can use any
choice that is convenient.
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Electric Potential Energy

As a third example, consider the electrostatic force betvwe® point charges, which is similar in form to
the gravitational force between point masses. The eldatiosorce is given byCoulomb's law

1 o
FD-——"-; 26.25
4" r2 ( )
whereq; andq, are the two charges in coulombss their separation, ang is the permittivity of free space.
Proceeding as we did with gravity, we nd

0102

U.r/ D .electric forcé; (26.26)

of

where again we choose, by convention, to hev® O atr D 1 . In this caseU.r/ will be negative if the
charges are attracted, and positive if they are repelled.

Elastic Potential Energy

As a fourth example, consider the elastic force on a massheiteto a spring. In this case, the force is given
by Hooke'slaw,F D kx. The potential energy function is
z
U.r/ D . kx/ dx (26.27)

1 .
D lkx2C C: (26.28)

Conventionally we choosé D 0, so that

U/ D 1kx?  .spring Hookés law: (26.29)

Summary
In summary:

» There are many different formulee for potential energyetheling on what force is present. A few such
formulee are shown in Table 26-1.

* You can always add an arbitrary constant to the potentiefgn it is onlydifferencesin potential
energy that are physically meaningful.

Table 26-1. A few formulee for potential energy.

Force Formula
Gravity UuD Smmz

r

Gravity (near Earth surface) U D mgh

Electric UD
ol

Elastic (spring) U D 1kx?
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26.4 Other Forms of Energy

The sum of the kinetic and potential energies is calledhtlkeehanical energy
M:E:D K C U: (26.30)

Energy can occur in a number of other forms besides kinetigpatential. For example:
» Thermal energys the energy of heat.

» Acoustic energys the energy of sound.
» Electromagnetic energig radiant light energy.

» Mass energyEinstein showed that mass itself can be converted diredihyenergy, the clearest illus-
tration being the mutual annihilation of matter and antteratIf a masam is converted entirely into
energy, the amount of energy produces is given by Einst&En®us equation,

Eo D mc?; (26.31)
whereEj is the mass energy amds the speed of light in vacuum.

Energy can be converted from one form to another. For exarifpleu hold an object a heigtit above
the oor, its energy is all potential. When you release &,énergy is converted little by little from potential
to kinetic as it falls. By the time the object is about to hi¢ thround, all of its potential energy has been
converted to kinetic energy. After it hits the ground, altloét kinetic energy has been converted to thermal
energy (causing both the oor and the object to get hotted)asoustic energy (you can hear the sound of the
object hitting the oor).

26.5 Conservation of Energy

One of the most important laws in physics is called e of conservation of energyt states that, if you
add up all the energy in a system in all its forms (givingtibtal energyE ), that total energy will not change
with time. Energy may be converted from oftem to another, but the total energy will remain constant as
long as the system is closed (i.e. no energy enters or lehees/stem).

The conservation of energy is not only an important phygigakiple, but it can also be used as a shortcut
in solving certain problems.

Example.A body of masan is dropped from a height. What is its impact velocity (i.e. its velocity just
before hitting the oor)?

Solution. There are a number of ways of approaching this problem. W&dcéor example, use Eq.
(8.23) forx.t/ to solve for the time it takes the body to fall, then substitute into Eq. (8.17) nal the impact
velocity. Alternatively, we could use Eq. (8.31) to nd thmpact velocity directly.

A third approach is to use the conservation of energy. Wherbtidy is a height above the oor, its
potential energy i&J; D mgh, and, since it's at rest, its kinetic energykis D O; its total energy is therefore
Ei D U; C K; D mgh. Just before it hits the ground, all of that potential endngg been converted to
kinetic energy; its potential energy is ndw D 0, its kinetic energy iX; D mv2=2, and its total energy is
thereforeE; D U C K; D mv?=2 Sincetotal energyE is conserved, we must have

E; D E (26.32)
mgh D $mv? (26.33)
or, solving forv,

vD ' 2gh: (26.34)
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26.6 The Work-Energy Theorem

Not only can energy be converted from one form to anotheritlmain also be converted into work, anite
versa If a force is applied to a moving body over some distance, therk is done on the body, causing a
change in its kinetic energy. The change in kinetic energghefody is equal to the amount of work done.
This result is called thevork-energy theorem

(26.39

Example. Suppose a body of mass 1000 kg is moving at a speed of 50 mfsjtghkinetic energy is
K D mv2=2D 1;250;000J. If we now do a work 0200;000J on the body in the direction of motion, then
by tlHa work-energy theorem its kinetic energy will increésd ;450;000J. Its nal velocity will then be
vD 2K=mD 53:85m/s.

26.7 The Virial Theorem

Thevirial theoremrelates the time-average kinetic energy of a system to the-&iverage potential energy.
In the common situation that the force is proportional to sgrawer of the distance,

E/om (26.36)

then the virial theorem states that the time-average ldeeirgyK i is related to the time-average potential
energynJi by

C1
KiD -

hJi: (26.37)

Since the total energg D hKi C hUi, we can use the virial theorem (Eq. 26.37) to derive a useful
expression for the total energy in terms of the time-avesgzgies:

nC3H<iD nC3
nCl 2

ED Ui (26.38)

Example.For the spring (Hooke's law) forcE D  kx, we haven D 1. So by the virial theorem (Eq.
26.37),

KKiDhUi: (26.39)
It turns out in this case th&iK i D hUi D kAZ2=4, whereA is the amplitude of the motion. By Eq. (26.38),
E D 2KiD 2rJiD 1kAZ: (26.40)
Example. For the gravitational force given by Newton's law of graviy D Gmym,=r?), and so
n D 2. Then by the virial theorem,

KiD Lhui: (26.41)
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In this casefKi D Gmyimy=.2r/. By Eq. (26.38),

Gmims
2r

1
ED hKiD SHJiD : (26.42)

This second example has some interesting consequencgmsgupe have a body orbiting the earth with
orbital radius . Its velocity is then given by Eq. (23.10):
r
GM

v D . ; (26.43)

whereG is the gravitational constant amdl is the mass of the Earth. Now suppose we increageitting

the body into a higher orbit. What happens to the energy?eSime potential energy id D GM m-=r,
boosting the body to a higher orhiicreasests potential energy. By Eq. (26.43), its velocity wilecrease
thereby decreasing its kinetic energy. What happens tootiaédénergy? By the virial theorem, the second
example shows that the increase in potential energyiisethe decrease in potential energy, so overall, the
total energy is increased for higher orbits.

Now suppose you're in a spacecraft, trying to dock with thtedmational Space Station, which is in orbit
ahead of you (looking in the direction of motion), at the saonigital radius. To reach the Space Station,
you must do something counterintuitive: re your spacecjefstoward the station, so that there's a force
pushing youawayfrom the Station. This will slow the spacecraft down, desiieg its total energy, thereby
dropping it into a lower orbit, where its velocity will incsee—causing the spacecraft to move toward the
Space Station.
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Chapter 27

Conservative Forces

A conservative forcés one which has the following properties:
» The work done by the force is independent of path.

» The work done by the force over a closed path is zero:
I
F dr D O: (27.1)

» The force can be written as the derivative of a potentiatggn@unctionU :

du
F D I (27.2)
These three properties are all equivalent statements afaime thing. Examples of conservative forces are
gravity and the the electrostatic force.
Some forces, such as friction, amet conservative. Such forces have no corresponding poteaméeby
function. For the frictional force, for example, the workdaloesdepend on the path taken by the body, and
the frictional force has no potential energy function.
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Chapter 28

Power

Simply put,poweris the rate of change of energy (or work) with time:

dE
PD——: 28.1
T (28.1)

In Sl units, power is measured in unitswétts(W), named for the Scottish engineer James Watt:

J kg m?
IWD 13 D1-g—: (28.2)

In CGS units, power is measured in unitsstditwatts

1 statwatd 1 &9 p 1 99T
S 3

The British engineering unit of power has no special namis;dimply a foot-pound per second (ft-Ibf/sec).
Another common unit that isot part of the British engineering system is thersepowerhp): 1 hpD
550 ft-Ibf/sec, or about 745.7 watts. The power producedrbgigomobile engine is traditionally measured

in horsepower. A few examples:

: (28.3)

* Lawn mower: 5 hp

* Smart car: 90 hp

» Typical modern automobile engine: about 200 hp

» 1967 Pontiac GTO “muscle car”: 360 hp

» Semi truck (tractor): 500 hp

» Modern farm tractor: 500 hp

» Formula One engine used in a modern Indianapolis 500 rac& @8 hp or more

» “Monster truck” (as seen at county fairs): 1500 hp
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28.1 Energy Conversion of a Falling Body

As an example, let's look at a body of mass(near the surface of the Earth) released from hefighhd
falling under the in uence of gravity. As the body falls, we' noted that the initial potential energy is
gradually converted to kinetic energy, until at impact, whiee energy is all kinetic. At what rate are these
energies changing with time? (These rates of change wilbbess, in watts.)

Let's start with the kinetic energy: the time rate of chan§kinetic energy is

K d 1,

- = 28.4

at ~dt 2 (28.4)

b mvaY. (28.5)

TR .
Butdv=dt D a D g, the acceleration due to gravity; hence

dK

— D mgv: 28.6

T 9 (28.6)

Since the gravitational fordeé D mg, this gives a general expression for power:

(28.7)

Now what is the time rate of change of potential energy?

v D d mgy/ (28.8)
dt at Y '
dy
D —= 28.9
Mg (28.9)
But dy=dt is the velocityv, so we get
du
a0 D mgv: (28.10)

So as the body falls, its kinetic enerffyincreasesat the ratealK=dt D mgv, while the potential energy
U decreasesit the ratedU=dt D mgv. Therefore the total enerdy D K C U remains constant, which
is consistent with the conservation of energy.

Sincev increases as the body falls, the rate of change of the kinaticpotential energies increases as
the body falls. At any height, the potential energy i¥ D mgy. Since the total energy E D mgh, the
kinetic energy at height mustbeK D E U D mg.h y/. Therefore the velocity at heighty is given

by
K D zmvZ D ng.h y/ (28.11)
vD 2g.h vy (28.12)
So the time rates of change of the energies as a functigriof

dk _ duU

rTY D a0 D va (28.13)
D mg 2g.h vy/ (28.14)

P -
Dm 2g3.h vy (28.15)

Right after the body is releasediK=dt D d U:cB D 0; after the body falls through a heightthe rates of
change have increasedd&=dt D dU=dtD m 2g3h.
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28.2 Rate of Change of Power

As seen in the previous section, the powers (rates of chageatic and potential energy) of falling bodies
change with time. But if the force is constant, then the rafehange of these powers (rate of change of rate
of change of energy) is constant. Let's see why this is saesihe poweP is given by

P D Fv; (28.16)

the time rate of change of power is, if the folleds constant,

dP dv
" % b Fa 28.17
at at - @ (28.17)

By Newton's second lawk D ma, so this gives

dpP
e D ma? .constang/: (28.18)

For the example of a body of massreleased from height, this gives

e D mg?: (28.19)

28.3 Vector Equation

Eq. (28.7) is valid in one dimension; we can develop an amalegquation in two or three dimensions by
noting that the kinetic energg D mv?=2D mv v=2

dK

PD— 28.20
T ( )

d 1
D at émv v o (28.21)

Now using Eg. (10.17), we get

d
P D myv d—:'; (28.22)

and so, sinc& D m dv=dft,

(28.23)
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Chapter 29

Linear Momentum

29.1 Introduction

Thelinear momentunfor simplymomentump of a body of massn is de ned as
p D mv; (29.1)

wherev is its velocity. More generally, momentum is a vector, dedrigy

@2

Curiously, there is no nhamed Sl unit for measuring momentMomentum in Sl units is measured in
units of kg m/s.

29.2 Conservation of Momentum

Momentum, like energy, is aonservedquantity: in a closed system (in which no momentum enters or
leaves the system), the total momentum is constant. Unfikegg, though, momentum is a conservedtor
guantity. This means that the following are all conserved:

» The vector momentunp;
» The magnitude of the momentum; and
» Each component of the momentupy,, py, andp- .

In a closed system, momentum may be transferred from one tocatyother, but théotal momentum—the
sum of the momenta of all bodies in the system—will remainstant. Detailed examples of momentum
conservation will be given in Chapter 31.

29.3 Newton's Second Law of Motion

As shown in Appendix 19, Newton's second law of motion, as higioally presented it, is (in modern
notation),

dp
FD—: 29.3
it (29.3)
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Using the de nition of momentum (Eg. 29.1), we get

dp . d.mv/

FD—D 29.4
dt dt ( )
dv dm

Dm—Cv—: 29.5
Mar = Vat (29:5)

If the masam is constantthend m=dt D 0, and this reduces to

dp dv

FD—Dm—D : 29.6
at ~ Mar o me (29.6)

So the formulation of Newton's second ldwD ma is a special case, that applies when the mass is constant.
The more general formulation s D dp=dt.
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Chapter 30

Impulse

When two bodies move toward each other until they come imecticontact, the event it calledcallision.
The time during which the two bodies are in direct contachvaihe anothéris actually quite short, and
during that short time the force between the bodies is veigeldFig. 30.1). We can characterize such a
collision by theimpulsel , which is de ned as the area under the force vs. time curve:

-
4=

| D F.t/dt: (30.1)

Force

Time

Figure 30.1: Force between two colliding bodies vs. timeer€his a large force between the bodies, but it
lasts only for a short time. The area under the curve is théLisep .

Two colliding bodies normally never come inthirect contact with each other; rather the outermost electronkéir butermost
atomic layers repel each other under the electrostatieforc
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The Sl units of impulse are newton-seconds (N s).
The impulse is closely related to the average force betweebaddies during the collision. Recall from
the calculus that the average of a functiox/ over the intervak D atox D bis

— 1 “o
fx/ D f.x/ dx: 30.2
b a , (30.2)
Therefore the average of a forEet/ over the time interval D t; tot D t; is given by
z,,
FaveD F.t/ dt: (30.3)
t2 tl ty

The integral is just the impulde Writinget D t, t;, we then have the average fof€g. as

|
FaeD (30.4)

There is a close relationship between impulse and momerRacall by Newton's second law (Eq. 29.3)
thatF D dp=dt; substituting this into Eq. (30.1) gives
z z q z
ID FdtD £dtD dp D *: (30.5)

and so the impulse is just the change in momentum of the bodggitihe collision:

(30.6)

For many collision problems, the large force at work durihg tollision is so much larger than other
forces present (friction, etc.) that the other forces camdagected. Also, the duratioh of the collision
is so short that the motion of the bodies during the colligian be neglected; in other words, we can con-
sider the collision to be essentially instantaneous. Thesamptions together are referred to asitigulse
approximation

Example: golf ball.Suppose you hit a golf ball with a driver, giving it an initialocity of 134 miles per
hour. The club is in contact with the ball for 0.5 ms. What is #verage force of the club on the ball?

Solution. From the change in the ball's momentum we can nd the impudsel from the impulse we
can nd the average force. The ball is initially at rest, siititial momentum is zero. After being hit by the
driver, the ball has a velocity of 134 miles per hdau59.9 m/s. The mass of a golf ball is 45.0 g, so its nal
momentum is (59.9 m/s)(0.045 kB) 2.6955 kg m/s. Therefore the impulse for the collision is

| Dep Dpf piD2:6955kgm=s O (30.7)
D 2:6955kg mes: (30.8)

Then by Eq. (30.4), the average force during the collision is
I

FaveD = (30.9)
2:6955kg m=s (30.10)
0:5 103s '
D 5391N (30.11)
D 1212Ibf: (30.12)
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Chapter 31

Collisions

31.1 Introduction

As mentioned earlier, aollisionis an event in which two bodies brie y come into direct contesith each
other. During the collision, it's possible that some of thiial kinetic energy of the bodies may be converted
into heat and sound energy, and energy that does work inrdafgithe colliding bodies. Based on the extent
to which this happens, we classify collisions into threegaties:

A perfectly elastic collisiofs one in whichnoneof the initial kinetic energy is converted into heat or
deformation.

» A perfectly inelastic collisioiis one in whichall of the initial kinetic energy is converted into heat and
deformation.

» Most collisions lie between these two extremes, soigheof the initial kinetic energy is converted into
heat. Such collisions are call&kelastic

Each of these cases is treated differently mathematiaalye'll see shortly.

31.2 The Coef cient of Restitution

We can compute a dimensionless number calledctief cient of restitutionthat measures how elastic a
collision is. The coef cient of restitution is de ned as

Pr .
D D (31.1)
whereps is the nal momentum of the body, amg is its initial momentum. For a perfectly elastic collision,
D 1; for a perfectly inelastic collision, D 0; and for an inelastic collision, is some number between 0
and 1, being closer to 1 the more elastic it is.

An easy way to measure the coef cient of restitution is togleobody on a at surface. The height to
which the body rebounds will determine the coef cient oftiegion. Suppose the body is initially dropped
from a heighth;, and rebounds to a height . By conservatiorbof energy, the kinetic energy of the body ju
before it hits thepoor ismv2=2D mgh;, so its velocity is/; D 2gh;. Similarly, just after the collision the
velocity isy D~ 2gh . Therefore the coef cient of restitutionis

D—D—D—D

p_—
Pr my v 2gh
pi - mvi 2gh

(31.2)
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or

D

==

(31.3)

The coef cient of restitution is just the square root of tla¢io of the rebound height to the initial height.
Now let's rstlook at a mathematical analysis of collisioimone dimension, where the anaysis is simpler.
At the end of the chapter we'll examine collisions in two dims@ns.

31.3 Perfectly Inelastic Collisions

The easiest type of one-dimensional collision to analyza jperfectly inelastic collision. In this type of
collision, all of the initial kinetic energy is converted into heat and imtark that deforms the bodies. After
the collision, the two bodies stick together, forming a éngpmbined mass equal to the sum of the original
masses. Momentum is conserved, hatkinetic energy.

To analyze this situation, consider two bodies moving altiregx axis: one of massn; moving with
initial velocity vi;, and one of mass, moving with initial velocityv,; . After the collision, the two bodies
stick together, forming a single body of masg C m, moving with velocityv. The question is: given the
massesn; andm; and initial velocities/;; andv,;, what is the nal velocityv of the combined mass?

To answer this question, we make use of the principle of awatien of momentum. Before the collision,
the initial momentunp; of the system is the sum of the momenta of all the bodies inytsem:

Pi D myvyi C mavy;: (31.4)
After the collision, the total energy of the system is

pi D .m; C my/iv: (31.5)
Since momentum is conserved, the initialand nal momentatrbe the samep; D p; , SO

myVvii C movy; D ..m1 C mulv: (31.6)

The nal velocity v is then

v p Mva C mava (31.7)
m; C my

31.4 Perfectly Elastic Collisions

A slightly more dif cult situation to analyze is the perfégtelastic collision. In this type of collisiomone
of the kinetic energy is lost, and so kinetic energy is covesdf

Let's begin the analysis of a perfectly elastic collisioroime dimension. We begin with two massag
andm, with initial velocitiesvy; andvy;, respectively. After the collision, the two masses haveditkes
vy andvy . The typical problem is: given the masses and initial véiesj what are the nal velocities?

1The 1961 Disney movi&@he Absent-Minded Professisr about a college professor who invents a material callbtier, whose
coef cient of restitution is greater than 1, so that it boaadiigher and higher with each bounce. Among other usestitsished to the
bottoms of the shoes of the college basketball team, giviagtayers a signi cant advantage.

’Note that in generakotal energy is conserved, but kinetic energy is not. Kinetic gnés only conserved in perfectly elastic
collisions.
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We know the total momentum of the system is conserved, saitheo$ the momenta before the collision
equals the sum of the momenta after the collision:

pi D py (31.8)
mivii C movyi D myvys C movyy - (31.9)

But because the collision erfectly elasticwe know that the kinetic energy is also conserved. Thisgive
us a second equation:

Ki D Ks (31.10)
mvZ C Impv3 D 2mvZ C 2mpv2 (31.11)
mivZ C mpv3 D mvi C mpv (31.12)

Equations (31.9) and (31.12) give two simultaneous eqnoastio the two unknown nal velocitiesy; and
Vot &

myVvii C myvy D M1 Vis C M2 Vot (3113)
mivi C mpv3 D mvi C mpv (31.14)

To solve these equations simultaneously, let's rearrangeit them; terms on the left and the, terms on
the right:

Mmi.Vij Vif / D M2 .V ¢ V2i/ (3115)
mi.vZ Vi /D muvi o va/ (31.16)
Expanding the difference of squares in Eq. (31.16), we have

Mmi.Vij Vif / D M2 .V ¢ V2i/ (3117)
m;.vyi C Vif l.v 1j Vif / D M2 .V ¢ C vy /.sz V2i/ (31.18)

Now divide Eq. (31.18) by Eq. (31.17) to get
Vii C vy D vy C vy : (31.19)

To solve for the nal velocitiewys andvy , we write Egs. (31.13) and (31.19) in matrix form:

my mp Vif MgV C mavy;
1 1 Vot D Vi C vy (31.20)
and solve for the nal velocities:
v m; m ! myvi C myv
1f 1 2 1Vii 2V2i
ve 21 1 Vii C Vo (31.21)

Let's now expand the matrix inverse as the transposed matriofactors divided by the determinant (Ap-
pendix 18):

vi 51 1 m mMyVai C MaVy; (31.22)
Vot m; C m, 1 my vii C vy .
1 M1V C Mavai  mMava; C mpvy; (31.23)
m; Cmy  Mpvyi C mavai C myvayy  mMyvy .
1 m; M/ C 2mpvy; (31.24)

mCmy, 2mvy C.mz  mi/vy
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Collision Balls,

Figure 31.1: Newton's cradleCfedit: Scienti c American.

Thus
mp me 2m
vy D ——— v C ——— vy 31.25
1f m; C m, 1i m; C m, 2i ( )
2m1 mp my
Vo D ———— v C ——= vy 31.26
2f m; C m, 1i m; C m, 2i ( )

Egs. (31.25) and (31.26) are the general solution for ndheg nal velocities in a one-dimensional perfectly
elastic collision.

31.5 Newton's Cradle

Newton's cradleis a device consisting of several identical suspended btdid hanging in a row such that
adjacent balls are touching (Fig. 31.1). If you pull one lathy from the end and release it, it will collide
with the row of other balls, and one ball at the opposite enthefrow will y upward to almost the same
height from which the original ball was released.

It is easy to see that momentum is conserved during the icmili@ssuming each ball has massthe
rst ball hits the rest of the balls with speed and so it has momentupn D mv. The ball ying off of the
other end after the collision will have initial speedso it also has momentum D mv. So just before the
collision of the rst ball, the system has momentymD mv, and has this same momentymD mv after
the collision.

But momentum could also be conserved if the device setwapalls after the collision, each with speed
v=2. Before the collision, the momentum of the system (due tontlbéion of the rst ball) isp D mv;
after the collision, the momentum of the system in this casaldvbep D m.v=2/ C m.v=2/ D mv, and
momentum is still conserved. So if momentum is conservedtleecase, how does the device “know” to
send up one ball, rather than two, after the collision?

The answer is that the collision between the steel ballsoisecto being perfectly elastic, and lsoetic
energyis also conserved (not just momentum). The initial kinetiergy of the system just before the collision
is equal to the kinetic energy of the rst balk D mv?=2 If oneball goes up after the collision, then the
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kinetic energy after the collision is al$6 D mv2=2, and kinetic energy is conserved, as required for an
elastic collision. But iftwo balls go up (each with speed=2 to conserve momentum), then the kinetic
energy just after the collision i D m.v=2/°=2C m.v=2/2=2D mv?=4, and kinetic energy would not be
conserved. Therefore if one ball is raised initially (aswhan the gure), then only one ball will y off of

the other end after the collision.

31.6 Inelastic Collisions

Now let's consider a one-dimensionialelastic collision of two bodies—one for which the coef cient of
restitution is some number between 0 and 1. Then the conBena momentum applies (Eq. 31.9), so that
the sum of the momenta before the collision equals the sulmeafiomenta after the collision:

mivii C movy D myvy C movyy - (31.27)

This is one equation, but assuming that we know the massemiiativelocities, there are two unknowns:
the nal velocitiesvy andvy . In order to solve simultaneous equations, there must beaay eguations
as unknowns, so we're one equation short. So this problemotdre solved unless we're given some more
information, such as one of the nal velocities or the coétiat of restitution.

31.7 Collisions in Two Dimensions

Now consider a collision itwo dimensiondetween two massen; andm, (Fig. 31.2). Without loss of
generality, we can work in a coordinate system that is atwéhktrespect to mas;,, and in which mass;
is moving in theCx direction, as shown in the gure. Then before the collisiorgssm; is moving with
velocityvy; D viji. After the collision, massn; moves with velocitywy D vy cos 1/i vy Sin 1/j;
massm, moves with velocityy D .vy €0s 2/i C .vyx Sin »/j.

Figure 31.2: A collision in two dimensions.
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By conservation of momentum, we know thatththex andy components of the total system momentum
are independently conserved. This gives two equation$teir tlirection,

Pix D prx (31.28)
mivii D myvy cos 1 C movy COS 3; (31.29)

and in they direciton,

Py D pry (31.30)
0D myvy sin 1 C mpvy Sin 5: (31.31)

So Egs. (31.29) and (31.31) give us two equations—but incige there arfour unknowns ¢y , Vo , 1,
and ). To determine the four unknowns, we need as many equatwne dave unknowns, so we're two
equations short and we need to provide some more informdtmmexample, if we assume that the collision
is perfectly elastic, then we can add another equationediiteetic energy will be conserved in this case:

Ki D K (31.32)

tmvZ D 2mvZ C Zmpv2 (31.33)

Now we havethree equations (Eqgs. 31.29, 31.31, and 31.33), but we still have inknowns—we still
need more information to nd the nal velocities. To solveetiproblem, we could be given one of the four
unknowns, for example. But the piece of information thagally missing here is thienpact parameteof
the collision, which is the perpendicular distance betwiencenter of mass, and the line along the the
initial velocity vectorvy; . If the impact parameter is zero, then masshits masan, head-on. If the impact
parameter is equal to the sum of the radinof andm;, then the two masses will barely touch in a glancing
blow. Knowing the impact parameter is necessary for nding angles; and ».

Collisions in two dimensions are more general that you mighik: under a central-force law, motion
will be in a plane, so the particles will move in two dimensorAnalyzing two-dimensional collisions of
this type is common in particle physics. There the partityescally do not actually touch, but are repelled
or attracted by the electrostatic force. The same laws a@pgsirticle physics as what we've described here.
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Chapter 32

The Ballistic Pendulum

How fast does a bullet travel when it leaves the barrel of @2i To measure the speed of a bullet, you
might imagine an elaborate setup with high-precision tgrand stop-action photography, but there's a much
simpler method using theallistic pendulun{Fig. 32.1).

(a) (b) o

m, / 1 I
L — M

—
-

Figure 32.1: The ballistic pendulum. (a) Just before théisioh, the pendulum is vertical and at rest; the
bullet is moving at speed. (b) After the collision, the bullet has embedded itselbittie block. The nal
position of the pendulum is at an angldérom the vertical; the block has moved a vertical height

The bulletis red into a wooden block that forms the bob of agelum, as shown. The bullet becomes
embedded in the block, and the bullet-block combinatiomgaiup and is held in its nal position with a
ratcheting mechanism. The initial speed of the bulleain then be determined from the angle

Let's determine the relationship between the bullet'sigispeedv and the angle . First, the bullet
embeds itself into the wooden block; this is a perfectlyasék collision so the spead of the block-bullet
combination just after the bullet hits the block is given iy, B31.7):

mpv C M.0/ mpv
M C my M C mb'

Vo (32.1)

This relation comes from the conservation of momentuls the pendulum is hanging vertically, its energy

1We cannot use the conservation of energy at this point, lsecsome of the bullet's initial kinetic energy is convertetbiheat.
Using conservation of energy would require knowing thirnke the increase in the temperature of the block, which wetdoow.
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is all kinetic; the pendulum will begin swinging upward, deelly converting its kinetic energy into potential
energy until it reaches its maximum height at anglevhere it is held in place. The block's initial kinetic
energy is

KoD 1M Cmyh2 (32.2)
1 2
D-MCmy/ —o¥ (32.3)
2 M C mp
m2v?
Db 324
2M C My (32.4)

All of this kinetic energy goes into raising the block-bailk®mbination by a height, so by conservation of
energy,

KoD U (32.5)
7m§v2 D .M C my/gh 32.6
2M Cmy/ =~ = e/l (32.6)
Solving for the bullet speed, we nd

M CmyP —
vD L= 50k (32.7)
Mp

Now from geometry, the heiglftis given in terms of the pendulum lendthand the angle by
hDL Lcos DL1 «cos/: (32.8)

Substituting this into Eq. (32), we have the initial sp&eaf the bullet:

M o E——
v D o C1 2gL1 cost: (32.9)
b
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Chapter 33

Rockets

33.1 Introduction

A rocketis a vehicle that propels itself through space by ejectingppglant gas at high speed in a direction
opposite the desired direction of motion. The German V-Xebwas an early example, as were the United
States rockets such as Juno, Redstone, Agena, and Satwitargast and most powerful rocket ever built
is the United States Saturn VV Moon rocket, which took the Apaktronauts to the Moon in the 1960s and
1970s.

In order to place a spacecraft into low-Earth orbit, a rockest accelerate its payload from rest to a
speed of about 17,000 miles per hour. In order to reach tleisdspmost of the rocket's mass must be fuel.
The amount of fuel required for a given mass of payload is g@e by therocket equationwhich will be
derived here.

Some critics of early space exploration claimed that recketuld not be able to travel in space because
“they would have nothing to push against.” As we'll see hewgh arguments are silly—one needs only to
make use of the conservation of momentum to show that rocketsvork in space.

33.2 The Rocket Equation

Let's now derive the rocket equation. Given a rocket of nrassve will wish to nd an equation that tells
us how much fuel (propellant) is required to change the rixkpeed by an amoumt . The complication
here is that the rocket loses mass as it expels propellante sweed to allow for that.

Suppose that at an initial tinteD 0, a rocket has velocity and total mass, including propellant mass.
The total momentum of the rocket and propellant at tinie O is thereforemv.

Now let's look at the situation an instant later, at time dt. Letd m be the (negative) change in mass of
the rocket due to the expulsion of propellant, andikebe the corresponding (positive) change in the velocity
of the rocket. Then at timeD dt, a mass of propellantdm is expelled at velocity v, . (The rocket is
moving at velocityv with respect to the Earth, the propellant is moving at spegdrelative to the rocket
and so the velocity of the propellant relative to the Earth isv,.) This expulsion of propellant will cause
the rocket to then have massC dm and velocityv C dv. The total momentum of the systemtdd dt is
then the sum of the rocket and propellant momemiaC dm/.v Cdv/C .v  v,/. dm/. By conservation
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of momentum, the momentum of the system at ttniie 0 must equal the momentum at tih® dt:

mvD.mCdm/v Cdv/C.v v,/. dm/ (33.1)
DmvCvdmCmdvCdmdv vdmCyv,dm (33.2)
(33.3)

Now the twomv terms cancel, the tweo d m terms cancel, and the temim dv is a second-order differential,
which can also be cancelled. We're then left with

0D mdvCyv,dm (33.49)

mdvD v, dm (33.5)
dm

dvD v, Y (33.6)

Now let the rocket burn all its propellant. The rocket's @ty will change by a total amount and its mass
will change fromm to its empty masse. Integrating Eq. (33.6) over the entire propellant burn, mee
z vCev z Me dm

dvD v — 33.7
\% P m m ( )

Or, evaluating the integrals,
Me
&w D vwinh— 33.8
pIn— (33.8)

or

m
v Dyln . (33.9)

e

Eq. (33.9) is called theocket equationlt relates the fueled and empty masses of the rocket andetbeity
of the propellant to the total change in velocity of the rdcke

33.3 Mass Fraction

The fraction of the total initial mas® that is propellant is
propellantmass. m me
total initial mass m

Solving Eq. (33.8) for this fraction, we nd

p1 Te. (33.10)
m

1 % D1 e ™o (33.11)

Eq. (33.11) tells what fraction of the rocket's total massstrhe fuel in order to achieve a desired change in
rocket velocityev .

Example

Let's take as an example the launch of a rocket from the Eastl'face to low-Earth orbit. In this case, the
rocket's velocity will need to change by an amoewt = 17,000 mph, or about 7600 m/s. Let's say we have
a rocket that can expel propellant with a spggd 4000m/s. Then by Eq. (33.11),

1 % D1 e “¥» D 0385 (33.12)

so0 85% of the rocket's initial mass must be propellant.
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33.4 Staging

In practice, it is found that it can be more ef cient to launaitkets instages where part of the rocket
structure drops away when itis no longer needed, thus dgogethe amount of mass that needs to be placed
in orbit. For example, the Saturn V rocket had three stagém large lower rst stage contained a large
fuel tank and large engines. When all the fuel contained & $kage had been spent, the entire rst stage
separated and dropped away, and a smaller second stagenitas.igVhen all the second-stage fuel was
spent, it too separated and and dropped away, and the tage shgine ignited, which placed the spacecraft
into Earth orbit. This staged approach requires much lesglian launching the entire Saturn V rocket into
orbit.
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Chapter 34

Center of Mass

34.1 Introduction

The center of massf a body or collection of bodies is the mean position of thesgnaJsually the center
of mass is the same as thenter of gravity which is the balance point of a body. For example, imagine
supporting a rod or sheet of material at the point where iei$getly balanced; this will be the body's center
of mass.

The center of mass may be de ned for a collection of discreassas, or for a continuous body; it may
also be de ned in one, two, or three dimensions.

34.2 Discrete Masses
For a collection of discrete point masses in one dimenskencénter of mass., is de ned to be

P
Xcm D 4% (34.1)
i l

where the summations are over all of the point masses. Tiustishe weighted average of the positions of
the masses, where the “weights” are the masses. Note thdétimninator is the total mass of all the point
masses.

Example.Suppose there is a mass of 3 kgkdD 1 m, a mass of 2 kg at the origin, and a mass of 4 kg at
x D 2m. Where is the center of mass?
Solution.Let's put the data in a table:

i mi (kg) x (M)
1 30 1.0
2 20 0.0
3 40 2.0

Then by Eqg. (34.1),

3kg/.l m/ C.2kg.0 m/ C .4kgl.2 m/
3kgC 2kgC 4kg
D 1:222m: (34.3)

Xcm D (34.2)
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In two or three dimensions, the y, and” coordinates of the center of mass are calculated indepégden
P

Xgm D —PLXE (34.4)

i M
P

YomD P01 mr;yi (34.5)
i m
P 'm_,_
“emD P—— r;q': (34.6)
™

Example.In two dimensions: suppose there is a mass of 3 kg;at/ D .1; 3/ m, a mass of 2 kg at the
origin, and a mass of 4 kg at;y/ D .5; 1/ m. Where is the center of mass?
Solution.Let's put the data in a table:

m;i (kg) xi (m) y; (m)
3.0 1.0 3.0
2.0 0.0 0.0
4.0 50 1:0

WN P

Then by Egs. (34.4) and (34.5),
3kg/.l m/ C.2kg.0 m/ C .4kg.5m

D 34.7
Xem 3kgC 2kgC 4Kg (34.7)
D 2:556m: (34.8)
and
3kg.3m/ C .2kg.0 m/ C 4kg. 1m/
Yom D 3kgC 2kgC 4Kg (34.9)
D 0:556m: (34.10)

The center of mass is at¢m; Yem/ D .2:556; 0:556/m.

34.3 Continuous Bodies

To nd the center of mass of eontinuousbody, just imagine dividing the body up into little in nitesal
pieces, each of which has mas$m,; then treat each of these in nitesimal masses as a point,raassadd
together the products afm and its position using an integral. In one dimension:

R
Xem D ﬁ(;j—mm; (34.11)

where the integrals are taken over the entire length of thiy.bBut there's a problem here. How are we
going to integratex with respect tan? We need to write both the integrand and the variable of iatem
with respect to the same variable. If we have a rod in one déinenfor example, then we would want to
integrate over the entire length of the rod, so it's naturabant the variable of integration to Be Somehow,
then, we need to change the variable of integration fnoto x.
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We do this through théensity In the case of a one-dimensional problem, we'll use lthear mass
density(mass per unit length):

dm, (34.12)
dx’ '
where has units of kg/m. In general, the densitgan be variable across the body, so it will be a function
of x, so we can write it asx/ . In terms ofx, we can therefore write the madsn as
dmD .x/dx: (34.13)

Making this substitution into Eq. (34.11), we have the oimeahsional formula

\Iﬁf X/Mdx

D
Xom X/ dx

(34.14)

R
The denominator .x/ dx is the total mass of the body .

Example.Suppose we have a rod of length 5 m, whose density is givexbyD 2x C 3 kg/m, where
x is in meters from the left end of the rod. Where is the centenads of the rod?

Solution. Let's rst solve the more general problem: where is the cenfemass of a rod of length,
when the density is given byx/ D ax C b. The center of mass is given by Eq. (34.25):

L
X X/ dx
Xem D R——— (34.15)

o X/ dx

R
L x .ax C b/ dx
D R (34.16)
o -ax C b/ dx

RL
.ax2 C bx/ dx
D R (34.17)
o -ax C b/ dx

.zax® C 1bx?/j§

D 34.18
.2ax2 C bx/j} ( )
falL3C IbL?
D S50 (34.19)
salL2C bL
2al 3 C 3bL?
D——— 34.20
3alL2 C 6bL ( )
Now substitutea D 2 kg/n?, b D 3kg/m, andL D 5m, and we get
2.2 kg=m*/.5 m/® C 3.3 kg=m/.5 m/2
Xem J m2 J (34.21)
3.2kg=m-/.5 m/2 C 6.3 kg=m/.5 m/
725k
feoxgm (34.22)
240kg
D 3:021m: (34.23)

(The denominator is the total madd, D 240kg.)
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We can take a similar approach with a two-dimensional cointirs object. The position vectog, of the
center of mass in two dimensions is

. r/dA
remD R 102 (34.24)
. r/dA
, I .r/dxdy
- 34.25
. r/ dx dy ( )

where . r/ is thearea mass densitgf the body (mass per unit area), in units of kd/ntere we imagine
dividing the body up into in nitesimal squares of ardA D dx dy, and treat each square as a point mass.
The integrals in Eq. (34.25) are calldduble integralswhich you will learn more about when you study the
calculus of several variables in a calculus course. Brithpugh, a double integral is interpreted as

“ Z Z
fx;y/dxdy D fx;y/dx dy (34.26)

To evaluate this, you rst evaluate the integral inside thaase brackets, treatingas the variable of inte-
gration and treating as a constant. You then use the result as the integrand ofiteeiategral, this time
treatingy as the variable of integration.

Similarly, in three dimensions, the position vectegy, of the center of mass is

.r/dVv
fem D dw (34.27)
, I .rldxdyd
34.28
.r/dxdyd’ ( )

where . r/ is the familiarvolume mass densitf the body (mass per unit volume), in units of kd/nin this
case we imagine dividing the body into in nitesimal cubesrofumedV D dx dy d” , and treat each cube
as a point mass. The integrals in Eq. (34.28) are callegble integrals Such an integral is interpreted as
. zZ Z Z
fx;y;/dxdyd” D fx;y;ldx dy d (34.29)

Here you evaluate the innermost integral (in square bragrkest, treatingx as the variable of integration,
treatingy and” as constants. You then use this result as the integrand damekt integral (curly braces),
treatingy as the variable of integration, withconstant. Finally, you uséat result as the integrand for the
outermost integral, treatingas the variable of integration.
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Chapter 35

The Cross Product

Many of the equations involving rotational motion of bodiesolve the vector cross product, so before
proceeding further, let's examine thess producbf two vectors in some detail.

You'll recall from Chapter 10 that there are several différeays of multiplying one vector by another
vector. There we examined one such type of multiplicatibe,dot product Before we study rotational
motion, we'll need to learn about another type of vector fplittation, thecross product In the cross
product, one multiplies a vector by another vector, and getgéher vectomback as the result (unlike the dot
product, which returns a scalar result).

Unlike the other two kinds of vector multiplication, the segproduct is only de ned fahree-dimensional
vectors!

35.1 De nition

The cross product (sometimes called tleetor produc} is indicated with a cross sigiy( B) and is pro-
nounced A crossB.” When you take the cross product of two vectors, you get lzaekkher vector, whose
magnitude is

jA BjD AB sin ; (35.1)

where is the angle separating vectgksandB.?

The direction of the vectorA B is perpendicular to the plane of vectoksandB. But there ar@awo
possible choices for direction of a vector perpendicula pdane; which one do we choose? By convention,
we choose the one given byright-hand rule if you curl the ngers of your right and from vectdk toward
vectorB, then the thumb of your right hand points in the directioof B (Fig. 35.1).

SinceA B is perpendicular to the plane formed by vectérandB, it is also perpendicular to both
vectorsA andB:

A BI?A (35.2)
A B/?B (35.3)

it is also possible to de ne a vector cross producs@verdimensions. A meaningful vector cross product can only beettkin
three or seven dimensions.
2An old physics joke: What do you get when you cross an elephinta banana?ns.“Elephant banana sine.”
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v

=l

Figure 35.1: The vector cross product B is perpendicular to the plane 8fandB, and in the right-hand
sense. Credit: “Connected Curriculum Project”, Duke Universi}y.

35.2 Component Form

A convenient mnemonic for nding the rectangular composeat the cross product is through a matrix
determinant:

i ]k
A BD Ax A, A (35.4)
Bx By, B
D.AyB- ABy/i .AxB A B/jC.AB, AB/k: (35.5)

For example, iA D 3iC5 C2kandB D 2i jC4k,thenA BD .20 . 2//i .12 4/jC. 3 10k D
220§ 13k.

35.3 Properties

Anti-Commutativity
The cross product ignti-commutative

A BD B A; (35.6)
as should be clear by applying the right-hand rule.

Orthogonality

If two vectors are parallel or anti-parallel, their crossgiuct will be zero. For example, for the cartesian unit
vectors,

i iDj jDk kDO (35.7)

Notice that the result is the zewector, encountered earlier in Chapter 9: a vector whose compsmaeatall
zero. The zero vector has magnitude zero, and no de nedtitirec
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Also, the products of any two different cartesian unit vesfgermute cyclically:

i jDKI j iD k (35.8)

i kDil k jD i (35.9)

k iDjl i kD j (35.10)
Derivative

The derivative of the cross product is similar to the famitieoduct rule for scalars:

d.A B/ dB _ dA
— DA —C— B: 35.11
dt dt dt ( )

Note, though, that since the cross product is not commetaggiou must keep the order of multiplications as
they're shown here.

The Triple Vector Product

Unlike normal scalar multiplication, the cross produchén-associativeA .B C/ 6D.A B/ C. The
cross products of three vectors may be expanded like so:

A .B C/DB.A C/ C.A B/ (35.12)
A B/ CDB.A C/ AB C/ (35.13)

Eqg. (35.12) is sometimes remembered as the “back cab” rden(the letters “BAC CAB” on the right-
hand side), but this requires remembering where the paseshare on the left-hand side. A better way to
remembebothproducts in Egs. (35.12) and (35.13) is: “The middle vedtoes the dot product of the two
on the ends, minus the dot product of the two vectors stragdlie parenthesis times the remaining one.”

Products of Two Cross Products

The dot product of two cross products can be expanded as
A B/ .C D/ID.A C/.B D/ .A DI.B CJ (35.14)
while the cross product of two cross products can be expaasled

A B/ .C D/D.A B D/IC .A B C/D: (35.15)

The Triple Scalar Product

An interesting vector product is the so-callkeighle scalar productA B C, involving one dot product and
one scalar product. No parentheses are needed here: tlsponaisict must be done before the dot product.
(Attempting to do the dot product rst results in the cros®guct of a scalar with a vector, which is not
de ned.) The result is a scalar.

The triple scalar product has a number of interesting ptogser

» The dot and cross operators can be exchanged without cltatige resultA B CD A B C.
(Because of this property, the triple scalar product is somes written simply a€k; B; Ce.)

» VectorsA, B, andC can be permuted cyclically without changingtherestltB CD B C AD
C A B
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» The absolute value of the triple scalar product is equdi¢o/blume of the parallelepiped whose edges
are formed by the vectows, B, andC.

* In terms of cartesian components, the triple scalar procarc be written as a determinant:

A, Ay A
AB CD B, B, B (35.16)
c G C

D AB,C ABC ABC CABGCCABC, ABC,  (3517)

35.4 Matrix Formulation

Another way to represent the components of the cross praglteivrite the components of vectérinto an
antisymmetric3 3 matrix, then multiply that matrix by the column vectér

10 1
0 A A X
A BD@ A 0 A, A@B, A (35.18)
Ay A 0 B
A/B- A By
D@AB, AWB A: (35.19)
A(B, AyBy

35.5 Inverse

Suppose we have vectohs B, andC such thatA B D C. If vectorsB andC are known, can we solve for
vectorA?

There is no such thing as a “cross division” operation, so aretdo anything similar téA D C=B. In
fact, there imounique solution for vectoh. There are an in nite number of vectors that can be crosséd wi
B to yield vectorC; the smaller the angle betwed&nandB, the larger the magnitud& must have to yield a
given vectorC.

To solveA B D C for vectorA, we will need to know vectorB andC, along with one other piece of
information, such as the magnitude of vectoor the angle betweenA andB. Suppose the magnitude
of vectorA is known; then sinclA BjD AB sin D C, we have

C
sin D —: (35.20)
AB
On the other hand, if is known, then

C
B sin

(35.21)

In either case, we now know both the magnitédand the angle. Then sinceA B D AB cos , we can
now nd the dot producA B. Now let's take

A BDZC: (35.22)
Crossing both sides on the right with vec@yrwe get

A B/ BDC B: (35.23)
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The left-hand side is a vector triple product; applying B%.13), we get
B.A B/ B2ADC B: (35.24)

Solving for vectorA, we nd

1
AD §GEB C/C.A B/B- (35.25)

So if eitherA or is known, then we can nd\ B D AB cos ; knowing this and andC, Eq. (35.25) lets
us solve for vectoA (providedB, C 6D0).
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Chapter 36

Rotational Motion

36.1 Introduction

We can describe thetation of a solid body about an axis in a manner similar to the way veeidee linear
motion.

First, instead of the giving position of the body along arsawie specify its rotation anglerelative to
an agreed-upon zero rotation angle. Then we de nargular velocityl in a way similar to the de nition
of linear velocity:

d
| D —: 36.1
T (36.1)

We also de ne arangular acceleration that's analogous to linear acceleration:

d! d?

5 0 g (36.2)

36.2 Translational vs. Rotational Motion

There are some important relations between translationht@tational motion. Recall the relation between
an angle (inradians) and arc length

sDr; (36.3)

wherer is the radius of rotation. Taking derivatives of both sidéhwespect to time and usirds=dtD v,
d =dt D !, andr is constant, we get a relation between linear and angulacites:

(36.0)

since the radius of rotation is constant. Taking derivatives with respect to time agaia,get a relation
between the learn and angular accelerations:

(36.5)

Many of the formulege involving rotational motion are simikar the formulae we saw in translational
motion, and we can use the same methods for working with thHeach of the quantities we encountered
in translational motion has a rotational counterpart, aswshin Table 36-1. (Timé is the same in both
translational and rotational motion.)
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Table 36-1. Translational and rotational quantities. Thide shows several quantities related to transla-
tional motion, along with their counterparts in rotationadtion and how the two are related.

Translational Motion Rotational Motion

Name Symbol Name Symbol| Relationship
Position X Angle D s=r
Velocity % Angular velocity ! I D v¢=r
Acceleration a Angular acceleration D a;=r
Mass m Moment of inertia I I D Rrzdm
Force F Torque Dr F
Momentum p Angular momentum L LDr p

(In the rst three lines,s is arc length, and/; anda; are the tangential components of the velocity and
acceleration, respectively.)

Many of the translational formulee we've encountered so &wvela similar formula in rotational motion.
We can generally nd these rotational formulae by replachgtranslational variables with the corresponding
rotational variables from Table 36-1. Examples of such fdemare shown in Table 36-2.
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Table 36-2. Translational and rotational formulee. Thideahows a number of formulae from transla-
tional mechanics, along with their rotational counterpart

Description

Translational Motion

Rotational Motion

Velocity
Acceleration

Constant acceleration

Newton's 2nd law (const. masg
Newton's 2nd law (general)
Momentum

Work

Kinetic energy

Hooke's Law

Potential energy (spring)

Power

)

v D dx=dt
a D dv=dt
x D Zat? C vot C Xo
vD atC vy
v2 D Vg C 2a.x
F D ma
F D dp=dt
p D mv
W D Fx
K D zmv?
K D p2=2m
F D kx
Us D $kx2
P DFv

Xo/

36.3 Example Problems

Translational Problem

I D d =dt
D d!=dt
D1t2Cl!otC o
I Dt Clo
12D12C2. o
DI
D dL=dt
LDl
W D
KD 3l 2
K D L2=2I
D
UsD3 ?
PD !

Consider the following translational problem: a body of masD 3:0kg is initally at rest; then a force of

F D 5:0Nis applied to it for time D 7:0 seconds. What is the nal velocity of the body?
Solution.Given the force, we can nd the acceleration; knowing theed@@tion and time, we can nd

the velocity. The applicable equations are

F D ma
v D at C vg:

(36.6)
(36.7)

Solving Eq. (36.6) foa and substituting into Eq. (36.7), we have

v D

t C vg:

(36.8)

Substituting the given values Bf, m, andt, and using/o D 0, we have

5:0N

3:0kg

v D 11:67m=s

v D 70¢,;

or
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Rotational Problem

Now consider the following similar rotational problem, whican be solved using the same method: a body
of moment of inertid D 3:0kg n? is initially at rest (not rotating); then a torque oD 5:0N m is applied
toit fortimet D 7:0seconds. What is the nal angular velocityof the body?

Solution. Given the torque, we can nd the angular acceleration; kmawthe angular acceleration and
time, we can nd the angular velocity. The applicable eqoasi are analogous to those used for the transla-
tional problem:

DI (36.11)
I Dt Clo: (36.12)

Solving Eq. (36.11) for and substituting into Eq. (36.12), we have

I D - tCly (36.13)

Substituting the given values of | , andt, and usind o D 0, we have

5:0Nm
=" 70¢; 36.14
3:0kg m? ( )
or
| D 11:67racks| (36.15)
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Chapter 37

Moment of Inertia

37.1 Introduction

The moment of inertids the rotational counterpart of mass. It takes into accaatonly the total mass
of the body, but also how far the mass is distributed from tkis af rotation: a body will have a higher
moment of inertia if it has a higher mass, or if more of the mashstributed farther from the rotation axis.
Two bodies can have the same mass, but different momentsiainif their mass is distributed through the
bodies differently.

To introduce the concept of moment of inertia, let's rst loat a point massn moving in a circle of
radiusr (Fig. 37.1). The moment of inertia of the point mass is de tethe the mass times the square of its
rotation radius:

| D mr2: (37.1)

In Sl units, moment of inertia has units of kg m

Knowing the de nition of the moment of inertia of a single pbimass, we may make use of the calculus
to nd the moment of inertia ofiny extended body. Imagine that we have some solid body thatasimg
about some axis. Now imagine dividing the body into many itesimal cubes of magsm, and treat each of
these cubes as a point mass: 1§ the perpendicular distance @f from the rotation axis, then the moment
of inertia of the body is found by adding up all the contrilomsr 2 d m over the entire body by means of an
integral:

| D r?dm: (37.2)

Note that, unlike with mass, it makes no sense to refer singpllie moment of inertia of a body—you must
also specify th@xisabout which the body is rotated.

Example.As a simple example, let's nd the moment of inertia of a umiforod of lengthL and mas#M
when rotated about its center of mass (Fig. 37.2). To seteipibblem, we'll de ne arx axis running along
the axis of the rod, and de ne the origin at the center of masshown in the gure.

Now imagine dividing the rod into many in nitesimal segmerdf lengthdx. Each of these segments
then has massdx , where is the density of the rod. Therefore, the moment of inertignefrod is given by
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Figure 37.1: The moment of inertia of a point massnoving in a circle of radius is| D mr?.

Eq. (37.2). Since the distanceof d m from the rotation axis is D jxj, we have

z
I D r?dm (37.3)
z L=2
D x2 dx (37.4)
L=2
3 L=2
D ox* (37.5)
L3 3
Do 5 CH (37.6)
1
D 5L 3 (37.7)

Since the rod is uniform, its density is a constarid M=L ; hence

1M
| D ——L3 (37.8)
12L
So the moment of an inertia of a uniform rod of lengtland mas$/4 when rotated about an axis perpendic-
ular rod and passing through the center is

| D SML2: (37.9)

Example. Let's repeat the previous example, but nd the moment oftiaesf the rod of lengti. and
massM when rotatecabout one endWe move origin of the coordinate system to the left end; ia tase
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Figure 37.2: Coordinate system for a rod of length

r D x, we integrate from O th , and we have

z
I D r2dm (37.10)
z L
D x? dx (37.11)
0
D —x3 " 37.12
gx 0 (37.12)
D-.L3® o (37.13)
3
1 3.
DIL* (37.14)

Since the rod is uniform, its density is a constar® M=L ; hence

1M
| D =—L3 (37.15)
3L
So the moment of an inertia of a uniform rod of lengtland mas$/ when rotated about an axis perpendic-
ular rod and passing through one end is

| D $ML 2 (37.16)

Example. As a third example, let's nd the moment of inertia of a unifethin hoop of mas#! and
radiusR, when rotated about an axis passing through the center dfabe and perpendicular to the plane
of the hoop. We imagine dividing the hoop into many in nitesil segments of lengtihs. If the (constant)
linear mass density of the hoop isthen the mass of each such segmertrisD ds . But the arc length
ds D Rd , sothe mass of each segment becodwsD R d . Since the distance of each segment from
the rotation axis =R, the moment of inerti& is then

z
I D r2dm (37.17)
z 2
D RZ Rd (37.18)
0
z 2
DR?3 d (37.19)
0
D2R 3 (37.20)
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y y
ds
r
40 Rsin g
0
rot. axi R Rcosé X

Figure 37.3: Calculation of the moment of inertia of a hoopewinotated about an axis passing through the
hoop.

The linear mass density of the hoogs the total mas$1 divided by the total lengtB R , so

| D2 % R3: (37.21)

so the moment of inertia of the hoop is

(37.22)

Example. As a fourth example, consider the same uniform thin hoop cfsvh and radiusR from
the previous example — but this time, let's rotate it aboutais passing through thém of the hoop, and
perpendicular to the plane of the hoop (Figure 37.3). Thermbment of inertia is calculated as

I D r2dm (37.23)

D r’Rd (37.24)

as before. But this time, the distance from the in nitesirpice of hoop at angle to the rotation axis is
notR, but some more complicated function af We'll need to derive a formula. / for the distance to the
rotation axis.
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Looking at Figure 37.3, this distance must be (from the Rythe@an theorem)

r2D.RCRcos/2C.Rsin/? (37.25)
D R2E.C cos /2 C sir? » (37.26)
D R21C 2cos Ccog Csir? / (37.27)
D R2.2C 2cos/ (37.28)
D 2R%.1 C cos / (37.29)

This is the desired function / for the distance to the rotation axis. Putting this expssito the integral
for the moment of inerti&, we have

z 2
| D E2R1Ccos/ Rd (37.30)
0
z 2
D2R?3 1 Ccos/d (37.31)
0
z 2 z 2
D 2R3 d C cos d (37.32)
0 0
. 2
D2R3 2 Csin (37.33)
D2R32/ (37.34)
D4R 3 (37.35)

Since the hoop is uniform, its density is the total mass @ity the total length: D M=.2R/ . The
moment of inertia is then

M
| D4 R R3 (37.36)

D (37.37)

In this same way, we can work out the moments of inertia of abemaf common geometries. The results
of such calculations are shown in Figure 37.4.

37.2 Radius of Gyration

A gquantity closely related to the moment of inertia is thdius of gyratiork. Whatever the shape of a body,
if all its mass were to be located at the radius gyrakothen the moment of inertia would be unchanged.

The radius of gyration is given by

r

I
kD — 37.38
— (37.38)

wherel is the moment of inertia anah is the mass of the body. As with moment of inertia, the radius o
gyration depends upon the axis about which the body is mbtate
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(a) Slender rod, (b) Slender rod, (€) Rectangular plate, (d) Thin rectangular plate,
axis through center axis through one end axis through center axis along edge

1.y
= ML

i

(&) Hollow cylinder (F) Solid cylinder (g) Thin-walled hollow (h) Solid sphere (i) Thin-walled hollow
cylinder sphere
le-w(RE—RZ\ 1:lwe3 1 = MR? IZEMRZ 1:3\4:“Z
2 MU 2) 2! ! 5° 3"

.

//7 \\ /"’ =N
[ ( |

| |

Figure 37.4: Table of moments of inertia of uniform bodi&redit: University of Pennsylvanip.
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37.3 Parallel Axis Theorem

There are some theorems that allow us to extend Table 37-thép mtation axes. The most important of
these is called thearallel axis theorenfsometimes calle®teiner's theorem It relates the moment of inertia
| cm @about an axig\ passing through the center of mass to the moment of inediaout another axis parallel
to A. If the two rotation axes are separated by a distdmdken

| D lenC Mh?: (37.39)

Example.Consider the fourth example in the previous section, whdreap was rotated about an axis
going through the rim of the hoop. The same result may be foonch more simply using the parallel axis
theorem. From Figure 37.4, the moment of inertia of the hobprwotated about its centerlig, D MR 2.
The distancé from the center to the rim iR. Therefore, by the parallel axis theorem,

| D MR2C MR2D 2MR?; (37.40)

in agreement with the previous result.

Example.Using the parallel axis theorem, nd the moment of inertiaaaiod of masdM and lengthL
about an axis perpendicular to the rod and passing througleod.

Solution. From Table 37-1, the moment if inertia about an axis perpridi to the rod and passing
through the center of massligy, D %ML 2. The distance between an axis passing through the center of
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mass and an axis passing through one efdsL=2. Therefore, by the parallel axis theorem, we have

| Dl¢nC Mh? (37.41)
1 L ?
D 1—2ML 2CcM™m > (37.42)
1 .1
D 1—20 7 ML 2 (37.43)
1 2
D ML (37.44)

in agreement with the result in Table 37-1.

37.4 Plane Figure Theorem

Another, lesser known, theorem involving moments of ireigitheplane gure theoremand relates to the
moment of inertia of a two-dimensional (plane) gure. Thednem states that given the moments of inertia
I« andly of the gure about two perpendicular axes in the plane of there, the moment of inertia about

an axis perpendicular to the rst two is given by

I- DI, Cly: (37.45)

Example.What is the moment of inertia of a uniform disk of madsand radiuR when rotated about
an axis passing through the center of the disk and lying impthee of the disk?

Solution. De ne a coordinate system such that thexis lies along the rotation axis, and thexis is
perpendicular to the disk and passing through the centéreadisk. Then by symmetry, the desired moment
of inertial D Iy D Iy. Furthermore, we know from Table 37.4 thatD %MRZ. Therefore, by the plane
gure theorem,

|- DIy Cly: (37.46)
which becomes
1
5|\/|R2 DI CI (37.47)
SO
1 2
| D ZMR (37.48)

37.5 Routh's Rule

Routh's ruleis a mnemonic formula for nding the moment of inertia of a ayetrical solid. The rule works
for a circular or elliptical cylinder rotated about the oydier axis, or for a circular or elliptical disk about any
of the axes of symmetry.

Routh's rule states that the moment of ineftiaf a body of mas$1 about an axis is given by

sum of squares of the perpendicular semi-ax;es (37.49)
3;4;0r5

where the denominator is 3 for a rectangular body, 4 for atétl body, or 5 for an ellipsoidal body.

| DM
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Example

For example, consider the moment of inertia of a circulak digadiusR rotated about an axis perpendicular
to the plane of the disk and passing through its center. Tienamerator in Eq. (37.49)R? C R? D 2R?,
while the denominator is 4 (a circle is a special case ofg#jpsd D M.2R?=4/D .1=2/MR?2.

Example

As a second example, we nd the moment of inertia of a solidesphiotated about an axis passing through
its center. Then the numerator of Eq. (37.49R&C R?, while the denominator is 5 (a sphere is a special
case of ellipsoid); hende D .2=5/MR?2.

37.6 Lees'Rule

Lees' rule like Routh's rule, is a formula for computing the moment éiitia of a symmetrical solid. It is
really a kind of mnemonic device for helping to recall seVemament of inertia formulae.
Lees' rule states that the moment of inettiaf a body of mas$! about an axis is given by

a2 b2

| DM C——
3Cn 3Cno "’

(37.50)

wherea andb are the lengths of the semi-axes perpendicular to the ootatkis, andn andn® are the
“numbers of principal curvature” that terminate semi-aaesdb, respectivelyig, n°°D 0 for a at surface,
1 for a cylindrical surface, or 2 for a spherical surface).

Example

For example, suppose we want the moment of inertia of a rgatanplate of dimensions w, about an
axis through the center of the plate and perpendicular tpltnee of the plate. TheaD "=2,b D w=2, and
n D n°D 0 because the surfaces are at. Then Lees' rule gives

224 w2=4 1
P p Mo 2cw (37.51)

' DM 3 3 12

Example

As another example, consider the moment of inertia of a sglidder of radiusk rotated about its axis. In
thiscasea D b D R, andn D n°D 1. Lees' rule in this case gives
R?2 R? 1

I DM TC T D 5|\/|R2: (37.52)

Example

As a third example, consider the moment of inertia of a sallthder of radiusk and length rotated about
an axis perpendicular to the cylinder axis, and passingitiitéhe center of the cylinder. In this case) R,
bD '=2,nD 1,andn®D 0. Then Lees' rule gives

R?2 *2=4 R?2 N2

IDM —C— DM —C — (37.53)
4 3 4 712
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Chapter 38

Torque

38.1 Introduction

Torqueis the rotational counterpart of force. Suppose a bodyestabout an axis and a forEeis applied
some distance from the axis (Fig. 38.1). The distance from the rotatiorsdgithe point at which the force
is applied is called thenoment armIf the force is applied perpendicular to the moment arm .(B&1(a)),
then torque is de ned as

D Fr (38.1)

Torque in Sl units is measured in units of newton-meters (I IM)CGS units it is measured in dyne-
centimeters (dyn cm); and in British engineering unitss ineasured in foot-pounds (ft Ibf).

(a)
L

[
4

(b)

v.r}

Figure 38.1: Torque on a rod that pivots about péint(a) ForceF applied normal to the rod; (b) forde
applied obliquely.

More generally, suppose the force is applied at some anggiéhe moment arm (Fig. 38.1(b)). Then only
thecomponenbf the forceF perpendicular to the moment arm contributes to the torque:

D Fr sin : (38.2)
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Torque is actually &ectorquantity. Its magnitude is as described above; its diradgi@erpendicular to
the plane containing the force and the moment arm.rle a vector pointing from the rotation axis to the
point at which the force is applied. Then the torque vectw de ned as

Dr F: (38.3)

The direction of is given by a right-hand rule: if you curl the ngers of yought hand fronr into F, then
the thumb of your right hand points in the direction of

38.2 Rotational Version of Hooke's Law

There is a rotational counterpart of Hooke's law:

(38.4)

where is the spring constant, in units of N m rald This version of Hooke's law applies to something like
a torsional pendulum, in which a mass suspended by a wirtiged to twist back and forth.

38.3 Couples

A coupleis two forces, equal in magnitude and opposite in directlant, which are separated by some
distance (Figure 38.2). Since the two forces are equal apdsife, a couple results in zero net force on the
body. However, it does result intarqueon the body. If the forces act along lines separated by ardista
then the torque acting on the body due to the couple is given by

D FI (38.5)

R N S

ZLy——
b

Figure 38.2: A couple. The torque hereHg, Fx; D F.x, x1/ D FlI.
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Chapter 39

Measuring the Moment of Inertia

Measuring the mass of a body is easy: place the body on a sdaéam balance, and read the mass directly.
Measuring the moment of inertia of a body is not quite as dasse we describe two methods that could be
used to measure a body's moment of inertia.

39.1 Torque Method

The rst method involves building a device speci cally fdre purpose (Figure 39.1).

o TesT

Bopr PULLEY

Figure 39.1: A simple device for measuring the moment oftiaer

A rotating rod has a pulley at one end and the body to be medsiitached to the other end. A string
with a weight of massn at one end is wrapped around the pulley, so that the fallirightevill unwrap the
string. If the pulley has radiug , then the falling weight will apply a forceg to the pulley, which will result
in a torquemgr, on the pulley. This torque is then applied to the pulley, ®ribd, and to the test body at the
other end of the rod. The rotation angle of the pulley at ametiis thus given by

1 1
D 5t 2D él—t2 (39.1)

where is the angular acceleration, which, by the rotational wersif Newton's second law, is equal tal ,
where D mgr, is the torque andl is the total moment of inertia, including the pulley, thettesdy, and
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the rod. Let's write this total moment of inertia as
I DI, Cl Cly (39.2)

wherel, is the moment of inertia of the pullel; is the moment of inertia of the rod, amg is the moment
of inertia of the test body, which is what we're trying to meges The rotation angleis givenby D 2 N
whereN is the number of revolutions of the pulley. BNt is also equal to the total length of the string
divided by the circumference of the pulle): D L=.2 r ;). Thus

D2 — D — (39.3)

Combining all these results, Eq. (39.1) becomes

L 1 mgr 2

—D = 39.4
Solving for the moment of inertia of the body,
mgr2t?
b 2[’ o It (39.5)

The pulley and rod are both disks, so their respective masrefrinertia ard , D %mp rp2 andl, D %mr r2,
wherem, andr, are the mass and radius of the pulley, amdandr, the mass and radius of the rod. Equation
(39.6) then becomes

rZ  mgt?
IbD% 3 émrlrr2 (39.6)

To use the machine, we attach the test body to the end of theppasite the weight, wrap the string
around the pulley, release the weight, and measure how rimaet it takes the string to completely unwind.
The moment of inertia of the test body is then given by Eq.@89The weighim can be adjusted so that the
unwinding timet is long enough to be measured easily (say, several seconds).

39.2 Pendulum Method

A second method for measuring a body's moment of inertia legn lwescribed by Rhett Allain of South-
eastern Louisiana University. The idea of this method is to attach the body to be measuradoatog string,
forming a physical pendulum. One measures the pefiad the pendulum at a variety of different lengths
L. Now recall that the perio@ of a physical pendulum is given by

S

|
TD2 o (39.7)

Solving for the moment of inertia, we get

T2mgL
4 2
Ihttps://www.wired.com/2017/05/physics-of-a-fidget-s pinner/

I D

(39.8)
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By the parallel-axis theorem,
| DI CmL?2 (39.9)
Combining these equations, we get

T2mgL
4 2

DI CmL? (39.10)

If we plot the left-hand side v4. 2, we will get a straight line of slopm and ordinate intercept equal to the
moment of inertid .
In summary, the steps for measuring the moment of inertia are

1. Attach the test object to the end of a string, forming a pfa}pendulum.
2. Measure the period of the pendulum at various lengths

3. Perform alinear regression analysis on the data (tigghfiras the independent variable, ahtimgL=4 2
as the dependent variable).

4. The ordinate intercept is then the desired moment ofimert
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Chapter 40

Newton's Laws of Motion: Rotational
Versions

Newton's three laws of motion have rotational counterpaiffe rotational version of Newton's laws of
motion are:

1. Law of Rotational Inertia.A body at rest (non-rotating) will remain at rest, and a boohating with
constant angular velocity will continue rotating with tlsaime angular velocity, unless acted upon by
some outside torque.

2. DI :Ifatorque is appliedto a body of moment of inertig it will accelerate with angular
acceleration D =I .

3. Torques always come in pairs that act in opposite direstitf body 1 acts on body 2 with a torque
then body 2 will act back on body 1 with torqu€equal in magnitude and opposite in direction).

40.1 First Law of Rotational Motion

The rotational form of Newton's rst law states that bodiem/k a property calletbtational inertia, which
means that once given an initial angular velocity, they wgttinue spinning with that same angular velocity
forever, unless acted upon by some outside torque. Noboowkmhy this is; just like with linear inertia,
it's just the way the Universe works.

40.2 Second Law of Rotational Motion

The rotational form of Newton's second law of motion statest the torque on a body is proportional to its
resulting angular acceleration

DI: (40.1)

When a torque is applied to a body, its spinning will accelerate with arsgwdcceleration D =l —the
larger the moment of inertia, the smaller the angular acatte.
If the torque is a function of angle, and using acceleratiord d? =dt 2, this becomes a differential
equation
d2

/DI (40.2)
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Solving this differential equation fort/ gives a complete description of the rotational motion.

The most general form of Newton's second lawmni® D | , but D dL=dt, whereL is the angular
momentum. This reduces toD | when the moment of inertia is constant.

The rotational form of Newton's second law may also be exggdsn vector form:

DI; (40.3)

where is the angular acceleratiorector, which lies along the axis of rotation. Most generally, thement
of inertial is atensori.e.a3 3 matrix, sothat and do not necessarily lie in the same direction.

40.3 Third Law of Rotational Motion

The rotational form of Newton's third law of motion statesathorques always come in pairs that act in
opposite directions. For example, imagine an astronautingain space next to a space capsule. He has
a wrench in his hand, and wishes to tighten a bolt on the spaitedBut if he uses the wrench to turn
the bolt clockwise, the bolt will, in turn, apply a torque kawn him, and the astronaut will rotate himself
counterclockwise. To avoid this, the astronaut can anclsofielet to the space capsule. The same thing will
still happen, but this time the astronaarid the capsule will rotate counterclockwise. Since the cagsul
moment of inertia is so large, the angular acceleration®t#psule D =l will be very small.

The rotational form of Newton's third law may be used to adage in controlling spacecraft attitude
(orientation). Spacecraft contain a set of spinning whesledreaction wheelsBy applying a torque to one
of these wheels, the spacecraft can be rotated in the oppbséttion.
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Chapter 41

The Pendulum

41.1 Introduction

A pendulumis a body that is supported from a pivot point and allowed tingvwback and forth under the
in uence of gravity. Among their other uses, pendulums wamesssential component of clocks for centuries.

41.2 The Simple Plane Pendulum

A simple plane penduluis a pendulum that consists of a point massat the end of a string of length of
negligible mass (Fig. 41.1). The pendulum is displaced frentical by an angle, and released; after that,
it swings back and forth under the in uence of gravity. Theg@elum is constrained to swing back and forth
in a plane.

m

Figure 41.1: A simple plane pendulum.

When the pendulum makes an anglffom the vertical, the torque acting to move it back towardicel
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is mgL sin . Then by the rotational version of Newton's second law ofiomt

DI (41.1)
. d?
mgL sin D mLZW (41.2)
d? g .
ac D Esm (41.3)

This is a second-order differential equation that is fadlifycult to solve; the solution is shown in Appendix
20. If we constrain the pendulum smallangles , then we can make the approximation

sin . inradiang (41.4)
Under this approximation, Eq. (41.3) becomes

d? g

— D =:

dt? L

This is a second-order differential equation that's faghsy to solve; you'll learn how to solve differential
equations like this in a course on differential equatiortge $olution turns out to be

(41.5)

t/ D gcoslt C [ (41.6)

where ¢ is the (angularamplitudeof the motion (in radians), D P g=L is the angular frequency of the
motion (rad/s), and is an arbitrary integration constant (seconds). The smiutan be veri ed by direct
substitutioninto Eq. (41.5).

The periodT of the motion (the time required for one complete back-aorthfcycle) is given by

2
TD (41.7)

or

S

TD?2 %: (41.8)

Remember that this is an approximation, and is valid onlgfoall . The period of motion for a large period
is given by an in nite series, and is shown in Appendix 20.

41.3 The Spherical Pendulum

A spherical penduluris similar to a simple plane pendulum, except that the pemdus$ not constrained to
move in a plane; the mass is free to move in two dimensions along the surface of a spHeigure 41.2
shows a photograph of the movement of a spherical pendulum.

41.4 The Conical Pendulum

A conical pendulunis also similar to a simple plane pendulum, except that tmelpkeim is constrained to
move along the surface of a cone, so that the magsoves in a horizontal circle of radius maintaining a
constant angle from the vertical.
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Figure 41.2: Trace of the motion of a spherical pendulum,aviadthe author. A ashlight lens was covered
with a piece of cardboard in which a small hole was punche@. &khlight was then suspended by a string
from the ceiling (lens downward) to create a pendulum. Tlerwas then darkened, the ashlight turned on,
and the ashlight pendulum allowed to swing back and forthdeveral minutes above a camera which was
on the oor pointing up toward the ceiling. The camera shuttas kept open, allowing this time-exposure
image to be made on the Imlrhage Copyright © 2011 D.G. Simpsdn.
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For a conical pendulum, we might ask: what spegedust the pendulum bob have in order to maintain
an angle from the vertical? To solve this problem, let the penduluwehizngthL , and let the bob have
massm. A general approach to solving problems involving circutation like this is to identify the force
responsible for keeping the mass moving in a circle, thethsgttequal to the centripetal forcev?=r. In
this case, the force keeping the mass moving in a circle isohigontal component of the tensidn which
isT sin . Setting that equal to the centripetal force, we have

2
Tsin D g: (41.9)

The vertical component of the tension is

Tcos D mg (41.10)

Dividing Eq. (41.9) by Eq. (41.10),
V2
tan D — (41.11)
gr

From geometry, the radiusof the circle isL sin . Making this substitution, we have

V2
tan D . (41.12)
gL sin
Solving for the speed, we nally get
'J T .
vD Lgsin tan: (41.13)

41.5 The Torsional Pendulum

A torsional pendulunfFig. 41.3) consists of a mass
m attached to the end of a vertical wire. The body
is then rotated slightly and released; the body then
twists back and forth under the force of the twisting
wire. As described earlier, the motion is governed
by the rotational version of Hooke's law,D

41.6 The Physical Pendulum

A physical pendulungonsists of an extended body
that allowed to swing back and forth around some
pivot point. If the pivot pointis at the center of mass,
the body will not swing, so the pivot point should be
displaced from the center of mass. As an example,
you can form a physical pendulum by suspending
a meter stick from one end and allowing to swing
back and forth.
In a physical pendulum of madd , there is a

forceMg acting on the center of mass. Suppose the

body is suspended from a point that is a distamce
Figure 41.3: A torsional pendulum. (Ref. [1])
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Figure 41.4: A physical pendulum. The object has mdsand is suspended from poit h is the distance
betweerP and the center of mass.

from the center of mass (Fig. 41.4). Then there is
a weight forceMg acting on the center of mass of
the body, which creates a torquéigh sin about
the pivot point. Then by the rotational version of
Newton's second law,

DI (41.14)

d 2
Mghsin DI —; 41.15
g e ( )
wherel is the moment of inertia of the body when rotated about itefgiint. As with the simple plane pen-
dulum, this is a second-order differential equation thdifisult to solve. But if we constrain the oscillations
to small amplitudes, we can make the approximation sin as before, and the equation becomes

d? Mgh

— D ——: 41.16

dt? I ( )
We can solve this second-order differential equation asrbeaind get

t/ D gcoslt C / (41.17)

where ¢ is the (angular) amplitude of the motion (in radiaris)P P Mgh=I is the angular frequency of
the motion (rad/s), andis an arbitrary integration constant (seconds). The smiutan be veri ed by direct
substitutioninto Eq. (41.16).

The periodT of the motion (the time required for one complete back-aorthfcycle) is given by

2
TD - (41.18)

or

TD?2 (41.19)

Mgh:

173



Prince George's Community College General Physics | Sim@gs8impson

41.7 Other Pendulums

» Double pendulumA double penduluris formed by attaching one pendulum to the bob of another, so
that the two pendulums are attached vertically and both bobfree to move. The motion of a double
pendulum is a classic exercise in Langrangian mechanidx tescribed later.

« Ballistic pendulum.A ballistic pendulumis a type of pendulum used to measure the speed of high-
speed objects like bullets. The ballistic pendulum is dbsdrin Chapter 32.

» Foucault pendulumA Foucault pendulunis a type of simple plane pendulum that is used to demon-
strate the rotation of the Earth. As the pendulum swings laexckforth in a plane, the Earth rotates
underneath the pendulum, causing its trace along the grioutirift with time.
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Chapter 42

Simple Harmonic Motion

The small-angle approximation of the simple plane penduuam example of what is callesimple harmonic
motion Simple harmonic motion is the motion that a particle exisibihen under the in uence of a force of
the form given byHooke's law(named for the 17th century English scientist Robert Hooke)

FD kx: (42.1)

A force of this form describes, for example, the force on asvatached to a spring with spring constlant
wherek is a measure of the stiffness of the spring. In this dade the force exerted by the spring, axds
the distance of the mass from gguilibrium positior—that is, the “resting” position at which the mass can
be left where it will not oscillate.

Substituting Hooke's law as the force in Newton's second FavD ma (and recalling the acceleration
a D d?x=dt?) gives the equation

d2x
kx D mOltz : (42.2)

This is a second-order linear differential equation witlmgtant coef cients, and can be solved fort/
using standard methods from the theory of differential gua. We won't go into the theory of differential
equations here, but just present the result. The solution is

x.t/ D Acos!t C I (42.3)

Here! is called theangular frequencyf the motion, and measures how fast the particle oscillzdek and
forth. The constand is called theamplitudeof the motion, and is the maximum distance the particle tsave
from its equilibrium positionx D 0. The constant called thephase constantnd determines where in its
cycle the patrticle is at timeD 0. A plot of x.t/ is shown in Fig. 42.1.

Since the sine and cosine function differ only by a phase &iif cos =2/ ), we could replace
the cosine function in Eq. (42.3) with a sine by simply addingxtra=2 to the phase constant So either
the sine or the cosine can be used equally well to describglsinarmonic motion; here we will choose to
use the cosine function.

The calculus may also be used to nd the velocity of the pletat any time ; the result is

vt/ D A! sinlt C [ (42.4)
so that the maximum speed of the simple harmonic oscillator i

jVimaj D Al (42.5)

175



Prince George's Community College General Physics | Sim@gs8impson

Simple Harmonic Motion
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Figure 42.1: Simple harmonic motion. Shown are the ampdithdperiodT, and phase constant The
horizontal linex.t/ D 0is the equilibrium position.
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Further, it can be shown that the acceleration at any tiree

at/ D Al 2cos!t C / (42.6)
D ! 2x.tf (42.7)

Multiplying Eq. (42.7) by the particle mass, we nd
mat/ D F.t/ D m! 2x.t/: (42.8)

Comparing this with Eq. (42.1) we see that

kD m! 2 (42.9)
or
r__
k
'p (42.10)

In Eq. (42.3), the amplitudd depends on how far the particle was displaced from equilibddefore being
released; the phase constarjust depends on when we choose tim® 0; but the angular frequendy
depends on the physical parameters of the system: theestifiof the spring and the mass of the particle
m.

42.1 Energy

The kinetic energyK of a particle of massn moving with speed’ is de ned to be the work required to
accelerate the particle from rest to speethis is found to be

K D $mv2: (42.11)

From Hooke's law, the potential enertyy of a simple harmonic oscillator particle at positioman be shown
to be

U D lkx2: (42.12)

Thetotal mechanical energif D K C U of a simple harmonic oscillator can be found by observing tha
whenx D A, we havev D 0, and therefore the kinetic energfy D 0 and the total energy is all potential.
Since the potential energy atD A isU D kA2=2(by Eq. (42.12)), the total energy must be

1 .
E D 1kAZ: (42.13)

Since total energy is conserved, the endfgig constant and does not change throughoutthe motion ajtho
the kinetic energK and potential energy do change.

In a simple harmonic oscillator, the energy sloshes backiantd between kinetic and potential energy,
as shown in Fig. 42.2. At the endpoints of its motiand A), the oscillator is momentarily at rest, and
the energy is entirely potential; when passing through thalirium position & D 0), the energy is entirely
kinetic. In between, kinetic energy is being converted tteptial energy or vice versa.

We can nd the velocity of a simple harmonic oscillator as a function of positiofrather than time)
by writing an expression for the conservation of energy:

EDKCU (42.14)
kA% D 2mv? C kx2 (42.15)
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Simple Harmonic Oscillator Energy

1 1 1 1 | 1 1 1 1 | 1 1 1 1

Kinetic |
- = = Potential| [

Energy/E

Time/T

Figure 42.2: Kinetic, potential, and total energy of the @ierharmonic oscillator as a function of time. The

oscillator continuously converts potential energy to kimenergy and back again, but the total enekgy
remains constant.
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Solving forv, we nd

r_r
k X2
vxI D A — 1 Az (42.16)
This can be simpli ed somewhat by using Eq. (42.10) to give
r
X2
vx D Al 1 Az (42.17)

whereA! is, by inspection of Eq. (42.4), the maximum speed of thellasor (the speed it has while passing
through the equilibrium position).

42.2 Frequency and Period

The angular frequency described earlier is a measure of how fast the oscillatadtlatss; speci cally, it
measures how many radians of its motion the oscillator mtivesigh each second, where one complete
cycle of motion is2 radians. A related quantity is tHeequencyf , which describes how many complete
cycles of motion the oscillator moves through per secone. tWo frequencies are related by

| D2f: (42.18)

You can think of! andf as really being the same thing, but measured in differertsunthe angular
frequency! is measured in units of radians per second (rad/s); thedreeyd is measured in units of hertz
(Hz), where 1 HD 1/sec.

The reciprocal of the frequency is tiperiod T, and is the time required to complete one cycle of the
motion:

TD-D (42.19)

1 2
oo
The period is measured in units of seconds. As shown in theplat/ (Fig. 42.1), the period is the time
between peaks in the motion.

42.3 The Vertical Spring

If a horizontal mass on a spring is turned to a vertical positthen the spring is stretched by an amount
xo D mg=k, giving it a new equilibrium position. For the vertical spgi the potential energy is still given
byU D %kxz, butx in this case refers to the distance from triginal (horizontal) equilibrium position.

42.4 Frequency and Period

The angular frequency described earlier is a measure of how fast the oscillatatlatss; speci cally, it
measures how many radians of its motion the oscillator mtivesigh each second, where one complete
cycle of motion is2 radians. A related quantity is tHeequencyf , which describes how many complete
cycles of motion the oscillator moves through per secone. tWo frequencies are related by

| D2f: (42.20)

You can think of! andf as really being the same thing, but measured in differertsunthe angular
frequency! is measured in units of radians per second (rad/s); thedreeyd is measured in units of hertz
(Hz), where 1 HD 1/sec.
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The reciprocal of the frequency is tiperiod T, and is the time required to complete one cycle of the
motion:

1
TD —
f

2
D'—:

(42.21)

The period is measured in units of seconds. As shown in theplat/ (Fig. 42.1), the period is the time
between peaks in the motion.

42.5 Mass on a Spring

The discussion so far has applied to simple harmonic motiageneral; there are many speci ¢ examples
of physical systems that act as simple harmonic oscillatdlee most commonly cited example is a mass
m on a spring with spring constakt The spring constark is a measure of how stiff the spring is, and is
measured in units of newtons per meter (N/m). Speci cdllgescribes how much force the spring exerts
per unit distance it is extended or compressed.

A mass on a spring oscillates with angular frequency

r
k
I'D —; 42.22
= (42.22)
and therefore has periddD 2 =! , or
r

TD?2

~| 3|

(42.23)

It really doesn't matter whether a mass on a spring moveszbotally on a frictionless surface, or bobs
up and down vertically. The motion is the same—the only déffiee is that if you take a horizontal spring
and hang it vertically, the equilibrium position will cham@ecause of gravity. The period and frequency of
motion will be the same.

The importance of the spring example is not that there arergovent laboratories lled with researchers
studying springs; rather the spring example serves as aorterg model and approximation for other prob-
lems. Often even a complicated force candpproximatedas a linear force (Eq. (42.1)) over some limited
range. In this case one may approximately model the forcespsiag force with an “effective spring con-
stant”k, and allow at least an approximate answer to what might afilserbe a dif cult problem.

There are several other examples of systems that form singphaonic oscillators: the torsional pendu-
lum, the simple plane pendulum, a ball rolling back and fantide a bowl, etc.

42.6 More on the Spring Constant

Itis often not appreciated that the spring constadepends not only on thrggidity of the spring, but also on
the diameter of the spring and the total number of turns o wirthe spring. Consider a vertical spring with
spring constank, and a mass hanging on one end. Assume the system is in its equilibriusition, and
in this position it has length o and consists o turns of wire. Now if you apply an additional downward
forceF to the mass, the string will stretch by an additional amougiven by Hooke's lawx D F=k. This
stretching will manifest itself as an additional spacingcafN between adjacent turns of the spring. It is this
additional spacing per turn that is the true measure of thereant “stiffness” of the spring.

Now suppose this spring is cut in half and put in its equilibmiposition. Its new length will bk =2, and
will consist of N=2turns of wire. When the same additional fofeds applied to the mass, the additional
spacing between adjacent turns of the spring will be the samsrimeforex=N, because the spring still has
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Figure 42.3: Springs in series and paralletddit: http://spmphysics.onlinetuition.com)ny

the same stiffness. Since the number of turns is hev2, this means that the additional total stretching of
the spring isx=2, so it will stretch by only half as much as before. By Hookew, the spring constant is
nowk®D F=.x=2/ D 2F=x D 2k, so the spring constant is now twice what it was before. Iroiords,
cutting the spring in half will double the spring constahikewise, doubling the length (number of turns) of
the spring will halve its spring constant.

Another way to think of this is to consider two springs corteddn series or in parallel (Fig. 42.3). If
several springs are connected end-to-endi(i.eerie3, then the equivalent spring constégtof the system
will be given by

1 X 1
— D — 42.24
<® K (42.24)
1 1 1
D—-C—-C-—C 42.25
ki ko ks ( )
If the springs are connected parallel, then the equivalent spring const&ptof the system will be
X
ko D ki (42.26)
[
DkiCk,CksC::: (42.27)

For example, if two identical springs, each of spring comistaare connected in series, then the combination
will have an equivalent spring constantief2. If the two identical springs were instead connected inlfgra
then the combination would have an equivalent spring conste?k, as shown in Figure (42.3).

Now imagine you have a long spring of spring constantYou can imagine it as being two identical
springs connected in series, each having spring congfardo that the combination has a total equivalent
spring constant ofE.1=2KL .1=2k/» 1 D k. If the long spring is cut in half, then you are left with onlye
of those smaller springs of spring constakt so again we reach the conclusion that cutting the springlin h
will double the spring constant.
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It's possible to calculate the spring constant from the getoyrof the spring. The formula‘s

Gd*

kD 8ND3

(42.28)
whered is the wire diametef\ is the number of active turns in the sprify,is the coil diameter (measured
from thecenterof the wire), ands is called themodulus of rigidityof the spring materialG is given by

Y

GD ——
21C /

(42.29)

whereY is theYoung's modulusf the material (a measure of how much it stretches when ghaltecom-
pressed), and is the material'sPoisson ratio(a measure of how much it squeezes sideways when com-
pressed). These are properties that are characteristie ohaterial, and can be looked up in a handbook of
material properties. Values for a few materials are shovthértable below.

Table 42-1. Young's Moduli and Poisson Ratios.

Material Young's Modulug’ (N/m?)  Poisson Ratio
Aluminum 69 10° 0.334
Bronze 100 10° 0.34
Copper 117 10° 0.355
Lead 14 10° 0.431
Magnesium 45 10° 0.35
Stainless steel 180 10° 0.305
Titanium 110 10° 0.32
Wrought iron 200 10° 0.278

Notice from Eq. (42.28) that if the spring is cut in haif,will be half its original value, and so the spring
constank will be doubled, in agreement with what we've found earlier.

Example.Suppose we make a spring of 1 mm diameter copper wire, theetiaraf the spring is 1 cm,
and there are 50 turns of wire in the spring. What is the sprongtant?

Solution.From the above table, for coppaf,D 117 10° N/m? and D 0:355 From Eq. (42.29), we
have
Y 117 10° N=m’

. )
GD 5367 D Sicogss D432 10N=m

And the spring constant is found from Eq. (42.28)

Gd* _ 432 10° N=m?/.10 3 m/*
kD D D 108N=
8ND3 8.50/.10 2 m/3 m

1See e.ghttp://www.engineersedge.com/spring comp_calc _k.htm
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Chapter 43

Rocking Bodies

Another example of simple harmonic motion is that ofoaking body— a body that, as it rotates, will
experience a torque that tends to return it to an equilibposition. A rocking chair is a common example.

43.1 The Half-Cylinder

To analyze rocking motion, let's consider a fairly simpledgoa uniform right circular cylinder of radius
that has been cut in half by a plane passing through the asttseodylinder to form a half-cylinder, whose
cross-section is a semicircle (Figure 43.1), and which $timg on a at table. Letm be the mass of the
half-cylinder.

It can be shown using the multivariate calculus that the thidcep between the axi§ and the center
of massT is

pD ar (43.1)
3
We will need to nd the moment of inertiay of the half-cylinder when rotated about an axis that lies
along the line of contact between the half-cylinder and #idet We'll nd this by rst nding the moment
of inertial v about an axis parallel to the half-cylinder axis and pas#ingugh the center of mags; from
that, we can then use the parallel axis theorem tolpd We'll nd 11 by rst nding |s, the moment of

inertia when rotated about the cylinder axis. In summaryllvwg | g, thenl 1, thenly .

Figure 43.1: Rocking half-cylinder. The center of mass ipaht T .
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To nd | s, note that if we take two half-cylinders and place their atds together, we will have a full
cylinder of mas2m and moment of inertia equal to the sum of the moments of mefithe two half-
cylinders,l s C I s. The moment of inertia of a solid cylinder when rotated abtsxis is1=2its mass times
the square of its radius, so this full cylinder would have meatrof inertia

IsCls D 3.2m/r? (43.2)
S0
ls D imr? (43.3)
For the half-cylinder, the moments of inertia andl 1 are related by the parallel-axis theorem,
Is D I+ C mp? (43.4)

and the moments of inertla andly are related by (again using the parallel-axis theorem),

ly DIt Cmr p/? (43.5)
and so
Iy D.ls mp2/Cmr pl/? (43.6)
2 2 2
D imr? mp®> Cmr p/ (43.7)
1 2 2 2 2
Dsmre mp“Cmrc 2mrp C mp (43.8)
3 2
D Smr= 2mrmp (43.9)
2
D 3mr* 2mr 3~ (43.10)
or
3 8
ly Dmr2 = — 43.11
wDmrt oo 2 ( )

Now we'll nd the period of oscillation using conservatiori energy. Let's rock the cylinder by some
small angle ¢ (Figure 43.2). In this position, the cylinder is momentalt rest, so it has zero kinetic
energy. Itdoeshave a potential energy, though, equahigh, whereh is the height of the center of mass
above its height when in equilibrium. (Here we choose zettemqt@al energy to be when the cylinder is in its
equilibrium position.)

From the gure and using geometry, we see that

hDp pcos oDp.l cos o (43.12)
and so the potential energy is
mgh D mg.p pcos o/ D mgp.1 cos of (43.13)

Now, starting from angle, we release the half-cylinder. When the half-cylinder heacits equilibrium

position, its potential energy is zero, but it has kinetiergy %IH 12 where! n D ! is the angular

velocity at the equilibrium point (cf. Eq. (42.5)). By comgation of energy, the total energy at anglemust
equal the total energy at the equilibrium position:

0Cmgp.l cos o/ D iI4!3CO (43.14)
D1ly.! o/®CO (43.15)
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Figure 43.2: Rocking cylinder rocked by anglg

We now use the small-angle approximation

2 2
1 2 1 2 43.16
CoS o > ) CoS ¢ > ( )
we get (approximately)
S 1 2 2
— D zly! 43.17
mgp - LG ( )
Solving for the angular frequenc¢y, we nd
s s .
2 mg. -/
1o P2 il (43.18)
ln § mrz 3 £
We now do some simplifying:
s —
g.5-/
I D 79 16 (43.19)
s
0.4r1.6 /
S 43.20
3r2.9 16/ ( )
s
89
D ———— 43.21
r.9 16/ ( )
and so the period of oscillatioh D 2 =! is
> 0000000
9 16/
Tp2 2 (43.22)
89

Notice thatT / P r, so the larger the radius, the longer the period of osaditatNotice also that the period
is independent of the mass, so that all half-cylinders of the same radius will rock witle same period.
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Chapter 44

Rolling Bodies

44.1 Introduction

The motion of a body like a sphere or a cylindelting (without slipping) down an inclined plane introduces
a complication into the motion: the body as a whole moves dtivenincline, while at the same time the
body rotates about its axis. The net movement of the body @srebmation of both motions: anslational
movement of the whole body down the incline, together witbtationalmotion about its axis. We'll examine
here the velocity, acceleration, and kinetic energy of addoody rolling down an incline.

44.2 Velocity

Let's imagine the following scenario: suppose we have afiriad plane, inclined at an angle to the
horizontal. Now place a round body of madds and radiuR at a height above the base of the incline. If
we release the body from rest, what will be its speed the bottom of the incline?

Let's look at the problem from a point of view of energy. At agiven instant, the rolling body will
be pivoting about the point of contact with the incline (We#ll this pointP). Its total kinetic energy is
therefore the rotational kinetic energy

1
KD 5|p! 2, (44.1)

wherelp is the moment of inertia aboit and! is the rotational angular velocity of the body. Now by the
parallel axis theorem, we know

Ip D Iem C MRZ; (44.2)

wherel ¢ is the moment of inertia of the body about its center of masbsftuting into Eq. (44.1), we get

1

KD Z.enC MR?/1 2 (44.3)
1 1

D Sl e 5|\/|R2! Z (44.4)

Now usingv D R! inthe second term on the right, we have

1 1
KD 5|Cm! 2c 5|\/|v2: (44.5)
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This says that the total kinetic energy of the body is the stitherotational kinetic energy (the rstterm on
the right) and the translational kinetic energy (the sedenth on the right).

Now let's use the conservation of energy to solve for the dpes the bottom of the incline. At the top of
the incline, the body is at rest, and its energy is all posatid equal td1gh. At the bottom of the incline,
the energy is all kinetic, and is given by Eq. (44.5). Then byservation of energy,

1 1
Mgh D 5lom! 2c 5|\/|v2: (44.6)

Substituting D v=Rinto the rst term on the left,

1 2 1
Mgh D Zlon % C SMvZ (44.7)

Now out factorv2=2on the right-hand side to get

1 V2
Mgh D ICmﬁ CM 35 (44.8)
Now dividing through byM ,
I'em v
ghD VR 2 Ci1 5 (44.9)

The dimensionless combinatibg,=.MR ?/ occurs often enough that it's convenient to introduce tHereb
viation

Icm_

Ve (44.10)

(Values of for several common geometries are shown in Table 44-1.) Withde nition, Eq. (44.9)
becomes

V2
ghD . C1/o (44.11)

Solving forv, we nally have the speed at the bottom of the incline given by

S

v D

2gh

44.12
c1 (44.12)

44.3 Acceleration

Now let's nd the (translational) acceleration of the bodyweh the incline. If the distance down the incline
is x, then the velocity at the bottom of the incline is related xoby

v2 D 2ax (44.13)

By geometry, sin D h=x, and sax D h=sin ; using this to substitute fot, we have

h
v2D 2a——; (44.14)
Sin
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or, solving for the acceleratioa,
vZsin
2h

Now let's use Eq. (44.12) to substitute forthe result is an expression for the acceleration of a bollipgo
down an incline,

aD

(44.15)

gsin
cl1

aD (44.16)

Table 44-1 shows values ofanda for several common geometries.
Equation (44.16) has some interesting consequences. Bompdg, if you start a solid sphere and a
cylindrical shell at the top of a incline and release thenhatdame time, which one will reach the bottom
rst? From Table 44-1, you can see that the solid sphere wiillwin: its acceleration5=7/g sin is greater
than the cylindrical shell's acceleration df=2/g sin . What's surprising about this is thatl solid spheres
will beatall cylindrical shellsyegardless of mass or radiugh general, the object with tremaller  will win

such a race, since that will give the smallest denominatBin44.16) and therefore the larger acceleration.

44.4 Kinetic Energy

As a body rolls down an incline, its potential energy is catee partly into translational kinetic energy, and
partly into rotational kinetic energy. How much goes intanlational kinetic energy, and how much into
rotational form?

First, let's compute thé&ranslationalkinetic energyK; D Mv2=2 Using Eq. (44.12) to substitute for
gives

1 1 2gh
KD =Mv2D =M -

> > 1 ; (44.17)
or
Mgh
KiD — 44.18
‘Y c1 (44.18)
Now let's nd the rotationalkinetic energyK, D I¢m! =2 Using! D v=R,
1 v 2
K; D élcm R : (44.19)
Again using Eqg. (44.12) to substitute for
1lem 2gh
K, D Z-om <90 . (44.20)
2RZ2 C1
Multiplying the numerator and denominator by,
I Mgh
K, D —om M9 . (44.21)
MR2 C1
The rst factor on the rightis just, so we nally have for the rotational kinetic energy
K; D Mgh <1 D K (44.22)
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Knowing that the total kinetic energy i€ D Mgh, we can now use Eqs. (44.18) and (44.22) to nd the
ratio of the translational kinetic energy to the total kinenergy:

K 1
tp o~ . (44.23)
K cl1

Similarly, the ratio of the rotational to total kinetic eggris given by
Kr
— D —: 44.24
K cl1 ( )

Values of these ratios for common body geometries are showable 44-1. It is interesting to note that
substituting D 0 into the formulse we've derived here recovers the formulaafoobjectslidingdown an
incline without rolling, as shown in the last line of the tabl

Table 44-1. Accelerations and energy ratios for rollingibed

Body a K=K K;=K
Cylindrical shell 1 .1=2/gsin 1/2 1/2
Solid cylinder 1/2 .2=3/gsin 2/3 1/3
Spherical shell 2/3 .3=5/gsin 3/5 2/5
Solid sphere 2/5 .5=7/gsin 5/7 217
Sliding object 0 gsin 1 0

445 The Wheel

Imagine a wheel of radiusrolling along the ground without slipping. When the wheekesone complete
revolution, the axis will have been directly above each pointhe circumference of the wheel exactly once.
Therefore the axis of the wheel has traveled a horizonttdidég equal to the circumference of the wheel, or
2 r . In other words, each revolution of the wheel causes the(axiany vehicle attached to the wheel) to
move a distance df r .

As a consequence of this observation, we can relate the angelocity! of the wheel to the linear
velocityv of the axis. Let's say that it takes a tirte for the wheel to rotate once on its axis. Then the linear
velocity of the outer edge of the wheeldsr=+t . During that same time, the axis of the wheel has traveled
the same distanc&r , and so the linear velocity of the axis is aB@=<t . Both the velocity of the axis and
the linear velocity of the outside edge of the wheel are etpualD r! . In other wordsThe linear velocity
of the axis with respect to the ground is equal to the linedoaity of the outer edge of the wheel with respect
to the axis.

Example.A bicycle with wheels of radius 34 cm is traveling with a speéd@ m/s. What is the angular
velocity of the wheels?

Solution. From the above discussion, the velocity of the bicyclis equal to the linear velocity of the
outer edge of the wheels! . Thereforev D r! ,so! D v=r D .7 m=g/=.0:34 m/ D 20:6rad/s.
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44.6 Ball Rolling in a Bowl

Suppose a ball of mass and radius is allowed to roll (without slipping) back and forth insid&amispher-
ical bowl of radiusR. Does this constitute simple harmonic motion? And if so, twkahe period of the
motion?

To begin, let be the angle the ball makes with the vertical, so thBt O when the ball is at the bottom of
the bowl. Also let be the rotational angular velocity of the ball about its eenf masss D d =dt be the
angular velocity of the ball's motion within the bowl, amdD .R  r/» the translational speed of the ball.
It turns out that we can nd the equation of motion by compgtihe time derivative of the total mechanical
energy of the ball. The ball's total mechanical energy issin@ of three components: its translational kinetic
energy, its rotational kinetic energy, and its gravitasiiqotential energy.

The translational kinetic energy of the ball is

1

K. D 5mv2 (44.25)
1

D SmR r/2e 2 (44.26)

The rotational kinetic energy of the ball about its axis is

1
K: D 5|! 2 (44.27)

wherel is the moment of inertia of the ball about its center of mabsvel take zero potential energy to be
the point where the ball is at the bottom of the bowl, then thteptial energy of the ball is

UDmg.R r/l1 cost (44.28)
Therefore the total mechanical energy of the ball is
EDK{CK;CU (44.29)

1 1
D 5m.R r/%s 2C 5|! 2Cmg.R r/1 cos/ (44.30)

We'll want to get all terms of this equation in terms of to do this, we'll need to writé in terms ofe .
Since the ball rolls without slipping, we knowD r! , and so

vDr! D.R r/ (44.31)
R r
r

I D o (44.32)

Substituting this into Eq. (44.29), we have

1 R r ?

1
ED 5m.R r/%s 2C 5| «2Cmg.R rl1 cos/ (44.33)

190



Prince George's Community College General Physics | Sim@gs8impson

Writing the moment of inertiaals D mr 2, the total energy may be written

2

1 1 R
EDZmR /% 2C > mr? Tr «2CmgR /1l cos/ (44.34)
1 2, 2 1 2, 2
D ém.R r/ce < C > mR r/“*“Cmg.R r/l1l cos/ (44.35)
1
D 5m.R r/2, C1/CmgR r/l1 cos/ (44.36)
1 , d 2
D 5m.R r/ Tl Cc1/CmgR rll1 cos/ (44.37)
(44.38)

where in the last step we substituted the de nittorD d =dt. We can nd the equation of motion by taking
the time derivativelE=dt, which must be zero, sinde must be constant:
dE d d?

DmR r/?

d
m T C1/CmgR r/sinh — DO (44.39)

dt
And so, cancelling a commah =dt on both sides, we get

d2

R r/? —
m r dt2

C1D mg.R r/sin: (44.40)

Cancellinga commom.R  r/ on both sides,

d2
r/ o C1/D gsin (44.41)

Now solving ford? =dt 2, we get the equation of motion:
d? g .
—D — : 44.42
dtz = _ CUR " (44.42)

This is the same as Eq. (41.3) for a simple plane pendulurh,effictive length
LegD. CL.R rf: (44.43)

The ball rolling in the hemispherical bowl is, like the siragdlane pendulum, neixactlya simple harmonic
oscillator; but it isapproximatelya simple harmonic oscillator for small oscillations.

For small oscillations, the period of oscillatidnis given by Eq. (41.8), witl. replaced by ¢ in Eq.
(44.43):

s
. CUR 1/
Tbh2 —mM: (44.44)
g
For example, if the ball is a uniform solid sphere, thed 2=5 and so C 1 D 7=5and we have
s
7R 1/
Tp2 =~ T (44.45)

59

A ballrollingin a hem|sprber|cal bowbwnl have a period gteathan that of a simple plane pendulum of the
same length, by a factorof C1D 7=5 1:1832
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Chapter 45

Galileo's Law

45.1 Introduction

Galileo Galilei (1564-1642) was an Italian physicist to dame of the early work in classical mechanics.
One of his major contributions was in the area of falling lesdiGalileo recognized that bodies falling due
to the Earth's gravity will fall with a constant acceleraticand that he could study that acceleration by, in
effect, slowing it down through the use of an inclined plane.

Galileo constructed an inclined plane tilted at a slightlar{g ), with a groove in the center. He then
rolled a solid brass ball in the groove down incline and stddiow the ball moved as a function of time. He
could do this by placing small bumps in the groove in whichlia# rolled; whenever the ball hit a bump, it
made a noise. By studying the timing of the noises and comgahiat to the distance between the bumps, he
could make some quantitative studies of the ball accefegatown the incline.

Unfortunately, Galileo did not have access to accurategiemes—using his own pulse was about the
best method available. If he made the bumps equally spacet @png the incline, he could tell that the
noises of the ball hitting the bumps got closer together ab#il rolled down the incline, but had no way to
measure the times accurately.

Then Galileo hit upon an idea: instead of spacing the bumpslbgfar apart, he would adjust their
spacing until he could hear that ttimebetween the ball hitting the bumps was the same. As a skillsep
of the Renaissance lute, Galileo had a well-developed s&nseisical rhythm, and was able to judge fairly
accurately when thelick-click-click-click of the ball rolling down the incline and hitting the bumps e t
incline were separated by equal time intervals. Once he atésed that the sounds of the balls hittings the
bumps were all equally separated in time, he could accyraiehsure the distances between the bumps.

He discovered that the distance from the top of the inclingaéosecond bump was 4 times the distance
to the rst bump; the distance to the third bump was 9 timegdilseance to the rst bump; the distance to the
fourth bump was 16 times the distance to the rst bump, andrsdlais allowed him to deduce what is now
calledGalileo's law: the total distance& covered in time is proportional to the square of the time:

(@5.1)

45.2 Modern Treatment

Developments in the theory of classical mechanics sincég®altime allow us to investigate his experiment
in more detail. For one thing, we now know that the propomiay constant in Eq. (45.1) ia=2, wherea is
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the acceleration of the ball down the incline; Galileo's ldngn becomes
1 2
x D > at-: (45.2)

Furthermore, we now know that the acceleratéoof a solid ball rolling down an inclined plane is given
by

e T (45.3)

whereg is the acceleration due to gravity (9.8 AYs is the inclination of the inclined plané., is the
moment of inertia of the ball about its center of mads,is the mass of the balR is the radius of the ball,

and I em=-MR?/. For a solid spherical ball, we know
2 2
lem D g MR <; (45.4)
S0 I .m=-MR?/ D 2=5 the acceleration of a solid ball down an inclined plane &¢fore
5
abD - gsin : (45.5)

Galileo's law for a solid ball rolling down an incline thendmmes

x D % at? (45.6)
1 5
D 5 39 sin t? (45.7)
S H 2.
D IV .gsin/t-~-: (45.8)

Usingg D 9:8m/$ and D 4 for Galileo's incline, we get
x D 0:244 ¢; (45.9)

wherex is in meters and is in seconds.
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Chapter 46

The Coriolis Force

46.1 Introduction

Imagine you're on a rotating merry-go-round, and you throal to another person who's on the opposite
side of the merry-go-round. If you aim directly at the othergon, you'll miss them—the ball will travel in
a straight line relative to the ground, but the merry-goadwill have rotated during the time the ball is in
the air. Relative to the merry-go-round, the ball will appeamove along a curved path. You can attribute
this curvature to a “ ctitious force” called th€oriolis force The Coriolis force is not a real force—it's just
an artifact of viewing the ball's motion in a rotating refaoe frame. The ball really moves in a straight line
relative to the ground.

So in the rotating reference frame of the merry-go-round;li/see the ball move in a curved path, which
can't happen unless there is a “force” present. We can coenthe magnitude of this Coriolis force by
considering the following situation. Suppose you're at tieater of the merry-go-round, and throw a ball
outward with velocity while the merry-go-round is rotating with an angular vetgei . After a timet, the
ball will have moved a radial distanceD vt. Attimet, a point on the merry-go-round a distamciom the
center will have moved through an arc length

sDr (46.1)
D r.et/ (46.2)
D .vt/et (46.3)
D evt 2: (46.4)
But under a constant acceleratian we know
1
sD 5actz: (46.5)

Comparing Eqg. (46.4) with Eq. (46.5), we deduce that thedisracceleratiora. is given by
a; D 2ev: (46.6)

More generally, in terms of vectors, the Coriolis acceieravectora. is given by

lacD 2.+ V| (46.7)

From Newton's second law, the corresponding Coriolis fdfg¢®n a body of masm is then

[FeD 2m. v/ (46.8)
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46.2 Examples
Golf

For example, suppose we're on the surface of the Earth, indhnern hemisphere, and hit a golf ball due
south with velocityv. Since the Earth rotates to the east, the Earth's angulacitglvectors is along the
Earth's axis, northward out of the north pole. Then by Eq.&46there will be avestwardCoriolis force
acting on the golf ball, equal in magnitude to

Fec D 2mev sin'; (46.9)

where' is the latitude andn is the mass of the golf ball. This will cause the ball to slice tight. The effect
is very slight, though. For example, given the rotation witthe Earthe D 7:2921 10 ° rad/s, the mass
of the golf ballm D 45g, a typical ball speed D 50m/s, and a latitude df D 39 , the Coriolis force only
amounts td=; D 206:5 N, or about 0.05% of the weight of the golf ball.

The Coriolis force is zero at the equator, and greater atdnitgitudes. In the southern hemisphere, the
Coriolis force will cause a slight hook of the ball to the Jafither than the slice it will experience in the
northern hemisphere.

Weather

By Eg. (46.8), we can see that in the northern hemisphereygients moving northward are de ected to the
east; eastward currents are de ected to the south; southeuarents are de ected to the west; and westward
currents are de ected to the north. If a low-pressure area$an the atmosphere, then the pressure gradients
will cause the air currents to ow toward the center of theaareut because of the Coriolis de ections, the
result will be that the air currents will ow counter-clockse, creating an air pattern calledyclonearound
the low-pressure area. Similarly, in the southern hemisgployclones will be air currents rotating clockwise.
Hurricanes, tornados, water spouts, and whirlpools adtentounterclockwise in the northern hemisphere
due to the Coriolis force (and clockwise in the southern lspimere).
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Chapter 47

Angular Momentum

47.1 Introduction

The rotational counterpart of momentum is calltular momentumJust as linear momentum is de ned
as the product of mass and velocity D mv), angular momenturh is de ned as the product of moment of
inertia and angular velocity:

LD I (47.1)

More generally, angular momentum, like linear momentumvsa@or quantity:

(47.2)

Sl units for angular momentum are ks *, or N ms.
Angular momentunt. is related to linear momentumaccording to

LDr p: (47.3)

If you recall, Newton's second law of motion states thaD dp=dt, whereF is force andy is momen-
tum; in the special case where mass is constant, this retim€e® ma, wherea is the acceleration. There
are analogous formulae in rotational motion, which can bevdéty taking the time derivative of Eq. (47.3):

dL dp.

—Dr — 47.4
dt dt ( )
The right-hand side is the torque; the result is the rotafiform of Newton's second law:
dL
D —; 47.5
T (47.5)

where is torque and_ is angular momentum. In the case where the moment of inerttamstant, this
reducesto D | ,where isthe angular acceleration.

47.2 Conservation of Angular Momentum

Angular momentum, like linear momentum, icanservedvector quantity: in a closed system (in which
no angular momentum enters or leaves the system), the tajalax momentum is constant. Since angular
momentum is a vector, this means that the following are albeoved:

196



Prince George's Community College General Physics | Sim@gs8impson

» The vector angular momenturn;
» The magnitude of the angular momentum,and
» Each component of the angular momentury, Ly, andL - .

In a closed system, angular momentum may be transferred drambody to another, but thietal angular
momentum—the sum of the angular momenta of all bodies inythiEesr—will remain constant.

As acommon example, conservation of angular momentunuigilited by the spinning of a gure skater.
As she's doing a spin, a gure skater will rotate about a \eattaexis. As she brings her arms in closer to her
body, the gure skater decreases her moment of inertia. By(£43), if the moment of inertib decreases,
then the angular velocity must increase in order to keep the angular momerituconstant.
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Chapter 48

Conservation Laws

There are four conserved quantities in classical physics:
* Energy
* Linear momentum
» Angular momentum
* Electric charge

Two of these (energy and electric charge) are scalar qiemtihe other two (linear momentum and angular
momentum) are vector quantities.

We've seen the rst three of these quantities in this courgeu’ll meet the fourth — conservation of
electric charge — in General Physics II.

In addition to these four, there are a few more esoteric gwagen laws related to particle physics; but
these conservation laws are beyond the scope of this course.
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Chapter 49

The Gyroscope

49.1 Introduction

A gyroscope(from the Greek o0& , “aring,” and o ! , “see”) is a wheel attached to an axle; the
wheel and axle are spun to rotate at an angular veldgityo that the gyroscope has an angular momentum
L D I! , where the moment of inertih  MR?. The gyroscope has various uses as a children's toy
(where it is similar to a top), as an apparatus for demonstyadrinciples of physics, or as an instrument
for navigation. The Hubble Space Telescope, for exampkeshagyroscopes on board that are used to help
determine thattitudeof the spacecraft (its orientation in space).

49.2 Precession

The gyroscope can be used to illustrate some propertiegaifrrg bodies. For example, suppose the axis of
the gyroscope is held vertical, and the axle is supporteu tfee bottom end only. If the gyroscope is not
spinning, then the instrument is unstable: the slightestaiment from a perfectly balanced vertical position
will cause it to topple over. But suppose we set the gyrosampening rst, then set it down so the axle
is vertical and supported from the bottom end. The instrumadhstill tend to topple over, but in doing so

it will pivot about the bottom end of the axle, creating a teecpbout that point. The spinning gyroscope
already has an angular momentunthe torque D dL=dt due to gyroscope wanting to tip over causes the
instrument's angular momentum to change with time, caugitgmove in a circle.

For example, suppose the gyroscope is vertical and spirmoingterclockwise as seen from above. Then
by the right-hand rule, its angular momentum vedtqroints upward. If you're watching the gyroscope from
the side and it begins to topple over to the right, then theagtorque vector pointing away from you. Since

D dL=dt, this means the torque and the change in angular momentutmesii the same direction, so the
gyroscope will start to rotate away from you. Essentiallyfidlling over of the gyroscope is turned sideways,
causing the gyroscope to describe a circular motion cgliedession

The angular velocity vectdrp of this precession is found to satisfy

D!, L: (49.1)
Solving for the magnitude of the angular velocity of the jesion!  , we nd

MgD
L sin

I'p

(49.2)

whereM is the mass of the gyroscope whegl,is the distance between the bottom end of the axle and the
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Figure 49.1: Motion of a gyroscope. By the right-hand rube, angular momentum of the wheel is to the left.
The torque vector due to the gyroscope tipping over is hateptoward the observer. This torque vector
“pushes” the angular momentum vector around counterclggkvas shown; the resulting motion is called
precession(From Ref. [15])

wheel,L is the angular momentum of the gyroscope about its axis, dadhe angle of the gyroscope axis
from the vertical.

49.3 Nutation

As the gyroscope tips over, this “tipping over” motion isrted sideways, resulting in the precession just
described. But in general, the tip of the gyroscope axistetitl to “overshoot” the nominal plane of preces-
sion, causing the gyroscope to momentarily dip below thasglbefore moving back upwards. The resulting
motion, callednutation is a kind of “nodding” of the axis up and down, superimposedh® precessional
motion. The actual motion of the gyroscope axis will beyaloid superimposed on the circular precessional
circle.
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Chapter 50

Elasticity

50.1 Introduction

We have generally been treating solid bodies as if they anététy rigid, and do not deform when forces
are applied to them, and this is often not a bad approximaBomin the real world, solid bodiedo deform
somewhat, and we sometimes need to allow for these defametiects. Elasticityrefers to the ability of

a material to be deformed somewhat, then return to its aalgitate. Broadly speaking, we applystiess
(deforming force) to a body, which producestsain (deformation). The body responds following a law
similar to Hooke's law:

0.

where is the stress, is the strain, ané is theelastic moduluswhich takes the place of the spring constant
in Hooke's law.
In Eq. (50.1), the stress and elastic modulugE both have units of N/dt the strain' is dimensionless.
There are different types of stress, depending on the mdifaachich the body is deformed. The three
main categories are (1gngitudinal(or normal) stress, (2jransversgor sheal) stress, and (3)olumestress.
In all cases, the stressis de ned as the forc& applied to the body, divided by the ar@aover which the
force acts:

F
D —: 50.2
- (50.2)

There are three types of elastic moduli, depending on tesstnvolved: theroung's modulusshear
modulusandbulk modulusThese moduli are described below.

50.2 Longitudinal (Normal) Stress

In longitudinal(or normal stress, the applied forcem®rmal(perpendicular) to the surface.

Imagine a metal rod, for example: pulling on both ends of tiek(s0 as to stretch it to a longer length)
is calledtensile stresslf instead wepushthe ends of the rod together (so as to compress the rod to geshor
length), it is calledcompressional stresdn either case, the are&in Eq. (50.2) is the cross-sectional area
of the rod; the longitudinal stress is then the force appteeither end of the rod divided by the rod's
cross-sectional area.
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Strain

When applying a longitudinal stress to the rod, it changemfits original lengthL o to a new deformed
lengthL . Then the longitudinal straitis de ned by

oL

"D ;
Lo

(50.3)

whereeL D L Lg is the change in the length of the rod from its original lengtid will be positive for
tensile stress and negative for compressional stress.

Young's Modulus
In the case of a longitudinal stress, the appropriate elastidulus is th&’oung's modulu¥':

FnLo .

YD
AsL

(50.4)

HereF, is the force applied normal to the ar8al ¢ is the original (unstressed) length of the radis the
stressed length of therod,afld DL Ly.

50.3 Transverse (Shear) Stress—Translational

In transversgor sheal) stress, the applied force [grallel to the surface. There are two types of transverse
stresstranslationalandtorsional In this section we'll examine translational transversess.

As an example of translational transverse stress, imadgoag your physics textbook face-up on a table.
Now put your hand on the front cover and push the cover to tig,rso that the front cover moves to the
right but the rear cover remains stationary on the tablebtién). Now if you look at the bottom end of the
book, it will look like a parallelogram. In this case, theests is given by Eq. (50.2), where the fofeds the
component of the force parallel to the surface (front cofeéhe book), andA is the area of the surface (the
area of the book cover).

Strain

For translational transverse stress, the strain is theean(jh radians) by which the body is deformed (Fig.
50.1). For small deformations, we can write tan D d=I, and so the strain

d=I: (50.5)

Figure 50.1: Transverse shear stress.

202



Prince George's Community College General Physics | Sim@gs8impson

Shear Modulus

In the case of translational transverse stress, the apptemastic modulus is théhear modulu$. Since
the elastic modulus is the ratio of the stress to the stragmave

Fi=A
SD ﬁ; (50.6)

whereF; is the component of the applied force parallel to the #@ed is the displacement of the body, and
| is its thickness (Fig. 50.1).

50.4 Transverse (Shear) Stress—Torsional

The other type of transverse stresddssional stress This is the type of stress produced, for example, by
applying a torque to a bolt with a wrench.

Strain

For torsional transverse stress, imagine we have a rigbaleir cylinder of length, fastened in place at

one end, and with a torqueapplied to the other end. Then the strain is the arc leagtiough which the

cylinder is twisted, divided by the length of the cylinderD s=". If the cylinder is twisted through an angle
, then this becomes

"Dr=" (50.7)

Shear Modulus

In the case of the torsional transverse stress on a cyliridength™ and radiug twisted through an angle
by a torque , it can be shown that the shear modulus is
2°
r4

SD (50.8)

50.5 Wolume Stress

The other types of stress described so far (longitudinati@mgverse) deform a solid body, but do not change
its volume. A third type of stress, thlume stresgor hydrostatic pressuje involves a change in volume. It
typically occurs with the compression or expansion of a gas.

For a gas, the volume stress is just the gas pres3ureressure in Sl units is measured in Pascals (Pa),
named for the French mathematician and physicist BlaiseaPa®ne pascal is equal to 1 N¢m

Strain

For volume stress, the strain is the fractional change inmet
"D W=V (50.9)

wherestV D V \f is the change in volumay is the original (unstressed) volume axidis the stressed
volume. If the gas is compressed, thdh is negative and the stralhis positive; if the gas expands, then
sV is positive and the straihis negative.
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Bulk Modulus

In the case of volume stress, the appropriate elastic medsithebulk modulusB . Since the elastic modulus
is the ratio of the stress to the strain, we have
P

B D : 50.10
V=V, ( )

50.6 Elastic Limit

Rigid bodies can only be deformed by a certain amount beferedeformation becomes permanent. The
maximum stress that can be applied to a material before rhes permanently deformed is called the
elastic limit If a stress less than the elastic limit is applied, then tigytwill resume its original shape once
the stress is removed.

A related quantity is théensile strengthwhich is the maximum stress a sample can endure before frac-
turing.

50.7 Summary

The types of stress are:
 Longitudinal (normal)

— Tensile
— Compressional

» Transverse (shear)

— Translational
— Torsional

* Volume

The following table summarizes the formulae involved in &tity.

Table 50-1. Summary of elasticity equations.

Type of Stress Stress  Strdin  Elastic modulug
Longitudinal (tensile or compressional)F,=A <L=L o Y D FnLp=.AsL/
Transverse (translational) Fi=A d=l S D .F{=A/=d=I/
Transverse (torsional) Fi=A r= SD2=r 4/
Volume P =Vg BD P=.&=Vy/
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Chapter 51

Fluid Statics

51.1 Introduction

A uid is any substance that ows. Although it is usually a liquidabgas, a granular solid or powder can
behave as a uid in certain processes suchuadization. The study of uids and uid ow is its own branch
of mechanics, and an active area of research. In this chaptethe next, we'll present a broad overview of
the basics of uid statics (stationary uids) and uid dynaecs ( uids in motion).

51.2 Archimedes' Principle

One of the simplest principles of uid statics Agchimedes' principlewhich states that if a body is wholly
or partially submerged in a uid, then it is buoyed upward bgwoyant forceB equal to the weight of the
displaced uid:

(51.)

whereB is the buoyant force, and/ D gV is the weight of the displaced uid: is the density of uid
displacedy is the volume of uid displaced, angd is the acceleration due to gravity.

Suppose we have a body of volundeand density , completely submerged in a uid of density .
What will happen? There will be two forces acting on the baithe weight of the body, acting downward
(W D Vo), and the buoyant force, acting upwail D ; Vg). The net forceistheR D B C W D
ot p/Vg. This implies that:

* If , D ¢ (thebodyisthe same density as the uid), then there is ndaree on the body.

* If , < ¢ (thebody is less dense than the uid), then> 0 and there is a net upward force on the
body: the body will oat up toward the surface.

* If > ; (the body is denser than the uid), thénh < 0 and there is a net downward force on the
body: the body will sink.

51.3 Floating Bodies

If a solid body is placed in a uid, it will oat if its density $ less than the uid density. Suppose we have a
body of massn, and voluméy, oating in a liquid of density . Then part of the body will be submerged,

1We take positive to be upward, and negative downward.
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and part will be above the surface of the liquid. How much eflllody will be submerged?

To answer this, le¥s be the submerged volume of the body. Then if the body is inliggiuim, the weight
of the bodym, g (acting downward) must equal the upward buoyant force. Bultthimedes' principle,
the buoyant force is equal to the weight of the displaceddigNow the mass of the displaced liquid is the
displaced volumé/s times the density of the liquidy, and so the weight of displaced uid ¥ 9. Then
since the weight of the body equals the upward buoyant fovedhave

mpg D Vs og (51.2)
Mp D Vs o (513)

To write this another way, note that the mean density of tliyli® , D my=\4. Using this to substitute for
m,, in the above equation, we get

Vi b D Vs o (51.4)
and so

A/

=p-2L (51.5)

Vb 0

In other words, the fraction of the body's volume that is sebged is equal to the mean density of the body
divided by the density of the liquid. The less dense the bdyhigher it will “ride” in the liquid; the denser
the body, the lower it will be submerged.

Example.We use the phrase “the tip of the iceberg” to indicate a sreall pf something much larger.
The phrase has its origin in observation that an iceberginggih water has only a small part of its volume
visible above the water surface. In a real iceberg, how miditheiceberg is above water, and how much is
below water?

Solution. First, note that the iceberg itself is made of fresh wated, iartypically oating in sea water.
The density of ice is abou, D 0:9169g/cn?, and the density of sea water is abat@25g/cn?. Therefore
the fraction of the iceberg that is submerged js ¢ D 0:9169=1:029D 0:895 So an iceberg has about
90% of its volume submerged below water, and about only ab@¥t above water.

51.4 Pressure

PressureP is de ned to be force divided by the area over which that fascapplied:

PD . (51.6)
N .

For a uid, imagine placing a small areainside the uid. Then the pressure at the locatiorAak the force
due to the uid on one side ok on the uid on the other side oA, divided by the ared.

Pressure in Sl units is measured in Pascals (Pa), namedfBrehch mathematician and physicist Blaise
Pascal. One pascal is equal to 1 R/rdther common units are:

» atmosphereél atmD 101;325Pa)

* torr (1 torrD 1 mmHgD 133:3223684210526315789)

* bar (1 barD 100;000Pa; 1 millibarD 100Pa)

* pounds per square indpsi) (1 psiD 6894:7572931683613367P3)
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* inches of mercuryl inHgD 3386:38815789473684210%.)
« dynes per square centimet@yne/cn?) (1 dyne/cd D 0:1 Pa)

The pressur® is sometimes called thabsolute pressurehis is to distinguish it from thgauge pressure
Py, which is the difference between absolute pressure andsainevic pressur,: Py D P Pa.

51.5 Change in Fluid Pressure with Depth

The pressure in a uid in a gravitational eld increases ie thownward direction. A common example is the
pressure of the Earth's atmosphere: atmospheric presshighiest at the surface of the Earth, and decreases
as you go up in altitude. Above a certain altitude (about 8f@@d above sea level), passengers in aircraft
and mountain climbers need extra oxygen to be able to breatheerly. Another common example is well
known to divers: water pressure increases with depth.

We can compute the change in pressure with depth using Aettés’ principle. Suppose we have a uid
like water, and we want to nd how the pressiReancreases with depthfrom the surface. Imagine a slab of
uid (inside the bulk uid) of areaA and thicknessh . We'll call the pressure on the top surfaeg, and the
pressure on the bottom surfag. The net buoyant force on the slab of uid willbEB, P3/A D «PA .
But by Archimedes' principle,

*PA D gA¢h; (51.7)
and so

P

D g: (51.8)

*h
Taking the limitash ! 0, we have

dpP

— D g: 51.9

P9 (51.9)

Constant Density

Let's consider a special case where the densiity constant (as with water, for example). From Eq. (51.9),
we have

dP D gdh: (51.10)

Integrating both sides gives

[P DPyC gh; (51.11)

wherePy is the pressure at depithD 0.

Variable Density

Now consider another special case, where the densityot constant. For a gas like the Earth's atmosphere,
we typically have the density proportional to the pressaeelet's let the density D KP , whereK is a
constant with units ofsm 2. Also, for the atmosphere, it will be convenient to use thwanl-pointing
altitudey D h rather than the downward-pointing depth. Eq. (51.9) therobwes

dpP

~_ D KPg: 51.12
dy g ( )
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Now re-write this as

d?P D Kgdy (51.13)

and integrate both sides; the result is

InP D Kgy CC,; (51.14)
whereC is a constant. Taking to the power of both sides, we get

P D eCe KW (51.15)

If y D 0, then this reduces B D e, soeC is the pressure at D 0, which we'll write asPy. Then the
pressurd® at altitudey is

P D Poe K9 : (51.16)

The quantityH D 1=.Kg/ has units of length, and is called teeale height When the altitudg is equal
to the scale heightl , the pressure willbé=e 0:3680f its value aty D 0. For the the lowest layer of the
Earth's atmosphere (called ttvepospher the scale height is about 8 km.

In terms of the scale height, Eq. (51.16) may be written

51.17)

Equation (51.17) assumes an isothermal (constant tenopeyatmosphere. In reality, temperature decreases
with increasing height at the rate of 0.0085/m in the troposphere. This fact can be used with Eq. (50.9) t
show that
y n

PDPy 1 ) ; (51.18)
where for the Earth's troposphdre D 44;329m andn D 5:255876 This expression for pressure vs. altitude
is part of a numerical model of the atmospheric pressuresitieand temperature of the Earth's atmosphere
called thel.S. Standard AtmosphefRef. [17]).

51.6 Pascal's Law

Another important principle in uid statics iPascal's law It states that when a pressure change is applied
to a uid (as with a piston, for example), the pressure chaisgeansmitted undiminished throughout the
uid and to the walls of the container. In other words, therebthing special happening in the direction of
movement of the piston; the pressure change will be “feltiadly throughout the uid.

208



Chapter 52

Fluid Dynamics

Fluid dynamicsalso termeduid mechanics is a very important and broad study of uids in motion, impac
ing most engineering disciplines, weather and climate rioglecity and home water distribution systems,
etc. Here we will focus on internal ows in piping, tubing, $&s, and ttings transporting a single gas or lig-
uid phase, thereby excluding multi-phase ows such as gpséd, gas-solid, and liquid-solid mixtures. Also
outside the scope of this material is high-speed gas owi¢sand supersonic), hydraulic hammer (liquids),
and open channel ow (culverts).

Fluid dynamics is a complex subject; in fact it's probablg tilmost complex of the physical sciences.
Even fairly simple physical systems can have very commitaolutions, and some subjects, such as uid
turbulence, are a long way from being well understood. Thelysbf uid ow is of great importance in
elds like chemical engineering and meteorology.

The ow of uids can be characterized by a number of propestie

» Steadinessluid ow may be steadyl@minar) or full of irregular eddiest(rbuleny.

» Compressibility.Fluids generally change density with changing pressureh suids are calledcom-
pressible A uid that does not change density with changing presssmailledincompressiblgthis is
sometimes used as an approximation for real uids.

* Viscosity.Real uids exhibit a kind of internal friction callediscositythat measures how “thick” the
liquid is. Honey and molasses, for example, are uids withightviscosity, while water and gasoline
have relatively low viscosity. Viscosity is discussed ittiadkin section 52.5.

» Rotation.A uidis rotationalif it exhibits angular momentum about some point (so thatallspaddle
inserted at that point would begin to rotate). A uid with nach points is calledrotational.

In many cases the uid can be treated as though it had no vigcossulting in frictionless ow. Such a
uid is called anideal uid. The ow of an ideal uid can be incompressible or compressilit is neither
laminar nor turbulent.

Flow in piping may be laminar, transitional, or turbulentarhinar ow is characterized by a parabolic
velocity pro le having a centerline velocity equal to twartés the average (Figure 52.1). Flow is very orderly
and there is no radial or tangential movement. Behavioresligtable with little uncertainly as long as the
uid viscosity is Newtoniani.e., constant, and independent of sheer rate. Most l@segity uids, such as
air, water, alcohol, and gasoline are Newtonian. Laminav is usually associated with low velocities, small
equipment and/or viscous liquids.

Unlike laminar ow, turbulent ow is chaotic, and the techlogy relies on empirical correlations to
predict physical behavior. Wall friction produces eddssne as large as the pipe, which produce smaller
eddies that ultimately dissipate as heat. British physia@svis Fry Richardson said it best:
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Figure 52.1: Laminar uid ow through a pipe. The maximum owelocity vy, is at the centerline and
is equal to twice the average ow velocityFifure from Georgia State University, http://hyperphygsphy-
astr.gsu.edu/hbase/pfric2.himl

Large whirls have little whirls
That feed on their velocity;

And little whirls have lesser whirls,
And so on to viscosity.

Also unlike laminar ow, turbulent ow depends on the suramughness of the containing pipe.
It is also possible to haveansitional ow which switches between laminar and turbulent ow in an
irregular manner.

52.1 The Continuity Equation

Consider a uid owing with velocity v; through a pipe of cross-sectional ardéa. Then in a timest |,
a volumevyetA ;1 of uid passes a xed on that pipe. Now suppose the pipe arestlarger or smaller
pipe of areaA,. If the uid is incompressible, then the same volume mustspasxed point in the new
pipe intimest . Therefore the uid velocity in the new pipe must change teeavivelocityv, that satis es
vietA 1 D vaetA ,, 0rviAp D v Az, Thisimplies that for incompressible uid ow, theow rate Av must
be constant:

Av D constant (52.1)

The ow rate Av has units of volume per unit time @#s). This relation is called theontinuity equation

You may be familiar with this idea in playing with a garden aagith the nozzle removed. Water ows
out of the hose relatively slowly; but if you place your thumier the opening to block most of the ow, then
water squirts out of the small remaining opening at high cigyo

52.2 Bernoulli's Equation

Bernoulli's equationwas developed by 18th-century Swiss physicist Daniel BafnoGiven uid ow in
a pipe that varies in elevation, the equation relates thecitg|] pressure, and elevation as the uid ows
through the pipe. It states

2

P %
— C — Cy D constant (52.2)
9 29
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whereP is the pressure is the uid velocity, y is elevation, is the uid density, andj is the acceleration
due to gravity. Each term in Bernoulli's equation has unftieogth and is called head theP=. g/ termis

called thepressure headthev?=.2g/ term is called theelocity heagdand they term is called thelevation

head

Example.Suppose we have a vertical pipe containing a stationarynpecessible uid of density . How
does the pressufe vary with depthh?

Solution.Let the pressure at depthD 0 bePg. Since the uid is stationary, the uid velocity is zero
everywhere. Then Bernoulli's equation becomes (with h)

Po 0 P 0

c—_—cob—C— h (52.3)
g 29 g 29
Pop Py (52.4)
g 9
PoDP gh (52.5)
P D Py C gh; (52.6)

in agreement with Eq. (51.11).

52.3 Torricelli's Theorem

As another example of Bernoulli's equation, consider armigir lled with liquid, and with a hole in the side
of the cylinder through which the liquid can leak out (Fig.B2 With what velocity does the liquid ow out
of the hole?

We can analyze this using Bernoulli's equation. At the togase of the liquid in the cylinder (which
we'll call elevationy;), the pressure will be atmospheric pressbBge The liquid level drops here as water
ows out of the cylinder, but at a very slow rate, so we'll taltee velocity of the liquid here to be approxi-
mately zero.

At the hole in the side of the cylinder (where we'll call theeedtiony,), the pressure will also be
atmospheric pressuRy, since the hole is exposed to the atmosphere here also.lidjtheis incompressible
with density , then by Bernoulli's equation,

Po 0 Po v2
ECECleECECyZ (52.7)
v2
y1 D 29 Cy> (52.8)
V2
D —: 52.9
yi Yo 29 ( )

Calling the difference in elevatios y; y», we get

vD ' 2gn: (52.10)

This result, calledlorricelli's theoremafter 17th century Italian physicist Evangelista Torriicgives the
uid velocity when the difference between the uid level ihe cylinder and the position in the holeisThe
formula may look familiar: it's the same as the formula foe impact velocity of a point mass dropped from
a heighth.

In Fig. 52.2, the water leaving the cylinder follows a patdébpath, just as a projectile would. Using
the constant-acceleration formulae, we nd that if the hsla heighH above the platform, then the amount
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Figure 52.2: Apparatus for demonstrating Torricelli'sahem. (Ref. [16])

of time required for a parcel of Watebto fall to the platfornilee t D P 2H=g. Therefore the horizontal

distance the water travels willbeD v- 2H=g. Substituting the horizontal velocitygiven by Eq. (52.10),
we have the horizontal distangdraveled by the water stream as

xD 2 Hh; (52.11)

where agairH is the height of the hole above the platform, dnis the height of the liquid surface in the
cylinder above the hole.

If the cylinder in Fig. (52.2) is lled all the way to the top drall ve holes in the cylinder are opened,
which stream will travel farthest horizontally? To answhst let's number the top hole 1, the bottom hole 5,
and let's choose a coordinate system witi1 pointing upward and the origin at the platform. If the distan
between the holes &, then the liquid in the cylinder is 3t D 6a, and sch D 6a H ; then by Eq. (52.11),

e Hole1:H D 5a,h D a, sox D Zap 5.
Hole 2:H D 4a,h D 2a, sox D 2aIO 8.

Hole 3:H D 3a,h D 3a,sox D 2aIO 9.

Hole 4:H D 2a,h D 4a, sox D 2aIO 8.

Hole 5:H D a, h D 5a, sox D 2aIO 5.

The water from theenterhole (number 3) will travel farthest, a horizontal distarcB 6a.

Another way to think about this result is that hole 1 is highwabthe platform, but the water velocity is
low, so it doesn't travel very far horizontally. The watelagty is highest at hole 5, but the hole is so close
to the platform that it also doesn't travel far. Hole 3 is a gvomise between height and uid velocity that
gives the maximum horizontal distance.
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Figure 52.3: A siphon. (From Ref. [16])

52.4 The Siphon

A siphon(or syphonfromthe Greek 'l ) is a tube that transfers liquid from a reservoir at highevation
to a reservoir at lower elevation, without the need for a pgrepen though the liquid must travel uphill for
part of the journey (Fig. 52.3).

Itis a common misconception that a siphon works by atmosphegssure pushing the water through the
siphon, but this is not correct; siphons have been known tdeeen in vacuum. It's actually gravity that
allows the siphon to work: water in the downward part of thghsin (thedownleg “pulls” the water in the
rest of the tube along as it falls under gravity.

Siphons must be started or “primed” by lling the siphon tulsih liquid before the siphon works. If
the liquid to be moved is clean water, for example, one mayesiones start a siphon by mouth, creating a
suction on one end as one would use a drinking straw. Onceubieei$ lled, you insert one end into the
source reservoir, lower the other end into the target reserand the siphon will begin to operate. But you
would notwant to start a siphon this way with a toxic liquid such as ¢jaso (Service stations post a notice
near the gasoline pumps, warning “do not siphon by mouth”.)

We can analyze the ow of liquid through a siphon using Bertisuequation, Eq. (52.2). Let's let
atmospheric pressure % and the velocity of liquid through the siphon kie We'll de ne a coordinate
system with theCy axis pointing upward, and with the origin at the surface @& lguid in the higher
(“source”) reservoir, so all elevations will be measuredhwespect to this level. As seen in Fig. 52.3, the
upper end of the siphon tube is immersed in the liquid; leds &'s at a depthd below the surface of the
liquid, so itis at elevatioy D d. Let's call the height of the upper horizontal tube aboveupper reservoir
liquid level h, so it is at elevatioly D h; and let's call the distance between the upper liquid level the
lower end of the downleg, soy D L there. Then applying Bernoulli's equation to various psiatong
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the siphon,
P]_ V2 .
E C E d Dk Upper end of siphorentrancé (52.12)
Po 0 .
E C E CODKk Surface of upper reservoir (52.13)
Pz V2 . . .
E C E ChDk Top . horizontal portion of siphon (52.14)
Po V2 .
E C E L Dk Lower end of downlegexit/ (52.15)

Notice that the constakton the right-hand side is the same for all equations, sinceduations all apply
to the same siphon. We've used the atmospheric pregsiireEqgs. (52.13) and (52.15), because the surface
of the upper reservoir and the exit point are both open totiimesphere. Note also that the velocity of liquid
at the surface of the upper reservoir has been set to zesasthot strictly true because the liquid level in the
upper reservoir is dropping, but the speed with which it drigpvery slow compared to the siphon velocity
v, so we'll set the liquid level velocity to zero as an approatian. Pressur®; is the liquid pressure at the
siphon entrance, arfé, is the pressure in the upper (horizontal) part of the siphon.

Let's try to nd the velocityv of liquid through the siphon. Combining Egs. (52.13) and 152,

Po _ 0 Po V2
ocZcop el L (52.16)
g 29 g 29
V2
0D~ L (52.17)
29
or
p—
vD 2gL: (52.18)

So the velocityv of liquid through the siphon depends only on the distandeetween the upper reservoir
liquid level and the exit end of the siphdn.

Siphons are more complex than this brief analysis wouldcetéi. Pressures in the tubing above the
upper reservoir will be less than atmospheric pressureh@svater rises, gases will be liberated, and with
large values oh, the volumetric gas rate will lower the effective densitytioé water, thereby increasing the
maximum siphon height. When the pressure is near the vapssipre of watetthe water will boil and can
greatly reduce the effective water density. Under someinigtances, this water vapor can collapse violently
in the downleg, causing severe vibration.

There doesn't seem to be a limit to the siphon helghdut 40 ft (12 m) or more are possible. There is no
limit to the length of the downled ; values as high as 200 ft (61 m) have been tested.

52.5 Viscosity

Real uids (especially liquids) exhibit a kind of internaidtion calledviscosity Fluids that ow easily (like
water and gasoline) have a fairly low viscosity; liquidsliolasses that are “thick” and ow with dif culty
have a high viscosity.

Lit's actually a little more com[ﬁiceﬂed than this, becaukilet losses and pipe friction. When considering just thletilosses, the
liquid velocity is limited tovnax D~ gL .
2The vapor pressure of water depends on temperatu®®; at it is 2339 Pa.
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There are two different types of viscosity de ned. The mooenenon isdynamic viscositythe other is
kinematic viscosityBoth are described below.

Dynamic Viscosity

Recall from the study of elasticity (Chapter 50) that wherodybis placed under transverse (shear) stress
D F(=A, the resulting straifi is the tangential displacemextdivided by the transverse distance

DE" (52.19)

Ft X

—DS—; 52.20
A i ( )
whereS is the shear modulus. Fluid ow undergoes a similar kind afahstress; however, with uids, we

nd that the stress is not proportional to the strain, butiterate of changef strain:

F d x Y,
“'p =D (52.21)

wherev is the uid velocity. The proportionality constant, which takes the place of the shear modulus, is
thedynamic viscosityThe Sl units of dynamic viscosity are pascal-seconds (P@tkler common units are
thepoise(1 PD 0.1 Pa s) and theentipoisg1 cPD 0.001 Pa s).

Viscosity, especially liquid viscosity, is temperaturgdredent. You've probably noticed this from every-
day experience: refrigerated maple syrup is fairly thicigihviscosity), but if you warm it on the stove it
becomes much thinner (low viscosity).

The following table shows dynamic viscosities of some comriguids at room temperature. A more
extensive table is given in Appendix 22.

Table 52-1. Viscosities of common liquids (room temperatur

Dynamic viscosity

Liquid (Pas) (cP)
gasoline 5 104 0.5
water 89 104 0.89
mercury 0.0016 1.6
olive oll 0.09 90
ketchup 1.3 1300
honey 5 5000
molasses 7 7000

peanut butter 250 250,000

Kinematic Viscosity

In addition to the dynamic viscosity, one sometimes encounter&iaematic viscosity. The kinematic
viscosity is de ned as the dynamic viscosity divided by tlensity:

D —: (52.22)

Sl units for kinematic viscosity are4rs. Other common units astokeg1 StD 10 4 m?/s) andcentistokes
(1 cStD 10 © n?/s).
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52.6 The Reynolds Number

Experiments have shown that there is a combination of fariofa that determines whether ow of a viscous
uid through a pipe is laminar or turbulent. These four fastean be combined into a single dimensionless
number called th&eynolds numbedrRe, whose value gives an indication of whether ow will be laar or
turbulent:

D
ReD . (52.23)

Here is the uid density,v is the average velocity) is the diameter of the pipe, andis the dynamic
viscosity. Experience shows that, as a general rule of thumb

* Re< 2000: laminar ow
» 2000 < Re < 3000: transition region
» Re> 3000: turbulent ow

In the transition region (Re between 2000 and 3000), the igidnstable and may change back and forth
between laminar and turbulent ow.

52.7 Stokes's Law

Stokes's lawgives the resistive force on a sphere moving through a visaad. It was developed by the
19th century English physicist and mathematician Georgkest Stokes's law states that the resistive force
on the sphere is given by

(52.24)

whereFr is the resistive force on the sphereis its radius, is the dynamic viscosity of the uid, and
is the relative velocity between the uid and the sphere.sTikigenerally valid for low Reynolds numbers
(Re< 1).

Notice that the Stokes's law force is of the form of a Model sistive force described in Chapter 22
(Fr / V), with the resistance coefciertt D 6 r . By Eq. (22.22) the terminal velocity for Model | is
vi D mg=Db; so for a sphere moving through a viscous uid, we have by 8sadaw

mg |
6r

vi D (52.25)

Example.What is the terminal velocity of a steel ball of diameter 1 aitifig through a jar of honey?
Solution.Taking the density of steel asD 7:86g/cn?, we nd the mass of the steel ball as

4 . . 3 .
mD V D %4r 2 D4:115gD 4:115 10 *kg: (52.26)

From Table 52-1, the dynamic viscosity of honey is 5 Pa s; the terminal velocity is then given by Eq.
(52.25):

mg

D 52.27
Vi 6 r ( )
4:115 10 3 kg.9:80 m=5?/
g.9:80 m (52.28)
6.5 Pad05 10 2m/
D 8:56cnFs: (52.29)
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52.8 Fluid Flow through a Pipe

If a viscous uid is owing through a pipe, then there is an aitohal term called thériction headintroduced
into Bernoulli's equation:

P L vz _ v?
—Cf—-——C_—CyD tant 52.30
g D 29 29 y D constarn ( )

where the second term on the left is the friction hdads a dimensionless constant called thietion factor,
L is the pipe lengthD is the pipe diameter, andis theaverage uid velocity (the uid will ow faster at
the center of the pipe than near the edges).

For laminar ow, the friction factorf is given simply by

64
f D— Jami /; 52.31
Re aminar ow/; ( )

where Re is the Reynolds number. For a nonviscous uid, tlseosity D 0, the Reynolds number
ReD1 ,and sd D 0, so that Eq. (52.30) reduces to the previous form of Beriigeljuation, Eq. (52.2).

For turbulent ow, the analysis to nd the friction factor more complicated and depends on the Reynolds
number and the ratio of the pipe surface roughness to pipeedé. There is a general formula due to S.W.
Churchill that gives the friction factdr for all values of Reynolds numbers and all types of ow (laminar,
transitional, and turbulent) through both rough and smeagples. Churchill's equation (as modi ed by L.L.
Simpson to produce accurate results for turbulent ow) is

8 1# 16 9 3=2 1712
64 2 < " 5:02 " 7 09 13269 1=

fD 2 ¢ 2logy — %log. —C c
Re . “%%0 375 Re %90 37D Re Re

(52.32)

where" is the pipe roughness arfitl is the pipe diameter. The friction factor vs. Reynolds nunmibshown
in Figure 52.4.

52.9 Gases

The study of the physics of gases can be fairly involved, angsually studied as part tfermodynamicsor
the study of heat. In this section, we'll cover a few basicganties of gases.

A gasis a state of matter in which the atoms or molecules makinghepges are not attached to one
another, so that they are free to move about independentig air we breath is an example of a gas; it
consists primarily of 78% nitrogen moleculesy(hNaind 21% oxygen molecules £ the remainder is argon
and a few other gases.

Studies of gases in the 18th and 19th centuries revealed bds\w properties of a gas of volurkeand

3Sometimes is called theMoody friction factor Weisbach friction factqror Darcy friction factor. One sometimes also encounters
theFanning friction factorequal tof=4 , and theStanton friction factoequal tof =8 . The Moody friction factor used here is the most
common.
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Figure 52.4: Friction factor as a function of Reynolds numfoe both laminar and turbulent ow. (Ref. [13])

(absolute) temperatutd@ , under a pressuie:

1
P/ v (Boyle's law) (52.33)
P/ T (Amonton's law) (52.34)
VI T (Charles's law) (52.35)

where in each case, the unnamed variablg\(, andP , respectively) is assumed to be held constant. These
three equations can be combined into one, calleiti gas lawthat relates the pressuPe volumeV, and
temperaturd of an ideal gas:

PV D nRT (52.36)

Heren is the number of moles of gas atoms or molecules preseniRdac constant called the (molar) gas
constant; it is equal texactly

R D 8:31446261815324J mol 1 K 1 (52.37)
The ideal gas law is sometimes expressed in the equivalent fo
PV D NkgT (52.38)

whereN is the total number of atoms or molecules of gas presentkanslBoltzmann's constanit is equal
to exactly

kg D 1:380649 10 2 XK (52.39)

4Temperature must be in kelvins (K) for Sl or CGS units, or igmées Rankine R) in English units. FahrenheitF) and Celsius
( C) are not absolute temperature scales, and may not be used he
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The ideal gas law is aaquation of statéor the gas; it assumes the gas is “ideal” — that is, the atoaismg

up the gas are of negligible size, and that the atoms to netdot with each other chemically (only through
collisions). Other equations of state may be used, sucheamthder Waals equation of statkat takes into
account the nite size of the atoms or molecules making upgie and the intermolecular forces between
nearby molecules:

2 vV
pca” Y b DRT (52.40)
\% n

If the coef cientsa andb describing these effects are known, then the van der Waaktien may be a more
realistic equation of state than the ideal gas law.

52.10 Super uids

When liquid helium-4 {He) is cooled below a critical temperature of 2.17 K (called lambda poin}, a
sudden phase transition occurs, and the helium becomesotin exd called helium 11.5 Helium Il is the
best-known example of super uid—a uid with odd properties that are governed by the laws ofrmgum
mechanics.

As helium | is cooled toward the lambda point, it boils vidlgnbut when the lambda point is reached,
the boiling suddenly stops. This is due to a sudden increasigei thermal conductivity of the liquid when
it transitions to the super uid state. The thermal condtittiof super uid helium Il is more that a million
times greater than that of liquid helium I, and helium Il isettler conductor of heat than any metal.

Super uid helium Il is perhaps best known for its unusualcaisity. One method for measuring the
viscosity of a liquid is to allow it to ow through a thin tuber@hannel called aapillary: the more viscous
the liquid, the larger the diameter of the capillary needeg@drmit the liquid to ow. Helium Il can ow
through capillaries much less than In in diameter, and in such experiments behaves as though zeha
viscosity. This ability of helium Il to ow through very tingapillaries is calleduper ow.

Another method for measuring viscosity is to rotate a snydithder inside the liquid; viscosity will cause
the liquid to be dragged along with the cylinder, and a snatthtable paddle placed near the axis of the
rotating cylinder will show whether the rotating cylinderdausing the liquid to rotate. In such experiments,
helium Il doesexhibit some viscosity. No ordinary liquid exhibits thissof dual behavior with respect to
viscosity.

A common model to explaining this odd behavior is called tiie- uid model In this model, liquid
helium 11 is thought of as consisting of two interpenetrgtoomponents: aormal (viscous) component,
and asuper uid (nonviscous) component. In the capillary experiment, ah&/super uid component ows
through the tiny capillaries, but in the rotating-cylindsiperiment, the normal component is dragged along
with the cylinder, causing circulation in the liquid.

Another unusual phenomenon observed in helium Il is catbedduntain effec(Fig. 52.5). A tube with
a porous plug in the bottom is placed inside a bath of heliurA Buper ow of helium is observed to ow
through the tiny (1 m) capillariestoward the heater; upon being heated, the super uid component is
converted to a normal component, and the uid is unable to lm&ck out through the ne capillaries in the
plug. Pressure builds in the tube until the helium squirtsabtihe capillary in the top of the tube, creating a
“helium fountain”. Since the second law of thermodynamteses that heat cannot ow from lower to higher
temperatures, this implies that the super uid componeriesino heat: any heat in the helium Il must be in
the normal component.

Yet another interesting property of helium Il is the fornoatiof a very thin Im called aRollin Im when
the liquid is placed in a container. The Rollin Im will creefp the sides of the container, and if the container
is open, itwill creep back down the outside, so that the neliuvill spontaneously creep out of the container

5Above 2.17 K, liquid helium is a (mostly) ordinary liquid ¢ed helium L
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Figure 52.5: The fountain effect in super uid liquid helium (Credit: NASA)

(Fig. 52.6). The Rollin Im is much less than 1m in thickness; its creeping speed is slow just below the
lambda point, but may reach a speed as high as 35 cm/s at lemipetatures.

Figure 52.6: ARollin Im of super uid helium Il. The Im cre@s up the sides of the container and back down
the outside, collecting in small drops at the botto@redit: Liquid Helium II: The Super uid, University of
Michigan)
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Finally, helium Il exhibits an unusual way of conducting hédormally, substances conduct heat through
diffusion, where the rate of heat ow is proportional to tlesperature difference; but in super uid helium
I, heat is conducted byaves This phenomenon is calletcond soundand no other substance exhibits this
behavior. The speed of second sound is small just below thieda point; at a lower temperature of 1.6 K, it
is about 20 m/s.

It should be kept in mind that the two- uid model of helium lisdussed here is simply modet—a
convenient way of thinking about the behavior of the ligusaiper uid helium Il is a quantum liquid, and a
complete description of its behavior requires the apghcadf quantum mechanics.
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Chapter 53

Hydraulics and Pneumatics

Fluids can be used to practical advantage for construcénio machines. The practical application of
liquid mechanics is calledydraulics

53.1 Hydraulics: The Hydraulic Press

The properties of liquids may be exploited to make it posgsibllift large, heavy objects using a machine
called ahydraulic presqFig. 53.1). Referring to the gure, we know by Pascal's ldvat pressur®; must
be equal to pressuf;:

P, D Py: (53.1)
Therefore
Fi  F2
— D —; 53.2
A C A, (53.2)
whereA; andA; are the cross-sectional areas of the pistons on the leftightd Solving forF1, we nd
A
F. D l:2_1: (53.3)
Az

SinceA; > A, the forceF; is multiplied by the factorA,=A;. One may place a heavy object like an
automobile on the right, and lift it by applying a relativedgnall force on the left. The price for gaining this
multiplication of force is that the piston on the left mustrbeved through a greater distance than the object
on the right will be raised. To nd the distandg through which the piston on the left must be moved in order
to lift the object on the right a distanck, we note that the liquid is essentially incompressiblergfare the
volume change on the left must equal the volume change orighie r

A]_d]_ D Azdz: (534)

Therefore the distana#; is

di D dy—: 53.5
1D d” (53.5)
We can nddj in terms of the ratio of forces using Eq. (53.3) to substifated,=A; ; we get
F
dy D dp—2: (53.6)
F1
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Figure 53.1: The hydraulic pres&redit: HyperPhysics project, Georgia State UniversRgf. [9]).

Figure 53.2: An automobile on a hydraulic pre§Sredit: HyperPhysics project, Georgia State University,
Ref. [9]).

Example.Suppose the piston on the left has a diameter of 10 cm, anddtomn the right has a diameter
of 1 m. What force must be applied on the left to lift a 1000-k¢panobile on the right? (See Fig. 53.2.)

Solution. The automobile has a weight D mg D .1000kg/.9:8 m=s’/ D 9:8 10° N. The area
A1 D r2=4D .=4/0:1 m/2D .=4/ 102 m2. Theareadd, D r 2=4D .=4/1 m/2 D =4 m?.
The forceF; is then

A
F1DFp-t (53.7)
Az
=4 10 2m?
D98 18N _—— —_™ (53.8)
=4 m?
D 98N: (53.9)

In this case, the piston on the left must be pushed in 1 m tthiéfcar by 1 cm.
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53.2 Pneumatics

The science of the mechanical properties of air (or othestielauids) is calledpneumaticgafter the Greek
word , meaningdoreathor air). It is a counterpart of hydraulics, but using air insteadvater as the
working uid. The primary difference between the two uids that air is fairly compressible, while water is

largely incompressible.
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Chapter 54

Gravity

54.1 Newton's Law of Gravity

The English physicist Sir Isaac Newton developed his thebthe gravitational force in his famous work
Philosophige Naturalis Principia Mathematicén modern language and notation, it states that the fBrce
between two point masses; andm, separated by a distanceas given by

mims

FDGrz'

(54.1)

where G is the universal gravitational constait67430 10 '* m® kg ! s 2. Here we take the usual
convention in one dimension, where a negative force isaiteg and a positive force is repulsive. Since
mass is always positive, the gravitational force is alwaysetive.

In vector form, Newton's law of gravity becomes

Fi2D G mi;nz Q2; (54.2)

whereF;, is the force on mass 1 due to mass 2, &3ds a unit vector pointing from mass 1 to mass 2.
From Newton's law of gravity, we can deduce the acceleratioa to gravity at the Earth's surface. The
gravitational force between the Earth of m&d&s and an object on the surface of masss (in magnitude)

M m
Rz '

FDG (54.3)

whereR is the radius of the Earth. By Newton's second law, the gaticihal force orm at the Earth's
surface i D ma D mg, sog D F=m, and we have

GM
RZ

gD D 9:8m=s*: (54.4)

54.2 Gravitational Potential

Sometimes it is useful to de ne gravitational potentialwhich is a property of space, rather than a property
of the bodies present the way force and potential energyTarend the gravitational potential, suppose we
have a massn creating a gravitational eld in space. We put a small “tesissi’ my in space near mass
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m, determine the gravitational potential energy on the tesardue tan's mass, and divide the resulting
potential energy byng. The result is the gravitational potent@l For a point masa,

G
GD r—m: (54.5)

54.3 The Cavendish Experiment

Determining the universal gravitational const&his a fairly dif cult problem because of the weakness of
the gravitational force. The problem was solved in a famogseement by the English physicist Henry
Cavendish. In his experiment, Cavendish attached two he@mgses to the ends of a rod; the rod was
then suspended at its balance point from a vertical wirewlaatattached to the ceiling, forming a torsional
pendulum. Two very large stationary masses were then plaertto the two suspended masses, so that
each mass on the rod was adjacent to one of the large statioreeses. The gravitational attractive force
between the masses caused the rod to rotate slightly. Fromikg the masses, their separation, the torsional
“Hooke's law” constant , and the angle of rotation, Cavendish was able to deterrhmealue ofG.

54.4 Helmert's Equation

The acceleration due to gravigyis
M . 2
gb GR—2 D 9:8m=s"; (54.6)

to two signi cant digits, whereM is the Earth's mass ard is its radius. But what if we want to use a
more exact value fog?

You might be tempted to use a value found in some referencksbgoD 9:80665m/<, but that would
actually be wrong. This value is just a standard value usethi®de nitions of some units (for example,
in the conversion between pounds-force and newtons). Youldmever use this value in a physics formula
that containg as the acceleration due to gravity—it's only used when daogrtgin unit conversions.

The acceleration due to gravity at the surface of the Earth varies over the surface of thehEarta
number of reasons:

1. As you get closer to the equator, the Earth's rotation gats larger, resulting in a greater centrifugal
force that counteracts gravity. This has the effect of rauyg closer to the equator.

2. Also, the Earth has an equatorial bulge due to its rotatiorthat you're farther from the center of the
Earth near the equator. This also has the effect of redugitigser to the equator.

3. There is also an elevation effect: the higher you are ivedilen, the smalleg is.

These effects can be approximately accounted for usinguatien calledHelmert's equationAccording
to Helmert's equation, the acceleration due to gravity vegiby

g D 9:80616 0:02592&0s2 C .6:9 10 °/cof2 .3:.086 10 ®/H m=s*; (54.7)

where is the latitude andH is the elevation (in meters) above sea level. For exampié,digo, Maryland,
the latitude is 38:898and the elevatioi is about 174 feet (53.0 meters). Substituting these vahuies i
Helmert's equation, we ndy at Largo is about 9.80052 ni/sIn other cities around the world, the value
ranges from 9.779 migMexico City) to 9.819 m/5 (Helsinki). For most problems we just use an average
value of 9.8 m/4. (You shouldnever round this to 10 mA unless you're doing a very rough order-of-
magnitude estimation.)

226



Prince George's Community College General Physics | Sim@gs8impson

54.5 Earth Density Model

Suppose we have a uniform, spherical body (such as a pldreijiosR and mas$ . What is the acceler-
ationg due to gravity as a function aeffor r both inside and outside the body ( r < 1 )?

First, consider the case where wensidethe body (  R). In this case, the acceleration due to gravity
atr isg.r/ D Gm=r?, wherem is the total mass inside a sphere of radius

mD 3r 3 (54.8)

where the (uniform) density D M:.% R 3/. Thus
GM
g.r/ D ﬁr 0 r<R/ (54.9)

so inside the bodyg / r.
Second, consider the case where we'rgsidethe body ( > R ). In this case, the total mass inside a
sphere of radius isM , and so

GM
g.r/ D — r R/ (54.10)

so that outside the bodg, / 1=r?. The maximum value of is at the surfaceg D GM=R? atr D R
(Figure 54.1).

Acceleration due to Gravity vs r for a Uniform

Figure 54.1: Acceleration due to gravity for a uniform sggher

However, planetary bodies are generally not uniform. Fangxe, the Earth has a higher density closer
toits core, and its density decreases closer to the sui@awedensity model of the Earth given by Dziewonski
and Andersohis shown in Figure 54.2. We can use this density model to coengmore realistic model of
g.r/ inside the Earth:

z

g.r/ D
0

z z,

"G.r/ "G.r/
dv D 4r?drD4G r/dr (54.11)
0 0

r2 r2

The result is plotted in Figure 54.3. We see that in a moréstgamodel of the Earth's interior, the maximum
value of the acceleration to to gravigyoccurs just outside the outer core, whgr® 10:7m/<.

1Dziewonski, A.M., and Anderson, D.L., Preliminary Eartfierence modelPhysics of the Earth and Planetary InterigB5 (1981)
297-356.
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Earth Density vs r
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Figure 54.2: Earth density model (Dziewonski and Anderd®8.1.)

Earth Acceleration due to Gravity vs r
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Figure 54.3: Modeled acceleration due to gravity for Earth.
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54.6 Escape Velocity

Theescape velocitis the initial velocity a particle must have to escape theityaf its parent body. Typi-
cally it refers to the initial velocity a particle must havetlae surface of a planet in order to leave the planet
forever, and never be pulled back by the planet's gravity ffarticle leaves the surface of a planet with an
initial velocity equal to the escape velocity, then the badly move more and more slowly as the particle
moves farther from the planet, nally reaching a velocityzefro atr D 1 . (We assume only the particle
and the planet are present, and ignore all other bodies.)

To compute the escape velocity, consider running the pnolléh time running backwards: the body
starts atr D 1 with zero velocity and fallsoward the planet. The impact velocity from in nity will be
the same as the escape velocity. Now & 1 , the potential energ) D GMpm=r D O, whereM; is
the mass of the planet amd is the mass of the patrticle. Since the particle is at rest@t1 , the kinetic
energy there is also zero, so the total mechanical erter@yU D 0. Now let the particle begin falling from
r D 1 under the in uence of the planet's gravity, until it impadtse planet at D R,, whereR;, is the
radius of the planet. At the point of impact the potentialrggesU D GM,m=R,, and its kinetic energy
willbe K D mv2=2 wherev, is the impact (escape) velocity. By the law of conservatibenergy, the total
mechanical energy atD 1 must be the same as itisaD Rp:

1 GM
KCUD =mv?2 pM
Rp

5 D 0: (54.12)

Solving for the escape velocity, we nd

S

Ve D

2GM,
Rp

: (54.13)

For the Earth, for example, we have (from Appendix G, D 3:986005 10 m®s 2 andR, D
6378:140 10° m; substituting these values into Eq. 54.13, we nd the esaagbocity for Earth ise D 11:2
km/s. In other words, if you were to re a projectile from therface of the Earth with an initial velocity
of 11.2 km/s, it would be able to escape the Earth's gravibjing more and more slowly the higher it goes,
nally comingtorestatr D1 .

54.7 Gauss's Formulation

It is possible to re-cast Newton's law of gravity into a difet mathematical form using a mathematical
theorem known assauss's law This isnot a separate theory of gravity—it is still Newton's law, but in
different mathematical clothing. This form of Newton's la gravity lets us easily solve some problems
that would be fairly dif cult using Newton's original formiation.

An alternative formulation of Newtonian gravity is Gaudsi# for gravity. It states that the acceleration
g due to gravity of a mass (not necessarily a point mass) is given by

g ®AD 4Gm (54.14)

S

This equation requires a bit of explanation. The circlegégnél sign indicates an area integral evaluated
over aclosedsurfaceS. A closed surface may be a sphere, cube, cylinder, or somguilar shape—any
closed surface that has a well-de ned “inside” and “outsidée integral is an area integral: we imagine that
the surfaces is divided into many in nitesimal squares, each of which hasadA. Performing the integral
means summing up the integrand tinad#s over the entire closed surfa&e
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The vectorg is the acceleration due to gravity, asector. The vector always pointewardthe mass.

The vectom®is aunit vector perpendicular (“normal”) to the surfa& and pointingoutwardfrom S.

On the right-hand side of Equation (54.14), we nd familianstants ( andG), along with massn.
Herem is the total massidesurface S. It doesn't matter what shape the nmass, or how it is distributed,;
m is just the total mass inside surfaSe

So Gauss's law for gravity says this: we're given some nmss/hich may be of some arbitrary shape.
Now imagine constructing aimaginarysurfaceS around massn (a sphere, or any other closed shape).
Divide surfaceS into many in nitesimally small squares, each of which hasaadA. At each square, draw
a unit normal vecto®that is perpendicular to the surface at that square's loesatind which is pointing
outward fromS. Let g be the acceleration due to gravity at that square. If we tagelot product ofy and
©at that square, multiply by the area of the squie then sum up all of those products for all the squares
making up surfacé&, then the result will be 4 G times the total mass enclosed 8y

This law applies in general, but in practice it is most usé&ulnding the acceleration to to gravity due
to a highly symmetrical mass distribution (a point, sphéres, cylinder, or plane of mass). In these cases,
the integral is particularly easy to evaluate, and we caityesdve forg in just a few steps.

Point Mass

For example, let's use Gauss's law to nd the acceleratjpodue to the gravity of goint massm. Since
F D Gmm®%r? andF D m%, the result should be

Gm

TR (54.15)
We begin with a point mass sitting in space. We now need to construct an imaginary dicsefaceS
surroundingm. While in theory any surface would do, we should pick a swefdmat will make the integral
easy to evaluate. Such a surface should have these prapertie

1. The gravitational acceleratianshould be either perpendicular or paralle&@verywhere.

2. The gravitational acceleratianshould have the same value everywheresor(Or it may be zero on
some parts 08.)

3. The surfaces should pass through the point at which you wish to calculageaicceleration due to
gravity.

If we can nd a surface5 that has these properties, the integral will be very simplevialuate. For the
point mass, we will choos8 to be asphereof radiusr centered on mass. Since we knovg points radially
inward toward masa, it is clear thag will be perpendicular t& everywhere. Also, by symmetry, it is not
hard to see thag will have the same value everywhere $n

Ha}ving chosen a surfac let us now apply Gauss's law for gravity. The law states that

g ®AD 4Gm: (54.16)
S

Now everywhere on the sphefe g ®©D g (sinceg and®are anti-parallel—-g points inward, anadpoints
outward). Since g is a constant, Eq. (54.16) becomes
I

g dAD 4Gm: (54.17)
S

Now the integral is very simple: it is jusiA integrated over the surface of a sphere, so it's just the@fraa

sphere:
I

dAD 4r 2 (54.18)
S

230



Prince George's Community College General Physics | Sim@gs8impson

Equation (54.17) is then just
g4r? D 4Gm; (54.19)

or (cancelling 4 on both sides)

G
gD r_;n (54.20)

in agreement with Eq. (54.15) from Newton's law.

Line of Mass

The Gaussian formulation allows you to easily calculategravitational eld due to a few other shapes.
For example, suppose you have an in nitely lditge of mass, having linear mass densitykilograms per
meter), and you wish to calculate the acceleratjodue to the gravity of the line mass at a perpendicular
distance of the mass. The appropriate imaginary “Gaussian surfada’this case is a cylinder of length
and radius , whose axis lies along the line mass. In this case, everyadieng the curved surface of cylinder
S, the gravitational acceleratign(pointing radially inward) is anti-parallel to the outwardrmal unit vector
© Everywhere along the at ends of the cylind®r the gravitational acceleratianis perpendicularto the
outward normal vectofg so that on the endg, ®©D 0, and the ends contribute nothing to the integral. We
therefore need only consider the curved surface of cyligder

Now apply Gauss's law:

I

g ®AD 4Gm: (54.21)
S

Sinceg is anti-parallel ta®along the curved surface of cylind8t we haveg ©D g there. Bringing this
constant outside the integral, we get

g dAD 4Gm: (54.22)
S

The integral is just the area of a cylinder:
I

dA D 2 rL; (54.23)
S

so Eg. (54.22) becomes
g2rL/ D 4Gm: (54.24)

Now m is the total mass enclosed by surf&eThis is a segment of length and density , so it has mass
L . This gives

g2rl/ D 4G.L. (54.25)

Cancelling 2 L on both sides gives

gD ? (54.26)
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Plane of Mass

In addition to spherical and cylindrical symmetry, thisiteique may also be applied to plane symmetry.
Imagine that you have an in nitplaneof mass, having area mass densitykilograms per square meter),
and you wish to calculate the acceleratgpdue to the gravity of the plane at a perpendicular distarfoem
the plane. The approach is similar to the previous caseu @namaginary closed “Gaussian surface,” write
down Gauss's law for gravity, evaluate the integral, andesédr the acceleratiog.

In this case, the appropriate Gaussian surfags a “pillbox” shape—a short cylinder whose at faces
(of areaA) are parallel to the plane of mass. In this case, everywhergydhe curved surface &, the
gravitational acceleratiog is perpendicularto the outward normal unit vecte® so the curved sides &
contribute nothing to the integral. Only the at ends of th#qmx-shaped surfac8 contribute to the integral.
On each endy is anti-parallel ta@ sog ®©D g on the ends.

Now apply Gauss's law to this situation:

I

g ©®AD 4Gm: (54.27)
S
Here the integral needs only to be evaluated over the twondsefS. Sinceg ®D g, we can bring ¢
outside the integral to get
I

g dAD 4Gm: (54.28)
S
The integral in this case is just the area of the two ends o€ylirder,2A (one circle of area from each
end). This gives

g.2A/ D 4 Gm: (54.29)

Now let's ook at the right-hand side of this equation. Thesema is the total amount of mass enclosed by
surfaceS. SurfaceS is sort of a “cookie cutter” that punches a circle of afeaut of the plane. The mass
enclosed bys is a circle of aredA and density , so it has massA . Then Eq. (54.29) becomes

g2A/ D 4G.A (54.30)

Cancelling 2A on both sides, we get

(54.31)

Note that this is a constant: the acceleration due to grafign in nite plane of mass is independent of the
distance from the plane!

In his science ction noveR010: Odyssey Twauthor Arthur C. Clarke describes a large rectangular slab
that has been build by an alien race and placed in orbit ar@upider. Astronauts are able to calculate the
mass of the slab by placing a small spacecraft near the cefrttes large face and timing it to see how long it
takes to fall to the surface of the slab. By approximatingdiaé as an in nite plane, they use Eq. (54.31) to
nd the acceleration; from that and the falling time, theyaalculate the mass. (Actually, Dr. Clarke got the
wrong answer in the book. You may want to nd the book and sgeif can calculate the correct answer.)

Gauss's Law for Electrostatics

You will nd the techniques described here will appear agaityour study of electricity and magnetism.
Classical electricity and magnetism is described by fouagigns calledMaxwell's equationsone of these

is Gauss's lawand describes the electric el produced by an electric charge

E ©AD (54.32)

S 0
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This equation is of the same form as Gauss's law for gravitgverything discussed previously for gravity
also applies here. Although this equation is true in gendrhbs a good practical use for easily calculating
the electric eldE due to a point, sphere, line, cylinder, or plane of electtiarge. To do this, you do
just as we did with the gravity examples: draw an imaginaryss@n surface around the chaxgewrite
down Gauss's Law, evaluate the integral, and solve for thetet eld E. Hereq is the total electric charge
enclosed by5. The electric eldE points away from positive electric charge, and toward riegatharge.
The constanty is called thepermittivity of free spageand has a value @&:854187817 10 2 F/m.

You'll nd more details about Maxwell's equations in GeneRhysics II.

54.8 General Relativity

Our best theory of gravity to date is Albert Einsteigeneral theory of relativity A full description of
general relativity is beyond the scope of this course, asken use of advanced mathematical ideas such as
differential geometry. But brie y, the idea is that mass sesi space and time to become distorted, and it is
this distortion that is the nature of the gravitational farc

The central equation governing general relativity is chtleeEinstein eld equation

1 8G
R -R D
2 g c4

T : (54.33)

The indices and range from0 to 3, and stand for the coordinatesx, y, and”, so that each side of the
equation is & 4 matrix. Broadly speaking, the left-hand side of this equatiepresents the curvature of
space time, and the right-hand side represents the digtibef mass. Here:

* R istheRicci curvature tensqrand describes the curvature of space-time.

» R is thescalar curvatureand is an overall average curvature of space-time.

» g isthemetric tensorand de nes the “distance” between neighboring points icsgtime.
» T isthestress-energy tenspand measures the mass density of matter.

» G is the gravitational constant, aeds the speed of light in vacuum.

In the special case where the gravitational eld is weakait be shown that Einstein's eld equation reduces
to Gauss's law for gravity (Eq. 54.14), i.e. Newtonian gtavi
A few consequences of general relativity are:

» Time moves more slowly in a strong gravitational eld thand weak eld. For example, clocks run
more slowly at sea level than at the top of a mountain.

* Light can be bent by gravity. This was an important early 6égeneral relativity: the amount of light
bending predicted by general relativity was con rmed by mwéng the positions of stars near the Sun
during a solar eclipse in 1919. This effect has been obsereshtly by the Hubble Space Telescope
in the form ofgravitational lensing the gravity of a relatively nearby galaxy will bend the liglom
more distant objects, producing multiple images of theagisbbject.

 Gravitational redshift: light emitted by a massive objeilt tend to be redder than it would be if the
gravity were not present.

* Orbit precession: the orbits of planets “precess” due avitational effects, causing the perihelion
position to slowly move around the Sun. The amount of thisggsion predicted by general relativity
is slightly different than what would be predicted by Newtongravity. The effect is very slight, and
most noticeable in the orbit of Mercury.
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549 Black Holes

A star like our Sun exists in a state of equilibrium: its owa\gty tries to pull the Sun's mass inward toward
the center, but the outward radiation force due to nuclesiofu(which burns hydrogen fuel to create helium,
causing the Sun to shine) is pushing outward. The inward amdard forces are in balance, and the Sun
assumes the shape of a sphere of its current size.

Eventually (about 5 billion years from now), the Sun will raant of hydrogen fuel to burn, and the Sun
will begin to collapse. The collapse will cause the Sun'semat to heat again; the Sun will then enter a
phase where it becomeged giantstar and burns helium as fuel to create carbon and other ledaments.
Once the helium fuel is used up, what's left behind will be astestellar core called &hite dwarf star.
Eventually, over 10 billion years or so, a white dwarf stall ol into ablack dwarfstar?> A similar fate
awaits any star with a mass less than about 4 to 8 solar masses.

For a bigger star (4-8 up to about 10-15 solar masses), the gtavity is strong enough to actually
collapse the atoms in what would have been a white dwarf aetigeof the star's life. The electrons are
pushed into the atomic nuclei, forming essentially a giaditdf neutrons called aeutron star As described
in Chapter 7, neutron star materiakistremelydense.

Stars with an initial mass of greater than about 10—15 soéeases face an even more exotic destiny. The
gravitational force will be so strong that even the neutramscollapsed. Once the star runs out of fuel, the
entire star collapses into a mathematical point callsthgularity. it is essentially a hole punched in space
itself. Surrounding the black hole is a spherical regionpHce called thevent horizopnwhere the force
of gravity is so strong that not even light can escape. Anytenateven light—that crosses inside the event
horizon can never escape from the black hole's gravity, dedtevely becomes cut off from the rest of our
Universe. The radius of the event horizon (called 8vhwarzschild radigyss found by setting the escape
velocity (Eqg. 54.13) to the speed of lightwhich gives

2GM

RD =2

(54.34)

The existence of black holes is predicted by general réfgtiand their reality has been con rmed to
the satisfaction of most astronomers. A well-known exaniplealledCygnus X-1an X-ray source in the
constellation Cygnus.

In addition to the stellar-mass black holes described lasteonomers have recently discovered that most,
if not all, galaxies contain aupermassive black host their center, with a mass on the order of millions or
billions of solar masses. Our own Milky Way galaxy has suchesmassive black hole at its center called
Sagittarius A* with a mass of 4 million solar masses.

We don't know what goes on inside a black hole's event hori&ome astrophysicists believevarmhole
may be formed—essentially a tunnel leading to a distantgfastir Universe, or even to another Universe.
Black hole research is still in its infancy, and is at the frenof astrophysics research.

2No black dwarf stars have yet been detected.
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Chapter 55

Earth Rotation

55.1 Introduction

You already know that the Earth rotates on its axis once e2ériiours. But if you look at the rotational
motion in detail, you nd that it's more complicated than th&Slight redistributions in the Earth's mass
cause changes in the moment of inertia, which are re ecteslight changes in the rotation rate. These
mass redistributions may be seasonal, or unpredictabkimeeevents like mass shifts due to earthquakes
or tsunamis. Even the construction of a dam can cause tirgsunable changes in the Earth's rotation rate.
And besides these short-term events, there a long-ternirgimfithe Earth's rotation due to tidal friction, so
that days are becoming gradually slower over the long term.

In addition, the direction of the Earth's axis itself is mogiaround in a complicated way; the resulting
motions of the axis, callegrecessiorandnutation will be described here.

55.2 Precession

The Earth's rotation axis is currently oriented so that themaxis points near the direction of the star Polaris
( Ursee Minoris, sometimes called the “North Star”). The nartls has noalwayspointed toward Polaris,
though; the Earth's rotation axis actually moves in a biglei(of radius23:5 ) with a period of about 26,000
years; this motion is callegrecession The precession is caused by the gravitational pull by themvend
Sun on the Earth's equatorial bulge.

Because of precession, the “North star” is different stamdifferent times. While it is now Polaris, in
ancient times (c. 3000 B.C.) the “North star” was the starm( Draconis). In the distant future, the
north rotation axis will be near other stars: it will be nearieb ( Cygni) in A.D. 10;00Q and near the very
bright star Vega ( Lyree) in A.D.14;00Q Figure 55.1 shows a star chart with the direction of thelEart
north pole over time.

55.3 Nutation

Superimposed on the long-ter@6;000year) precession of the Earth's axis is a more complicatkdrter-
term motion called thautation It is a complex motion composed of the superposition of sddifferent
harmonic motions, the largest of which has a period of at8udyears. It is generally perpendicular to the
precessional direction, so that it is a kind of “nodding” unglalown of the Earth's axis (see Figure 55.2).
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Figure 55.1: Star chart showing the direction of the Eantiogth pole for different years. The movement is
due to precession of the Earth's axis, and has a period ot @&60000years.(Credit: Tau olunga, Wikipedia.)

Figure 55.2: PrecessioR { and nutationl{l ) of the Earth's rotation axiR. The nutationis a small “nodding”
motion superimposed on the larger precessional motiors Ghire shows the general shape of the nutation,
with a period of about 18.6 years; the actual motion, when gedetail, is more complexCredit: ©GNU-
FDL, Wikimedia Commons.)
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Figure 55.3: Polar motion. The dashed line shows the poldaromdor the period 2001-2006. The solid
line shows the drift in the mean pole position over the pei®@80—2006. The axes are in units of seconds
of arc subtended from the center of the Earth (0.1 arBs&meters).(Credit: International Earth Rotation
Service.)

55.4 Polar Motion

In addition to a change in the direction of the Earth's ratataxis described so far, there is also a small
movement of the location of the intersection of the rotagais with the Earth's surface; this movement is
calledpolar motion It consists of three major components:

» An annual oscillation with a period of 365 days, due to srohfinges in the gravitational attraction of
the Sun caused by the eccentricity of the Earth's orbit.

» An oscillation with a period of 435 days, called t@aandler wobbleThis is attributed to factors such
as ocean oor pressure variation and wind.

» Superimposed on these two oscillations is a long-tern, ddfthat the north pole moves in the general
direction of80 west longitude.

The two oscillations “beat” together, so that the pole mamescircle that expands and contracts in diameter
with a frequency equal to the beat frequency (the differéméeequencies of the two motions); therefore the
period of the change in diameter is

1 1 !

3654 2354 D 6years (55.1)

The rate of long-term drift is irregular, but over the lasDM@ars has averaged about 12 cm per year.

55.5 Rotation Rate

As mentioned earlier, shifts in the distribution of the B&rtnass due to earthquakes, tsunamis, or even dams
cause small changes in the Earth's moment of inertia, tieateaected in tiny changes in the Earth's rotation
rate. There are also seasonal variations: ice melts in oméshbere or the other depending on the season,
which also causes small changes in the mass distribution.
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Superimposed on the smaller effects is a long-term slowfrigeEarth's rotation due to tidal drag. As
the Moon pulls on the Earth's oceans, there is a frictiondaneated that tends to slow the Earth's rotation
over long time scales. From the beginning of the Paleoz@idavout 542 million years ago) to the present,
the length of the day (LOD) has been found to be [5, 6, 18]

LOD D 24:00 4:98; (55.2)

where LOD is the length of the day in hours, ands the time in billions of years ago (Ga). (Prior to the
beginning of the Paleozoic era, the slowing of the Earthtation was thought to have been at a slower rate
than this 4.98 hr/Gyr rate.) Using this formula, the day téret the beginning of the Age of Dinosaurs (the
Mesozoic era, about 250 million years ago) was only aboutd22$45 minutes, or an hour and 15 minutes
shorter than it is today.

This slowing of the Earth's rotation continues today, anthissource of some dif culty in timekeeping.
We keep time by very precise atomic clocks, but at the same vtirm would like to keep our clocks in
synchronization with the Earth's rotation. In fact, fortadcal reasons, the Sl second as de ned by atomic
clocks corresponds to the length of the day as it was aroud.1Since the Earth's rotation has slowed since
then, it means atomic clocks are running fast compared t&anth rotation. To accommodate this, we from
time to time inserteap secondito our civil time scale (called Coordinated Universal Enor UTC). A
leap second inserts an extra second at the end of a day (tg@edane 30 or December 31), so that clocks
just before midnight read: 23:59:58, 23:59:59, 23:59:@D00:00. This has the effect of setting the clock
back one second to keep it in synchronization with the Esurtbtation.

The Earth's moment of inertia is roughly constant, so as thehts rate of rotatiod decreases, its
angular momentunh. D I! must also decrease. But angular momentum is conserved;evdoas the
angular momentum go? It turns out that it is transferred ®Nwoon, in the form of increasedrbital
angular momentum. As the Earth'’s rotation slows, the Mocrdes away from the Earth to conserve angular
momentum. This lunar recession has been con rmed usind\Emsed lasers and retrore ectors left on the
lunar surface by thApolloastronauts: the Moon is currently receding from the Eartnrate of about 4 cm
per year. This recession should continue until the Eartbimes tidally locked to the Moon the same way the
Moon is now tidally locked to the Earth: not only will the Mo@hways present the same face to the Earth,
but the Earth will always present the same face to the Moorha@ttpoint, the Moon will appear stationary
in the sky, and from some parts of the Earth will never be \&sib

However, it's not likely that this tidal locking of the Eartb the Moon will ever happen. Calculations
show that it would not occur for another 50 billion yearim about 5 billion years the Sun will reach its red
giant stage, and may expand enough to consume both the Edrth@aMoon.

1For comparison, the current age of the Universe is 13. Dhiljiears.
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Chapter 56

Geodesy

56.1 Introduction

Geodesys the study of the measurement of the Earth, its preciseestaaql the details of its gravitational
eld. With precise determinations of latitude and longituground the globe, geodesists provide a means to
tie together results of local land surveys into a consistaiterent, global system.

Although the Earth is often considered to be a sphere, it ishhulioser to being an oblate spheroid,
bulging slightly at the equator due rotation over time. Theatorial and polar radii, set by the WGS 84
standard, area D 6378:137km andb D 6356:752314&m, respectively. The polar radibsis calculated
from the equatorial radius and a attening parametérThese two radii approximate the Earth's size at sea
level. From them we can calculate the constants given ireTaéi1.

Table 56-1. WGS 84 Derived Constants.

Surface area of oblate spheroid 5:10065622 10% kn?
Volume of oblate spheroid 3:44795987 10 kmd
Mean radius of semi-axes 6371.00877 km
Radius of sphere of equal area 6371.00718 km
Radius of sphere of equal volume  6371.00079 km
Equatorial circumference 40075.0167 km
Polar circumference 40007.8629 km

This oblate spheroid is part of the satellite-based Glolsitioning System (GPS) and serves as the
reference for coordinate calculations. GPS can also be tasestimate elevation; however the accuracy is
reduced, in large part because sea level is not the shapeatilate spheroid, but varies with the gravity,
which in turn varies with latitude and local terrain and grdwcomposition. Sea level is modeled as an
irregularly shaped surface known as tfeoid Its local value is referenced to the spheroid.

The Earth's volume exceeds that of the oblate spheroid dtlesttand volume above sea level, which is
estimated to b&:755 10’ km®, based on the global mean elevation of 231.3 meters.

Note that one fourth of the polar circumference is less then2rore than the pole-to-equator dimension
used to de ne the original meter. A large part of this disenegy is due to a calculation error made during

11984 World Geodetic System.
2The attening factof D .a b/=a D 1=298:257223563 . sob D a.1 f/ .
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the survey that was made in the late 18th century to deterthadistance from the equator to the North Pole
for the purpose of de ning the meter. The resulting errorti@dur current meter being about 0.2 mm shorter
than intended.

In this chapter, we'll examine some formulee used in geodesyd the distance between two points
on the globe. The so-callezbsine formulas a fairly simple method for determining distance along the
Earth's surface, under the assumption that the Earth isfagiaphere. More precise results may be obtained
by usingVincenty's formulgewhich model the Earth as an ellipsoid. Vincenty's formulee much more
complicated, but they have two advantages over the cosinaufa: they give more accurate results, and they
also give thalirectionbetween the two points.

56.2 Radius of the Earth

There is a useful formula that gives the radius of the ERr#it any latitude :
s

.a2cos/2C .b2sin/?2
R./ D 56.1
.acos/2C .bsin/ 2 ( )

where, as before, the equatorial radid 6378:137&m, and the polarradidsD a.1 f/ D 6356:7523142
km (WGS 84).

56.3 The Cosine Formula

The cosine formulafrom spherical trigonometry gives the angular separatietwben two points on the
surface of a sphere, where the apex of the angle is at theradritee sphere. If the two points have latitudes
1 and ; and longitudes 1 andL ,, then the cosine formula gives the angular separation dftbgoints

cos D sin ;1sin o Ccos 1cos , cosLy Lo/ (56.2)

This formula may be used to compute, for example, the angdparation between two stars in the sky,
where D andL D are the celestial counterparts of latitude and longituddeddeclinationandright
ascensionrespectively (see Chapter 57). To nd the distasdgetween two points on the Earth's surface,
convert toradiansanduseD R ,whereR D 6371:0km is the average radius of the Earth.

If the angular separation between the two points is small, better accuracy may bemdddy using the
haversingunction, havx/. The haversine is de ned by

hav  sir? 5 (56.3)

and so the inverse haversine function is given by
havly 2sint? P v (56.4)
Using the haversine function, the cosine formula can beaoeg by

hav D hav. ; o/ Ccos 1cos , havL1 Lot/ (56.5)

3The story of this survey is described in the bddie Measure of All Thingsy Ken Alder.
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56.4 Vincenty's Formulae: Introduction

Vincenty's formulae were developed by the Polish Americandgsist Thaddeus Vincenty in the mid-1970s.
Like the cosine and haversine formulae, they are used tolatdcthe distance between two points on the
Earth's surface. Unlike those formulae, though, Vincentytsnulae model the Earth's surface as an ellipsoid,
and they also provide ttgirectionbetween the two points.

There are two sets of Vincenty's formulee:

» One set solves thdirect problem given one point on the Earth's surface (latitude and lardg), a
direction, and a distance, these equations nd the latiaraklongitude of the ending point.

» The other set solves theverse problemgiventwo points on the Earth's surface (latitudes and longi-
tudes), these equations nd the distance between the twadgais well as the direction from one point
the other.

56.5 Vincenty's Formulae: Direct Problem

In the direct problem, we're given the latitude (north positive) and longitude; (east positive) of one point
on the Earth's surface; a distanseand a direction ; (measured clockwise from north). The goal of the
direct problem is to nd the latitude, and longitudé., of the point you would reach by starting.at;; L 1/
and traveling a distancin the direction ;.

We're also given the following constants that de ne the sapel shape of the Earth ellipsdid:

« Earth ellipsoid semi-major axis (i.e. equatorial radiwsp 6378137:0meters.

» Earth attening factof D 1=298:257223563This is de ned as the difference between semi-major
and semi-minor axes, divided by the semi-major akidd .a b/=a.

We begin by nding the semi-minor axis of the Earth's ellipsoid:
bD.1 fla: (56.6)

Then calculate the following, step by step, working withaadbles irradians

tanU; D .1 f/ tan 1 (56.7)

U; D tan t.tanU,/ (56.8)
tanU

1 D arctan ant (56.9)
COoS 1

sin D cosU; sin 1 (56.10)

co D.1 sin/l1l Csin/ (56.11)

a® b?
u? D .cos / —r (56.12)

4These are the values used for the WGS-84 ellipsoid, used ISyrEteivers.
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AD 1C — _ 4096C u? 768C u2.320 1757/ (56.13)
16384

2

1024

B D 256C u? 128C u%2.74 474/ (56.14)

Then, using an initial value D s=DbA iterate Egs. (56.15) through (56.17) until there is no isbgmt
changein :

2mD2,C (56.15)
n (0]
« DBsin cos2 n/CiB cos 1C2co$.2 m/ 1iBcos2 p/. 3C4si* /| 3C4cos.2 n/
(56.16)
D> (56.17)
bA ‘

Once is obtained to suf cient accuracy, calculate:

0 1

sinU; cos C cosU; sin cos
2D arcta@ g L L L X (56.18)
A

f/ siP C .sinUpsin cosU; cos cos 1/2

sin sin 3

D arctan cosU; cos sinU; sin cos 1 (56.19)
CD ;—60052 4Cf.4 3cod / (56.20)
LD 1 CI/f sin CCsin cos2 n/CCcos. 1C2co€.2 (56.21)
L.DL;CL (56.22)

2 D arctan sin (56.23)

sinU; sin C cosU; cos cos 1

Then. ,;L ./ are the latitude and longitude of the ending point (in rasljan

242



Prince George's Community College General Physics | Sim@gs8impson

Example.If you travel exactly 1000 miles northwest of the soundingkes in Chesapeake Hall at Prince
George's Community Colleg&8 53°17:62N, 76 4923:40%), where do you end up? (Give the answer
as latitude, longitude, and describe the location.)

Solution.The coordinates of Chesapeake Hall arg:D C 38:888228,L; D 76:823167. The given
distance is 1000 mile® 1609.344 km, and the given azimuth D 315. Employing Vincenty's formulse
(direct method), we nd:

b D 6356752:3neters
U, D 38:794230
1 D 48:663693
cos D 0:696266995365
u? D 0:0046924891470
A D 1:0011720921377
B D 0:0011703772996
D 14:482402
2 D 48:206878
D 15:357896
C D 5:84547783404 10 4
L D 15:331156
L, D 92:154324

Hence the ending point is at latitud® 12° 24:76°N, longitude92 09 15:56°W. This is in northern
Minnesota (St. Louis county), within Superior National &st; just a few miles south of the Canadian border.

56.6 Vincenty's Formuleae: Inverse Problem

In the inverse problem, we're given two points on the Earthisface. ;;L1/ and. ,;L»/ and want to
calculate the distancebetween them, as well as the direction from one to the othelll Wse the constants
de ning the Earth's ellipsoid as before:

« Earth ellipsoid semi-major axis (i.e. equatorial radisp 6378137:0meters.

» Earth attening factof D 1=298:257223563This is de ned as the difference between semi-major
and semi-minor axes, divided by the semi-major akidd .a b/=a.

In performing the following calculations, work with all aleg inradians We begin by calculating

U; D tan 1E.1 f/ tan 1¢ (56.24)
U, D tan 1E.1 f/ tan ,e (56.25)
LDL, L, (56.26)
bD.1 f/a (56.27)

Now set an initial value D L. Then iterate on Egs. (56.28) through (56.35) untionverges:

) p - . .
sin D .cosU,sin/ 2C .cosU;sinU, sinU; cosU, cos/ 2 (56.28)
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cos D sinU; sinU, C cosU; cosU, cos (56.29)
D arctanﬂ (56.30)
cos
U U, si
b cosl 1c_os L sin (56.31)
sin
co¥ D1 sir? (56.32)
2sinU; sinU
cos2 n/ D cos £SInta SNt (56.33)
cog
f
CD Ecos2 4Cf.4 3cod / (56.34)
DLC.1 CI/f sin CCsin cos2 ,/CCcos. 1C2coS.2 nll (56.35)
When has converged to the desired degree of accuracy, contitmdatang:
a® b?
u?D .cog / = (56.36)
u2
AD1C 4096C u?> 768C u2.320 175/ (56.37)
16384
2
B D 256C u? 128C u%2.74 474/ (56.38)
1024
n o
« DBsin cos2 n/C3iB cos 1C2co$.2 m/ 1B cos2 m/. 3C4si* /| 3C4cos.2 m/
(56.39)
s D bA. o/ (56.40)
Us si
1 D arctan €05+ Sin (56.41)

cosU; sinU,  sinU; cosU, cos
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cosU; sin
2 D arctan . L . (56.42)
sinU; cosU, C cosU; sinU, cos

Thens is the distance between the two points.

Example.Find the distance between the sounding rocket in Chesaptakat Prince George's Commu-
nity College B8 53°16:87N, 76 49°23:14%) and the top (apex) of the Great Pyramid of Giza in Egypt
(29 58°45:039%N, 31 08°03:69°E).

Solution. The given parameters are the coordinatgsD 38:888019, L; D 76:823094, , D
29:979175,L, D C 31:134358. Employing Vincenty's formulae (inverse method), we nd:

U, D 38:794230
U, D 29:895958
L D 339:15856744
b D 6356752:3neters
D 108:139490
u? D 0:00393162979
A D 1:00098218405082
B D 9:80979613474712310 4
« D 0:054160886
s D 9351378:858neters
1 D 55:910048
» D 131:801775

So the distance D 9351:37885&m (5280 miles, 3576 feet, 10 inches), in the direct&n910048
(10:91 south of northeast).
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Chapter 57

Celestial Mechanics

57.1 Introduction

The area of classical mechanics that deals with the orbastobnomical bodies around each other under the
in uence of gravity is calledcelestial mechanicsCelestial mechanics is a vast (and very interesting) eld;
here we'll get just a taste for how to do some basic calcutatiovhere we examine a simple orbit of one
body around another — the so-called “two-body problem”.

57.2 Kepler's Laws

Kepler's laws of planetary motion were derived by the Gerrasinonomer Johannes Kepler in the early 17th
century, based on astronomical observations made by thisiDastronomer Tycho Brahe. The describe
some of the basic motion of planets orbit the Sun (althougih #pply more generally to any two-body orbit
problem).

Kepler's First Law

Each of the planets orbits the Sun in an elliptical orbit,imtlhe Sun at one of the foci of the ellipse.

Before Kepler's time, it was assumed that the planets movedra the Sun in circles (or circles orbiting
on circles), but the predictions failed to satisfactorilgteh observations. Kepler was the rst to recognize
that the planets did not move in circles, bugitipses

One can derive the equation of the orbital ellipse in plariammordinates, in the plane of the orbit. The
resultis

al e?

_— 57.1
1C ecos 1/ ( )

Here.r; / are the plane polar coordinates of the plarets the semi-major axis of the orbig is the
eccentricity of the orbit, and is the argument of perihelion.

Kepler's Second Law

A line drawn from the Sun to a planet sweeps out equal areagtialéimes.
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The essence of this law is that planets move more slowly wheyire farther from the Sun, and speed
up as they get closer to the Sun. A comet in a highly elliptichit will spend most of its time far from the
Sun, moving very slowly; as it gets close to the Sun, it wikeg up, quickly whip around the Sun, and then
move away again.

Quantitatively, the area per unit time swept out by a linaifag the Sun to a planet is given by

dA 1P ———
— D = GMal €%, (57.2)
dt 2

whereA is the area is the universal gravitational constant, avidis the mass of the Sun. Since everything
on the right-hand side of this equation is a constant, ibfed thatd A=dt is constant.

Kepler's Third Law

The square of the period of the orbit is proportional to théewf the semi-major axis.

This law relates the period of a planet's orbit (i.e. the tiraquired to complete one orbit) to its distance
from the Sun. Mathematically, this law is expressed as

P2/ a3 (57.3)

whereP is the period of the orbit. The proportionality constanngiout to be4 >=GM, so Kepler's third
law becomes

p2p L 5. (57.4)
GM
57.3 Time

The way we measure time for civil use (years, months, daysksyeetc.) is not particularly convenient for
astronomical calculations. A more convenient way to measure is with theJulian day The Julian Day is
simply a count of the total number of days that have elapsesabonon Monday, January 1, 4713 B.C. (by
the old Julian calendar). (Notice that the Julian Day beginoon, not at midnight as on our civil calendar.)
As an example, December 1, 2010 (midnight, beginning of Bz 1) is Julian Day 2455531.5.

The calendar date may be converted to and from the Julian Biang gome fairly simple, well-known
algorithms (see e.g. Meeus, 1991), or by the use of pre-ctedpables.

The Julian day makes it very easy to nd the number of days beiwtwo dates: just convert both dates
to their corresponding Julian day, and subtract. This is bomputer programs like spreadsheets deal with
dates: they store dates internally as Julian Days, and aselatd algorithms to convert to and from the
calendar date that is displayed on the screen.

57.4 Orbit Reference Frames

In order to describe the orientation of an orbit in space, ednto have a reference frame with respect to
which the orbit will be described. Such a reference systedeised by a referencglane and a reference
directionthat lies in that plane. The two common choices areetiigatorialandecliptic reference frames.

In theequatorialreference frame, the reference plane is the plane of thaé'gaduator, and the reference
direction is the direction of theernal equinoxThe vernal equinox is the direction from the Earth to the Sun
on the rst day of spring (around March 21). This equatoriahfie is commonly used for bodies orbiting the
Earth, such as arti cial satellites.
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In theeclipticreference frame, the reference plane is the plane adchptic (i.e. the plane of the Earth's
orbit around the Sun), and the reference direction is agsiing direction of the vernal equinox. The ecliptic
frame is used for most astronomical bodies: planets, coragts

The plane of the equator and the plane of the ecliptic int¢edeng a line, and the direction of the vernal
equinox lies along that line of intersection. The two plaaesseparated by a dihedral angle of ali2816
(the tilt angle of the Earth's axis); this angle is called tidiquity of the ecliptiq").

57.5 Orbhital Elements

Now suppose that we want to describe the orbit of one bodynatanother: for example, the Moon around
the Earth, or the planet Saturn around the Sun. We rst chaosgppropriate reference frame, and then we
need to describe the orbit. The orbit is speci ed using a $§seven numbers called thebital elementof

the orbit, which are described here.

Figure 57.1 shows a typical orbit and reference frame. I thire, thexy -plane is the reference frame
(either the equator or the ecliptic), and thalirection is the reference direction (the vernal equindi)e
orbit plane intersects the reference plane along a lineaaHeline of nodes The point where the orbiting
body moves from below the reference plane to above the referplane is called th@scending nodeand is
markedN in Fig. 1. The opposite point on the line of nodes, where ttdybmooves from above the reference
plane to below is called theéescending node

The point of closest approach of the orbiting body to the @ebbdy is called th@ericenter and the
point of farthest approach is called tapocenter In the case where the body is orbiting the Earth, these are
called theperigeeand apogegrespectively); when the body is orbiting the Sun, thesafscare called the
perihelionandaphelion(respectively). The line connecting the pericenter to fhecanter is called thine
of apsides

Now to the orbital elements. First, we need to specifydizeof the orbit. Bodies in closed orbits always
orbit in ellipses where the body being orbited is at one of the two foci of thipst. The size of the orbit is
speci ed by giving thesemi-major axig of the ellipse.

Second, we need to specify tBhapeof the orbit. We do this by specifying theccentricitye of the
ellipse. The eccentricity is a number between 0 and 1, aneé&sare of how elongated the ellipseéd 0
for a circle, and values o close to 1 are long, cigar-shaped ellipses. The eccentedis related to the
semi-major axis and semi-minor axib of the ellipse by
P az b?

a

eD (57.5)

Next, we need to specify tharientationof the orbit in space. This requires three angles: (1)iticg-
nationi of the orbit with respect to the reference plane; (2)ltrgitude of the ascending noele which is
the angle between the vernal equinox and the ascending magesured in the reference plane; and (3) the
argument of pericenter , which is the angle between the ascending node and the eritpter, measured
in the plane of the orbit. These three angles are illustriaté&dy. 57.1.

Now we've completely speci ed the orbit itself, but we neateamore bit of informationwherethe body
is in this orbit. This requires two numbers: an angle, andne tat which the body is at that angle. The angle
is called themean anomaly at epodH o, and gives the angle from the pericenter to the body (medduare
the plane of the orbit) at a speci egpoch timeTy.

The seven orbital elements are summarized in the table balahillustrated in Figure 57.1.
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Figure 57.1: Orbital elements for a body of masg orbiting a body of massn;. The xy-plane is the
reference plane, andis the direction of the vernal equinox. Shown are the orlglaients,  , and! ,
along with the true anomally . PointN is the ascending node of the orbit. (From McCuskey, 1963.J14]

Table 57-1. Orbital elements.

Element Symbol
Semi-major axis a
Eccentricity e
Inclination [

Longitude of ascending node ¢
Argument of pericenter !
Mean anomaly at epoch Mo
Epoch time To

57.6 Right Ascension and Declination

The goal of the orbit calculation isto nd the position of adyan the sky, given its orbital elements. The nal
result, the position in the sky, will be given in a coordinggstem that is analogous to the longitude-latitude
system used to locate places on the surface of the Earthinmagiating the Earth on its axis until the prime
meridian Q0 longitude) intersects the direction of the vernal equirihxen projecting the lines of geographic
longitude into the sky gives lines ofght ascensiorfor astronomical objects. Similarly, projecting the lines
of geographic latitude into the sky give linesdsclination

Here's another way to think of this: imagine the Earth is ddwlglass sphere, with longitude and latitude
lines drawn on it. Rotate the Earth on its axis until the primeridian intersects the direction of the vernal
equinox, and hold the Earth still at that position. Now if yane at the center of the Earth and look out toward
the sky, the lines drawn on the glass will be lines of rightaston and declination.

Right ascension ranges frobn to 360 , and declination ranges from90 to C90 (whereC is north).
Often right ascension is given in units lofurs rather than degrees (1 hobr15 ). Under this convention,
right ascension ranges from Oh to 24h.

249



Prince George's Community College General Physics | Sim@gs8impson

57.7 Computing a Position

Now let's put all this together and see how you go about comgthe position of a body in an elliptical
orbit — let's say a planet orbiting the Sun — at a tileiven its orbital elements. We begin by computing
the mean daily motiom of the body, which is how many revolutions it makes in its bg#@r day. This is
found from Kepler's third law:

r—
86400 GM
D—— ——; (57.6)
2 as
whereG is the universal gravitational constaM, is the mass of the central body, aads the semi-major
axis of the orbit. The factd86400=2 in front converts to units of rev/day.

Next we nd themean anomali at timet:
MDMyC2nt Tof (57.7)

Essentially what we're doing here is assuming the orbit isrdggt circle; knowing the mean anomaly at
the epoch timéd, this equation nds the mean anomaly at some other time. Here bothM andMg are
in units of radianst andTy are Julian days, amlis in units of rev/day.

Of course, the real orbit is generally an ellipse, not a ejrsb the next step is to adjust the mean anomaly
M to correct it for the eccentricity of the orbit. The resultceled theeccentric anomalf . We nd the
eccentric anomaly by solving the following equation, caleepler's equationfor E :

M D E esinE (57.8)

(HereM andE are both in radians.) Kepler's equation cannot be solve&far closed form, so we need to
make use of some iterative method such as Newton's methazve forE .

Having foundE, the next step is to correct the orbit for the fact that theybisdat one of the foci of
the ellipse, not at the center of the ellipse. This correctives what's called theue anomalyf (again in
radians):

r

f 1Ce E
tan > D 1 etan > (57.9)

The true anomaly is the true polar coordinate of the body, measured from thiegrger to the body, in the
plane of the orbit.
Next we nd radial distance of the orbiting body from the central body:

rDal ecoskE/ (57.10)

The quantities andf are the plane polar coordinates of the orbiting body, witl ¢bntral body at the
origin. The remainder of the calculations are essentialigteof coordinate transformations to nd the right
ascension and declination of the body.

We begin these coordinate transformations by ndingdrgument of latitude (radians):

ubD! Cf (57.11)

Next, we nd the heliocentric cartesian ecliptic coordiesix; y; "/ of the orbiting body:

x D r.cosucoss sinusine cosi/ (57.12)
y D r.cosusine C sinucose cosi/ (57.13)
" D r sinusini (57.14)
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For the orbit of a planet around the Sun, these are the camtesprdinates of the body in a coordinate system
centered at the Sun.

We don't want to know where the body will appear in the sky andeom the Sun, though—we want to
know where it will be in the sky as seen from the Earth. So nextweve the origin of this coordinate system
from the Sun to the Earth, giving the geocentric cartesidipteccoordinatesxe; ye; " ¢/ 0f the body:

Xe D x C x (57.15)
YeDYCy (57.16)
“eD” C” (57.17)

where.x ;y ;” [ are the geocentric cartesian coordinates of the Sun atttime
Now we convert from cartesian to spherical coordinatesufssg the reference plane is the ecliptic, this
gives the geocentriecliptic longitude andecliptic latitude :

tan D ° (57.18)

Xe

sin D p——— (57.19)
xsCyiC g

Finally, we convert these ecliptic coordinates to rightession and declination:

sin cos" tan sin"

tan D (57.20)
cos

sin D sin cos" C cos sin"sin ; (57.21)

where" is the obliquity of the ecliptic (abo#3:5 ).

Egs. (57.20) and (57.21) are the solution to the problem: auddc nd a star atlas (which has lines of
right ascension and declination marked on it), locate thagtl, and nd where in the sky the planet can be
seen.

57.8 The Inverse Problem

The problem we just solved is: given the orbital elementdefplanet, we found its position in the sky at
any given time. But how did we get the orbital elements in trst place? This has to do with the inverse of
the problem just solved: given the position of the planehmgky, what are the orbital elements?

It turns out that we requirthreeseparate observations of the body at three different titdeewing the
right ascension and declination of the body at three different times, one can derive the arbiements.
Details are given in Chapter 4 of the reference by McCuskéy. [1

57.9 Corrections to the Two-Body Calculation

We've described here the basics of a two-body orbit calauabut there are a number of corrections that
would need to be made to make a more accurate calculatioaxémnple:

» The reference frames are actually not xed, but move in tbeeause of motions of the Earth. A more
careful calculation would take these effects (precessimhrautation of the Earth) into account.

» The orbital elements change with time — notably the londgtwf the ascending node and the
argument of pericenter.
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» Other bodies are always present — not just the planet anSitheMore complex calculations take the
effect of other bodies into account.

« Parallax corrections: the position of the body in the skyasaslightly depending on the position of the
observer on the surface of the Earth.

» Atmospheric refraction can cause small changes in therappposition of the body in the sky.

57.10 Bound and Unbound Orbits

The planetary orbits we've considered so far eltgtical orbits: the planets (according to Kepler's rst law)
move in ellipses, with the Sun at one focus. Similarly, disésl of the planets move in ellipses around the
parent body. In general, the motion of a body under the ievetgiare gravitational force iscanic section
i.e. acircle, ellipse, parabola, or hyperbola. Circulad ahiptical orbits ardboundorbits: if only two bodies
are present, then the orbit retraces itself inde nitelyraBalic and hyperbolic orbits atenbound the body
will orbit its parent body once, then move off toward in njtgaving the vicinity of the parent body forever.

A circular orbitis a special case of an elliptical orbit, for which tleeentricitye D 0.

 An elliptical orbit is one in which the body orbits its parent body, with gagent at one of the foci of
the ellipse. Elliptical orbits have eccentricily<e < 1.

» A parabolicorbitis barely unbound, and lies at the boundary betweeglayneccentric elliptical orbit
and a hyperbolic orbit. Parabolic orbits have eccentrieiy 1.

» A hyperbolicorbit is unbound, and has eccentricégy> 1. In a hyperbolic orbit, the body orbits its
parentoncealong one of the branches of the hyperbola, with the pareshy bbthe focus of that branch
of the hyperbola.

One could argue that in the real world there are no truly &roor parabolic orbits, since the eccentricity
e will never beexactlyO or 1. But some orbits have their eccentricities close ehdad or 1 for them to at
least beapproximateds circular or parabolic.

While the planets all orbit the Sun in elliptical orbicemetamay orbit the Sun in any kind of orbit. Some
comets like Halley's comet are in highly eccentric elligiorbits that return to the Sun at regular intervals.
Other comets are in unbound orbits, and visit the Sun onlgahey have suf cient energy to leave the solar
system forever along hyperbolic orbits.

57.11 TheVis VivaEquation

When an object of small mass orbits a body of much larger masé, we can use conservation of energy
considerations to nd the smaller body's velocityat radial distance. We have for the small bodwy:

K D imv2 .kinetic energy (57.22)
GM .

ubD , m .potential energly (57.23)
GM

E D 2am .total energy (57.24)

where the quantitg is the radius for a circular orbit, the semi-major axis foredliptical orbit, the negative
of the semi-major axis for a hyperbolic orbit, or in nity farparabolic orbit.
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By conservation of energy,

EDKCU (57.25)
GMm 1 , GMm
2a D émv " (57.26)

Solving for the orbit speed, we nd

S

2 1
vD GM =~ (57.27)

This result is known as thés viva equatiorfLatin for “live force”).

57.12 Bertrand's Theorem

There is a theorem in classical mechanics caBedrand's theoremwhich proves that there are only two
types of force law that can possibly leaddosedorbits (orbits for which the particle eventually retractss i
own footsteps):

1. Aninverse-square law forde / 1=r? (e.g. gravity or electrostatics); and
2. A Hooke's law forceF / r (e.g. a spring).
For a proof of Bertrand's theorem, see Appendix A of Ref. [10]

57.13 Differential Equation for an Orbit

It can be shown (Ref. [10]) that a central fofea/ satis es the differential equation

F D — ——Cu ; (57.28)

1 [2u2 d2u
u m d?2

where the equation is in polar coordinatéss the angular momentum of the orbity is the mass, and
u 1=r. This equation has an interesting application: given thmt dunction in polar coordinates / ,
you can solve for the force law.r/ that gives that orbit. In theory, you could, for example, Esge (57.28)
to nd what force law would be necessary to produce a squasi.or

Example. As a simple example, suppose we observe a mags circular orbit of radiusR around a
parent mas# , so that the orbit equationis/ D R (a consﬁant), and so D 1=R. If the force present is
gravity, then the orbital angular momentummfwillbe | D m GMR. Eq. (57.28) then gives

|2 2 d2
FD ?“ d—l;Cu (57.29)
mGMR 1
D T = (57.30)
GM
D R—zm; (57.31)

and we recover Newton's law of gravity. Thisnstby any means a derivation of Newton's law of gravity—in
order to get the result in this example, we had to assume Nesuw of gravity to get the expression for
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angular momenturh. This example is really just an illustration of how you camigethe force law if you're
given the orbit and its angular momentum.

Example.Suppose a particle orbits in a circle that passes througtethier of force. Show that the force
law must be an inversdth law force ¢ / 1=r°).

Solution.The polar equation of a circle passing through the originlis 2acos , wherea is the radius
of the circle. From Eq. (57.28), we can nd the force law. Sind 2acos , we have

1 1

ubD =D : (57.32)
r 2acos
We'll need the second derivative afwith respect to :
dupy _sin (57.33)
d 2acog ‘
d2u _ 2aco$ C 4acos sir?
—D 57.34
d? 432 cost ( )
2 $ C4 A g/
b aco acos co (57.35)
4382 cog
2acos$ C 4acos 4acos
D 57.36
4382 cog ( )
1 1 2
D C (57.37)
2acos acos 2acos
1 1
D 57.38
acos 2acos ( )
8a? 1
D 57.39
8asd cos 2acos ( )
D 8a’u® u (57.40)
Using this result, Eq. (57.28) becomes
[2u2 d2u
FD — —S5Cu (57.41)
[2u?
D ?.Sazug’ ucC u/ (57.42)
8 2| 2
p s (57.43)
m
8a%l2 1
D — E:D: 57.44
s Q ( )

57.14 Lagrange Points
In any two-body system (the Sun-Earth system, for examgheye are ve points calledlagrange points

(or libration pointg where the net force on a body at that point would be zero. kamele, the Sun-Earth
Lagrange points are (see Figure 57.2):
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The Ly pointis between the Sun and the Earth.
The L, pointis on the Sun-Earth line, but farther from the Sun thenEarth.
The Ls pointis also on the Sun-Earth line, but on the other side®&hn.

The Ly point forms an equilateral triangle with the Sun and Eantid, l2ads the Earth.

o A~ W NP

The Ls point, like Ly, forms an equilateral triangle with the Sun and Earth, kaitsthe Earth.

There is a similar set of ve Lagrange points for the Earthavicsystem: the Earth-Moon;Lpoint is
between the Earth and Moon, etc. One distinguishes betwesse two sets by referring to them as the
“Sun-Earth Lagrange points” and the “Earth-Moon Lagrangais.”

The Lagrange pointsil, L, and Lz are unstable: a body placed at any of those points would xpmer
zero net force, but if it were moved slightly away from the taagge point it would continue to move farther
away. Lagrange points pointg land Ls are both stable: if a body placed at either of these points wmved
slightly away from the Lagrange point, the forces presentildidend to push it back toward the Lagrange
point.

Although Lagrange pointsil, L, and L3 are unstable, spacecraft are often placed at these (Stim}Ear
positions in so-calledhalo orbits where the various forces present cause them to move indcloskits”
around the Lagrange point.

A number of asteroids calletrojan asteroidhave accumulated at the Sun-Jupitgrdnd Ls Lagrange
points! One asteroid (called 2010 TK7) has recently been discowaréte Sun-Earth J_point.

57.15 The Rings of Saturn

If you look at the planet Saturn through a telescope (FigByou'll see it surrounded by a prominent set
of rings. Although the rings look solid, they are actuallymmosed of a vast number of chunks of ice or ice-
covered rock, ranging in size from small grains to chunkssike of buildings. It was shown by the Scottish
physicist James Clerk Maxwell (following Laplace) that8ats rings cannot be solid. For one thing, if the
ringswere solid, Maxwell showed that their orbit would be unstable #mely would eventually crash onto
Saturn's surface.

For another thing, tidal forces would tear the rings apadcakding to thevis vivaequation (Eq. 57.27),
for a circular orbit, the velocity of a body in orbit decreases with increasing distance froenpilanet by
v/ r 172, Butif the rings were solid, they would rotate as a solid haxheyingv D r! , sov/ r —the
velocity wouldincreasewith increasing distance. The orbital velocity can't batleriease and decrease with
distance, so the result would be a large stress on the riags/thuld tear them apart.

In general, it has been shown timatbody that is held together by gravity can avoid being tormtipé
orbits a planet with an orbital radius inside the so-caRedhe limit which is given by

r —
r D 2:44R, ¢ -2 (57.45)
b
whereR,, is the radius of the planet, is its density, andy, is the density of the orbiting body.

The rings of Saturn are also extremely thin—maybe only 1G@s/ar so thick. Why are Saturn's rings
so thin? It has to do with the ring particles colliding wittchaother. Ring particles that are high above or
below the rings are in a highly inclined orbit, and have marergy than ring particles that are closer to the
ring plane. When those particles collide with other paeiclsome of their energy is lost, so causing them to
move to lower-energy orbits closer to the ring plane. Oveetithe ring particles (especially the larger ones)

1By convention, the Trojan asteroids near thefdoint are given names of characters from the Greek side dfrtsjan War chronicled
in Greek mythology; the Trojan asteroids near tRedoint are given names from the Trojan side of the war.
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Figure 57.2: The Sun-Earth Lagrange points. The WilkinsacrMvave Anisotropy Probe (WMAP) space-
craft is shown orbiting the 4 Lagrange point in a halo orbifCredit: NASA.)
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Figure 57.3: Saturn and its rings, as seen by the Cassinésgdt (Credit: NASA.)

tend to atten themselves into a thin plane, as we see todhis i$ the general picture, but the details are
still being worked out.

57.16 Hyperbolic Orbits

Suppose we wish to calculate the position of a body that is liy@erbolicorbit (e > 1), as is the case
with some comets in orbit around the Sun. The procedure isahe as outlined in Section 57.7, except for
Equations (57.8) through (57.10).

For hyperbolic orbits, in place of Kepler's equation (EqZ ), we use thlyperbolic Kepler's equatian

M D esinhF F; (57.46)

whereM is the mean anomaly (in radians), aRds a variable that takes the place of the eccentric anomaly.
As with the elliptical Kepler's equation, the hyperbolias®n cannot be solved fér in closed form; instead
we must rely on some numerical method like Newton's methosbtae forF . Once we have founB , we
solve for the true anomalfy using this replacement for Eq. (57.9):

r—
f cl1 F

tan — D © tanh — : (57.47)
2 e 1 2

Finally, the radial distance from the Sun to the body is fobpdhis replacement for Eq. (57.10):
r D a.ecoshF 1/; (57.48)

where for a hyperbola is the distance from the center of the hyperbolato eithaexeihe rest of position
calculation is the same as described in Section 57.7 fqtieél orbits.
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57.17 Parabolic Orbits

Suppose we wish to calculate the position of a body that isparabolicor near-parabolic orbig( 1), as
is the case with some comets in orbit around the Sun. The guoeds the same as outlined in Section 57.7,
except for Equations (57.6) through (57.10).
For parabolic orbits, in place of the semi-major axis of thpge a, we use theerihelion distancey,
and in place of the epoch time we use timee of perihelion passagdg . Then the true anomalfy at timet
is given byBarker's equation
s __

f 1 f GM
tan 5 Cétarr” — D

5 25 ! T, !: (57.49)

In the case of a body orbiting the SUBM is the graviational constant of the Sun, equal 182712440041
10°° m® s 2. It is possible to solve Barker's equation (57.49) for theetanomalyf directly (see e.g.
McCuskey [14]) in just a few steps. L&t be the right-hand side of Eq. (57.49):

s
GM

25 ! T, !: (57.50)

Then the true anomaly is found through a series of steps:

3 3IO
cotsD —jKjD ————jt Tpj 57.51
51K _Zq/SZZJ p) ( )
p—
cot ; D 1C cosC cots (57.52)
r
cotw D 3 cot ; (57.53)
cofw 1
cot2wD — (57.54)
2cotw
f
tan > D .2cot2w/ sgnt To/ (57.55)
Here sgrx/ is thesignum functiopand is de ned as
8
=1 X <0/
sgnx/ D. O x D 0o/ (57.56)
"C1 X >0/

Once the true anomally has been found, the radial distance from the Sun to the boiyigl by this
replacement for Eq. (57.10):

r D gseé % : (57.57)

The rest of position calculation is the same as describe@dti® 57.7 for elliptical orbits.
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Chapter 58

Astrodynamics

Astrodynamicss a eld closely related to celestial mechanics, except itrdeals only with man-made orbits
of spacecraft, rather than the orbits of natural astronalvigjects. Astrodynamicists design spacecraft orbits
to optimize time or energy, and to also fall within the coasits of the mission. For example, during the
Apollo missions to the Moon in the 1960s and 1970s, the spacectafs avere designed to land at low-
latitude locations on the Moon's surface, with the consir#hat the landing location had to be on the near
side of the Moon, while the day side is in daylight.

58.1 Circular Orbits

As a simple example, suppose we wish to place a spacecrafiggiminto a circular orbit around the Earth.
If the orbit radius ig, then the potential enerdy of the spacecraft (with D Oatr D1 )is

M
Uc D GTm; (58.1)

whereG is Newton's gravitational constant arM is the mass of the Earth. The kinetic energy of the
spacecraft is

1
K. D 5mv2: (58.2)

Here the orbit velocity at orbital radius is found by setting the centripetal foroev2=r equal to the
gravitational forceGM m=r?:

mvZ __ GM m
—D 58.3
. = (58.3)
so, solving forv,
' GM
ve D (58.4)

r

Substituting this result into Eq. (58.2), we have an expoeskr the kinetic energK in terms of the orbit
radiusr :

M m
2r

KDG (58.5)

259



Prince George's Community College General Physics | Sim@gs8impson

From Egs. (58.1) and (58.5), we nd the total orbit eneEyys

M
EcDU,CK.D G 2rm: (58.6)

This is an important result, since total energy is consergamther important result is the angular momentum
of the spacecraft, since that's also conserved. The angwarentum of the spacecraft in a circular orbit is
L D mvr; using Eq. (58.4), we have

LD mp GM r: (58.7)

Launch Velocity

Suppose we wish to launch a spacecraft from the surface ddté into a circular orbit of radius, using
only a single blast of the engines on the ground and coastiagest of the way. The initial velocity with
which the spacecraft is launched is called tench velocity and can be found using the conservation of
energy:

EDUCK (58.8)
M m_1

D GT C 5mv2 (58.9)

and so solving fow gives the launch velocity :

S

E M
wD 2 —CG— (58.10)
m r

In real life, however, there are a number of complicatiorad thquire an analysis more complex that this:

» Spacecraft are not launched with a single initial blast alholved to coast. Instead, the engines are
continuously burned over some extended period.

» The mass of the spacecraft decreases during launch, ds fuehed, so that the rocket equation must
be employed. (See Chapter 33.)

» Most spacecraft argtagedn some way (as described in Chapter 33), which also causesptcecraft
mass to decrease with time during launch.

» The drag due to the Earth's atmosphere must be accountedtmh we have not done here.

There's another issue here. The above analysis assumepatecgaft is launched from a non-rotating
Earth. In real life, we launch from @tating Earth, which we can use to our advantage. Since the Earth is
rotating, we can use its rotational velocity to contribatéte needed launch velocity, as long as the spacecraft
is launched to the east so that it orbits the Earth in the semgesas the Earth's rotation. The linear velocity
of the Earth due to its rotation R ! , whereR is the radius of the Earth (about 6378 km) dnds the
angular velocity of the Earth:

lrev 2 rad

I D D D 7:2722 10 5 racss: 58.11
241r ~ 86400sec rac=s (58.11)

At latitude , the linear velocity of the Earth is

vDR ! cos: (58.12)
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The closer the launch site is the the equatof) 0), the largew is, and the more we can take advantage of
the Earth's rotation in helping to achieve the desired lawedocity. This is why the Kennedy Space Center
is located in Florida: it's in the southern United Stateyttas close to the equator as we can get within the
United Stated. The latitude of the Kennedy Space Center i® 28:5, which givesv D 408km/s that we
get “for free” from the Earth toward the launch velocity.

To take maximum advantage of the Earth's rotation, a spafteaould be launched due east from the
Kennedy Space Center. Once the spacecraft is in orbit, itatganst orbit the Earth at the latitude of the
launch site; the laws of physics require the plane of thetddopass through the center of the Earth. The
result is a circular orbit, inclined with respect to the etqpudy an angle equal to the latitude of the launch
site 28:5 for a launch from Kennedy). Many launches from the Kennedgsgenter are therefore circular
(or near-circular) orbits with an inclination @B:5 with respect to the equator.

58.2 Geosynchronous Orbits

Consider the motion of an arti cial satellite in a circularbit of radiusr around the Earth. In order to be
orbiting at radiug , it will have orbital speed given by setting the centripetal force equal to the graiate!
force:
mv:i __ GM m
D

r r2

; (58.13)

whereG is Newton's gravitational constant ahdl is the mass of the Earth. Solving for the orbital velocity
Vl
r

v D

GM
r

(58.14)

Notice the one-to-one correspondence betweandv: for each orbital radius there is a speci ¢ orbital
velocity v for any object in that orbit.

The periodr is the time required to complete one orbit, and is equal téethgth of one orbif r divided
by the orbit velocity:

2
TD Tr: (58.15)

Using Eq. (58.14) to substitute far we nd the period of an orbit at radiusto be

TD 2" (58.16)
\" r :
D2r (58.17)
S
r3
D2 (58.18)

This shows that at any given orbital radiughere is a speci ¢ orbital period for a body in a circular xf
that radius.

Now suppose an arti cial satellite is orbiting directly aleothe Earth's equator, and in the same sense
as the Earth's rotation (counterclockwise as seen from allog north pole). If the period is 24 hours,

1Also, by using the east coast of Florida and launching to &, eve launch out over the Atlantic Ocean instead of oveufadgd
areas. This is another important factor that makes the east of Florida a desirable launch site.
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the satellite will stay directly above the same point on thaator as it orbits the Earth, and will appear to
“hover” above the Earth. Such an orbit is calledensynchronous orhit
The radius of a geosynchronous orbit can be found by solvind8.18) forr:

T2 r3
—D ——; 58.19
42° GM ' ( )
or
r—
s GM T2
D = (58.20)

Now settingT D 24 hoursD 86400sec andGM D 3:986005 10 m®s 2, we nd the radius of a
geosynchronous orbit to be

r D 42;241kmD 6:62R ; (58.21)
whereR D 6378:140km is the equatorial radius of the Earth. The altitude of asgaohronous orbit is
r R D 35;863kmD 22;284miles (58.22)

(This number is the origin of the address of the former COM$Aboratories: 22300 Comsat Drive, Clarks-
burg, Maryland.)

Geosynchronous orbits are often used for communicatioedliszs and satellite television. Since the
satellites appear to hover over the equator, the satelitenaa dish need only be pointed at the satellite
once; the satellite will not move appreciably from the pahview of the observer. Three geosynchronous
satellites placed over the equafid?0 in longitude apart are suf cient to cover the whole Earthogpt for
regions near the poles).

Some people have proposed the constructiospaice elevatorso move people and cargo into space.
A strong light cable would connect a geosynchronous stgédi the surface of the Earth, and elevator cars
would move up and down the cable. The technology necessamgnstruct a space elevator is still some
distance in the future, though.

58.3 Elliptical Orbits

Several of the results we found earlier for a circular orhit be generalized for an eIIip,gicaI orbit. Suppose
an elliptical orbit has semi-major axésand eccentricitye. The the semi-mir}g)r axisD a 1 €2, andthe
distance from the center of the ellipse to either of the two foec D ae D a2 b2. Then the distance
from the center of the Earth (located at one focus) to thegperpoint is

rhrDa cDal e (58.23)
and the distance from the center of the Earth to the apogeg igoi
raDaCcDa.lCel (58.24)

A little algebra gives an expression for the semi-major axisterms of the perigee and apogee distances:

b Cr
aD %; (58.25)
and similarly we can get an expression for the eccentreeity
ra rp
D : 58.26
raCrp ( )
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Energy
The total orbit energ¥ of a spacecraft in an elliptical orbit turns out to be
M
ED G ™. (58.27)
2a

The potential and kinetic energies vary witharound the orbit. The potential energyrais given by Eq.
(58.1). The orbit velocity at is found from thevis vivaequation, Eq. (57.27),

s
2
vD GM Co3 (57.27)
from which we nd the kinetic energy atto be
1 1
K D GM e 58.28
m r2a ( )
At perigeer Dr, D a.1 e/, and so
wp &M 1Ce (58.29)
P a 1 e '
GM milcCe
Kp D 58.30
P 2a 1 e ( )
At apogeer D ry D a.1 C e/, and so
GM 1 e
58.31
Va a 1Ce ( )
GM 1
KaD m=> _© (58.32)
2a 1Ce
Angular Momentum
The angular momentum also varies withand is given by
L D mrvcos: (58.33)

Here is called theelevation angleand is the angle between the tangent to the ellipse at tloesdt and
the spacecraft velocity vector.

At either perigee or apogee, D 0, soL D mrv. At perigee,r, D a.l e/, and so the angular
momentum is

L, D mypal el (58.34)
At apogeer, D a.1 C e/, and so
La D mvaa.lC el (58.35)

Since angular momentum is conserved, thgnD L ,; if the orbit parametera ande are known and the
velocity at either the apogee or perigee point is known, thervelocity at the other point is known:

L, DLa (58.36)

P
mypa.l e/D mvaa.lC e/ (58.37)
Vp.l e/Dva.l1Cel (58.38)
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Thus the perigee velocity, is related to the apogee velocity through

Vp - 1Ce

—D : 58.39

Va 1 e ( )
In terms of the apogee and perigee distamgeandr,,

Yo pla. (58.40)

Va rp

Example.Suppose a spacecraft is in an Earth-orbiting ellipticaltoxfith a semi-major axi:s D 8000
km and eccentricitg D 0:150Q0 What are its velocities at perigee and apogee?
Solution.From Eq. (58.29), the perigee velocity is

r—
GM 1C
vp D © (58.41)
s @ 1 e
3:986005 10 mds 21C 0:1500
m s (58.42)
8000 10°m 1 0:1500
D 8210kms=s: (58.43)
The apogee velocity can be found using Eq. (58.39):
1 1 0:1500
Va D vy © D 8210km=s————— D 6069km=s: (58.44)
1Ce 1C 0:1500 ——

Circularizing an Orbit

An elliptical orbit may becircularized by changing the spacecraft velocity appropriately. Oneataange
the spacecraft velocity at perigee to create a circulart @rhose radius is equal to the perigee distance, or
one can change the spacecraft velocity at apogee to cregteikacorbit whose radius is equal to the apogee
distance. To calculate the change in spacecraft velodie@ttheDeltav, orev ), one uses the principle of
conservation of energy.

Suppose a spacecraft is in an elliptical orbit with semianaj)kisa and eccentricitye, and we wish to
circularize it atperigee The spacecraft velocity at perigee is given by Eq. (58.280, the circular velocity
atr D rp is given by Eq. (58.4). The required change in spacecraticitgi at perigee is their difference.
Using these equations along with Eq. (58.23) gives, aftétlalgebra,

s
GM 1 p
al e/

v Dve v D 1Cel: (58.45)

Similarly, if we wanted to circularize the orbit apogeethe required change in spacecraft velocity at apogee
is found by nding the difference of Eqgs. (58.4) and (58.303jng these equations along with Eq. (58.24),
we get

GM p——

v D Ve Va D m A 1 el (5846)

If the spacecraft velocity vector is perpendicular to thdiwa vectorr at some instant in time, then the
magnitude of the velocity determines what kind of orbit thasecratft is in:
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* If v D v¢ (Eq. (58.4)), then the spacecraft is in a circular orbit.
* If v > v, then the spacecraft is at perigee in an elliptical orbit.

* If v < v, then the spacecraft is at apogee in an elliptical orbit.

Example.Suppose we have an Earth-orbiting spacecraft in an elfiptibit, with perigee distance 8000
km and apogee distance 12000 km. We wish to circularize thi¢ arapogee to create a circular orbit with
radius 12000 km. From Egs. (58.23) and (58.24), we have

rh Cra D 8000km C 12000km

aD = . D 10000km: (58.47)
The eccentricity is
ep 2" po200 (58.48)

ra rp

Circularizing the elliptical orbit to the apogee distandd require a single engine burn at the apogee point
that results in a change in spacecraft velocity given by 58.46):

s
GM p——
S
3:986005 10 m3s 2 P——
A 1 0:200/ 58.50
.10000 1% m/.1 C 0:200/ ( )
D 608m=s (58.51)

58.4 The Hohmann Transfer

On occasion we need to re-shape an orbit. One common situatibat we need to move a spacecraft from
a circular orbit to another circular orbit with a differemaidius. How do we do this?

It can be shown that the most ef cient method for performingls a maneuver is to connect the two
orbits with an ellipse that is tangent to one circular orbit@aperigee point, and tangent to the other circular
orbit at its apogee point (Fig. 58.1). One changes the spafteelocity twice, using two engine burns: one
burn on the initial circular orbit to create an ellipticahmisfer orbit, and a second burn at apogee or perigee
to circularize the orbit. This type of two-burn maneuverafied aHohmann transfer

One can use a Hohmann transfer to move a spacecraft fromaltitude circular orbit to a higher-altitude
circular orbit by increasing the speed with the rst burn teate an elliptical orbit with the desired apogee,
then circularizing the orbit with the second burn. Tke for the rst burn will be given by the negative of
Eq. (58.45), and they for the second burn will be given by Eq. (58.46). (Beth burns will be positive,
since both will be adding energy to the orbit.)

To move a spacecraft from high-altitude orbit down to a Idtittede circular orbit, one decreases the
speed with the rst burn to create an elliptical orbit withetdesired perigee, then circularizes the orbit with
the second burn. Thes for the rst burn will be given by Eq. (58.46), and the for the second burn
will be given by the negative of Eq. (58.45). (Both burns will be negative, since both will be subtracting
energy from the orbit.)
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Figure 58.1: A Hohmann transfer orbit.

58.5 Gravity Assist Maneuvers

To send a spacecraft to another planet, one may often getel ioost in velocity by ying by another planet
along the way, thus shortening the trip. These free velaoitseases are callegtavity assist maneuvers

To see how this works, consider Fig. 58.2, which shows a gpafteying past the planet Jupiter, where
Jupiter is assumed to fstationaryin space. The spacecraft speeds up as it heads toward Jthpteslows
down again as it moves away from Jupiter. The net result ithigespacecraft leave the encounter having its
velocity vector changdirection, but without any change in magnitude.

Now consider the same situation, but with Jupitevingin its orbit around the Sun (Fig. 58.3). In the
gure, the spacecraft is ying “behind” Jupiter (i.e. so tha the point where the spacecraft passes Jupiter's
orbit, Jupiter is moving@wayfrom the spacecraft). The velocity of Jupiter in its orbivand the Sun (or a
signi cant portion of it) is added to velocity vector of th@acecraft, as shown in the two vector diagrams.
As you can see from the vector diagrams, the velocity vectareases in magnitude after the Jupiter yby,
so that the spacecraft has gained speed.

How is this possible? The spacecraft has gained energy,nautje is conserved; where did the extra
energy come from? The answer is: Jupiter. When the spatdesabehind Jupiter, it tugs on Jupiter a bit,
due to the gravitational attraction between Jupiter andplagecraft. This causes Jupiter to slow down a tiny
bit, thereby losing orbital energy, so it moves in toward $um a tiny bit. Of course, Jupiter is so massive
that this movement toward the Sun is immeasurably tiny, leieffect on the spacecraft is signi cant.

This gravity assist maneuver is often used to send spatdoréfie outer Solar System; it allows the
spacecraft to reach their destinations sooner, and doesaqaire extra fuel to gain the extra speed. In fact,
it is often advantageous to send a spacecraft rst tdrther Solar System to take advantage of gravitational
ybys before sending it to the planets. For example, whenG@hssinispacecraft was sent to orbit Saturn,
it was rst sent to Venus for two gravity assists from thatngg it then ew past Earth and Jupiter for two
additional gravity assists before arriving at Saturn.
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Figure 58.2: Spacecraft ying pastsdationaryJupiter.Credit: NASA Jet Propulsion Laboratory.

Figure 58.3: Spacecraft ying pastraovingJupiter; Jupiter is moving to the left in its orbit around en.
In this case, the spacecraft is passing “behind” Jupitet,gains speed during the encouni@redit: NASA
Jet Propulsion Laboratory.
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Figure 58.4: Orbits oApollospacecraft 8 and 10-17. The spacecraft enters lunarioffipint of the Moon,
to help slow its velocity(Credit: NASA.)

Similarly, Voyager 2made gravity-assist ybys of Jupiter, Saturn, and Uranus] & made studies of
each of those planets as it ew past them. After its encownttlr Uranus,Voyager 2 ew past Neptune and
made observations there; however, it ew over Neptune'smpole, so it did not gain extra speed from the
Neptune encounter. The spacecraft has now reached thebmutedary of the Solar System and is entering
interstellar space. In about 40,000 yearsyager 2will pass 1.7 light-years from the star Ross 248 and in
about 296,000 years, it will pass 4.3 light-years from Sirihe brightest star in the sky. Bothyager 2and
its sister spacecraffoyager 1will travel through the Milky Way galaxy inde nitely

Contrariwise, if the spacecraft were to ig front of Jupiter (so that Jupiter is movirtgward it when it
crosses Jupiter's orbit), then the spacecraft wdode speed. This was used to advantage duringipello
missions to the Moon, when this type of gravity assist maeewith the Moon was used to reduce the
amount of fuel needed to place the spacecraft into lunat ¢¥lg. 58.4).

58.6 The International Cometary Explorer

Figure 58.5 shows a very complex example of an orbit desigwhiich the ISEE-3 (International Sun-Earth
Explorer 3) spacecraft was re-named ICE (International &any Explorer) and sent to intercept two comets.
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Figure 58.5: In 1982, the International Sun/Earth Expl8réSEE-3) spacecraft was re-purposed to become
the International Cometary Exporer (ICE), so that it coukglere comets Giocobini-Zinner and Halley.
ISEE-3 orbited the L Sun-Earth Lagrange point. Getting the spacecraft to iefrihe two comets involved
one of the most complex trajectories ever designed (showa) {E€redit: NASA.)
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Chapter 59

Partial Derivatives

Before introducing the advanced Lagrangian and Hamiltofd@mulations of classical mechanics, we'll
need a some additional mathematical background, sincejtiaiens of these formulations are expressed in
the language of partial differential equations. We wilMeahe methods for solving such equations to a more
advanced course, but we can still write down the equatiod®aplore some of their consequences. First, in
order to understand these equations, we'll rst need to ustdad the concept gfartial derivatives

59.1 First Partial Derivatives

You've already learned in a calculus course how to take thivatése of a function of one variable. For
example, if

fx/ D3x2C 7x° (59.1)

then
df 4.
ax D 6x C 35x": (59.2)

But what iff is a function of more that one variable? For example, if
fx;y/ D5x3%°Cd4y? 7xy® (59.3)

then how do we take the derivativefof? In this case, there at&@o possible rst derivatives: one with respect
tox, and one with respect o These are callegartial derivatives and are indicated using the “backward-6"
symbol@in place of the symbal used for ordinary derivatives.

To compute a partial derivative with respectxtpyou simply treat all variables exceptas constants.
Similarly, for the partial derivative with respect g you treat all variables except as constants. For
example, ifg.x;y/ D 3x*y’, then the partial derivative af with respect tox is @g=@R 12x3y’, since
both 3 andy’ are considered constants with respect to

As another example, the partial derivatives of Eq. (59.8) ar

@f

— D 15x%y°> 7y 59.4
@x Xy y (59.4)
©f 3. 4 5

= D 25x%y* C 8y 42x 59.5
ay y y y (59.5)

Notice that in Eq. (59.4), the derivative of the tedy? with respect tox is 0, sincedy? is treated as a
constant.
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59.2 Higher-Order Partial Derivatives

Itis similarly possible to take higher-order partial datives. For a function of two variablésx; y/ , there
arethreepossible second derivatives:
f f f
@D@gl @;D—@g I and @D@@: (59.6)
@% ~ @x @x @x@y @x @y @y ~ @y @y
In the second case, the order of differentiation doesn'tena@®f=.@x@y/ @f=.@y@x/This property is
known asClairaut's theorem

For example, suppodex;y/ is as given by Eq. (59.3). Then the second partial derivatdfd are
found by taking partial derivatives of Eqgs. (59.4) and (59.5

@f s

@ D 30xy (59.7)
@f 2.4 5
= _D75 42 59.8
@x@y Xy Y (598)
@f

—— D 100x°y® C 8 210 59.9
& y xy* (59.9)
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Chapter 60

Lagrangian Mechanics

In this course we have been studying classical mechaniasramifated by Sir Isaac Newton; this is called
Newtonian mechanicdNewtonian mechanics is mathematically fairly straightfard, and can be applied to
a wide variety of problems. Newton's formulation of mectemnis not unique, however; other formulations
are possible. Here we will look at two common alternativerfolations of classical mechanidsagrangian
mechanicsandHamiltonian mechanicsLangrangian mechanics will be discussed in this chaptamilio-
nian mechanics will be covered in Chapter 61.

It is important to understand that all of these formulatiohmechanics equivalent. In principle, any of
them could be used to solve any problem in classical mechafte reason theyre important is that in some
problems one of the alternative formulations of mechaniag lead to equations that are much easier to solve
than the equations that arise from Newtonian mechanicsik&hlewtonian mechanics, neither Lagrangian
nor Hamiltonian mechanics requires the concept of forcsted, these systems are expressed in terms of
energy. Although we will be looking at the equations of megbsin one dimension, all these formulations
of mechanics may be generalized to two or three dimensions.

The rst alternative to Newtonian mechanics we will look st agrangian mechanicdJsing Lagrangian
mechanics instead of Newtonian mechanics is sometimesitd@ous in certain problems, where the equa-
tions of Newtonian mechanics would be quite dif cult to selv

In Lagrangian mechanics, we begin by de ning a quantityaththel agrangian(L ), which is de ned as
the difference between the kinetic enetgyand the potential enerdy :

L K U (60.1)

Since the kinetic energy is a function of velocitand potential energy will typically be a function of positio
X, the Lagrangian will (in one dimension) be a a function ofrboandv: L.x; v/ .
The motion of a particle is then found by solvihggrange's equationin one dimension it is

d 6L oeL,, (60.2)

dt @v @x
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60.1 Examples

Example: Simple Harmonic Oscillator

As an example of the use of Lagrange's equation, consideealonensional simple harmonic oscillator. We
wish to nd the positionx of the oscillator at any time
We begin by writing the usual expression for the kinetic gpés :

K D zmv? (60.3)
The potential energy of a simple harmonic oscillator is given by
U D Zkx? (60.4)
The Lagrangian in this case is then
Lx;v/ DK U (60.5)
D Imv?  1kx? (60.6)

Lagrange's equation in one dimension is

d @L @L

— = —DO 60.7

dt @v @x (60.7)
Substituting for. from Eq. (60.6), we nd

d @ @

& @v Tmv?  Tkx? B tmvZ  Zkx? DO (60.8)

Evaluating the partial derivatives, we get

d
at .mv/ Ckx DO (60.9)

or, sincev D dx=dt,

d2x

mw C kx D 0; (60.10)

which is a second-order ordinary differential equation titee can solve fox.t/. Note that the rst term on
theleftisma D F, so this equation is equivalentfoD  kx (Hooke's Law). The solution to the differential
equation (60.10) turns out to be

x.t/ D Acos!t C /; (60.11)

whereA is theamplitudeof the motion,! D P k=m is the angular frequency of the oscillator, ancs a
phase constant that depends on where the oscillatot iD &2.
Example: Plane Pendulum

Part of the power of the Lagrangian formulation of mechafscdhat one may de ne any coordinates that
are convenient for solving the problem; those coordinatdstheir corresponding velocities are then used in
place ofx andv in Lagrange's equation.
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For example, consider a simple plane pendulum of lengtfith a bob of massn, where the pendulum
makes an angle with the vertical. The goal is to nd the angle at any timet. In this case we replace
x with the angle , and we replac& with the pendulum's angular velocity. The kinetic energK of the
pendulum is the rotational kinetic energy

KD 2D im2 2 (60.12)

wherel is the moment of inertia of the penduluin,D m*2. The potential energy of the pendulum is the
gravitational potential energy

UDmg.1 cos/ (60.13)
The Lagrangian in this case is then

L;/ DK U (60.14)
Dim?2 mg.l cos/ (60.15)

Lagrange's equation becomes

d oL oL, (60.16)

dt @ @
Substituting for_,

d
—@lm‘z!2 mg.1 cos/

dt @! 2

Computing the partial derivatives, we nd

m'?212 mg.1 cos/ DO (60.17)

Qe
N[

d
s m'2l Cmg sin DO: (60.18)

Since! D d =dt, this gives

2

d
*2-__Cmg sin DO; (60.19)

m
dt?

which is a second-order ordinary differential equatiort iree may solve for the motiont/ . The rst term
on the left-hand side is the torqueon the pendulum, so this equation is equivalent® mg" sin .

The solution to the differential equation (60.19) is quibenplicated, but we can simplify it if the pendu-
lum only makesmalloscillations. In that case, we can approximate sin , and the differential equation
(60.19) becomes a simple harmonic oscillator equation sathtion

A/ ocos!t C /; (60.20)

where g is the (angular) amplitude of the pendulumD P g="is the angular frequency, ands a phase
constant that depends on where the pendulumti€a0.
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Chapter 61

Hamiltonian Mechanics

Besides Lagrangian mechanics, another alternative fationl of Newtonian mechanics we will look at is
Hamiltonian mechanicsin this system, in place of the Lagrangian we de ne a qugmitled theHamilto-
nian, to which Hamilton's equations of motion are applied. Whibkgrange's equation describes the motion
of a particle as a single second-order differential equatiéamilton’'s equations describe the motion as a
coupled system of two rst-order differential equations.

One of the advantages of Hamiltonian mechanics is that ingas in form to quantum mechanicshe
theory that describes the motion of particles at very timpétomic) distance scales. An understanding of
Hamiltonian mechanics provides a good introduction to tlagh@matics of quantum mechanics.

TheHamiltonianH is de ned to be thesumof the kinetic and potential energies:

H KCcuU (61.1)

Here the Hamiltonian should be expressed as a function dfipox and momentunp (rather tharx and
v, as in the Lagrangian), so thet D H.x;p/ . This means that the kinetic energy should be written as
K D p2=2m rather tharK D mv2=2

Hamilton's equations in one dimension have the eleganiyrsgmmetrical form

dx @H
dp @H

61.1 Examples

Example: Simple Harmonic Oscillator

As an example, we may again solve the simple harmonic osmilfaoblem, this time using Hamiltonian
mechanics. We rst write down the kinetic enerlfy, expressed in terms of momentyam

p2
KD - (61.4)

As before, the potential energy of a simple harmonic ogoitls

U D lkx2 (61.5)
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The Hamiltonian in this case is then

Hx;p/ DKCU (61.6)
p2
D Eﬁ%c Tkx? (61.7)

Substituting this expression fét into the rst of Hamilton's equations, we nd

d H
XD@

— D — 61.8
at ° @ (61.8)
@ p® .,
— —C 1kx? 61.9
@ 2m -~ 2% (61.9)
p
D — 61.10
- (61.10)
Substituting foH into the second of Hamilton's equations, we get
dp @H
—D — 61.11
dt @x ( )
@ p? ..
— ~—C Lkx? 61.12
@x 2m = 2% ( )
D kx (61.13)

Equations (61.8) and (61.11) are two coupled rst-ordeiirmady differential equations, which may be solved
simultaneously to ndx.t/ andp.t/. Note that for this example, Eq. (61.8) is equivalenpt® mv, and Eq.
(61.11) is just Hooke's Lawk D kx.

Example: Plane Pendulum

As with Lagrangian mechanics, more general coordinates tfagir corresponding momenta) may be used
in place ofx andp. For example, in nding the motion of the simple plane peno) we may replace the
positionx with angle from the vertical, and the linear momentyomwith the angular momentuin .
To solve the plane pendulum problem using Hamiltonian meiclsa we rst write down the kinetic
energyK , expressed in terms of angular momentum
L? L?
KD —-—D —5; 61.14
2l 2m'2’ ( )
wherel D m’2 is the moment of inertia of the pendulum. As before, the gagicinal potential energy of a
plane pendulum is

UDmg.1 cosf/: (61.15)
The Hamiltonian in this case is then

H.; LIDKCU (61.16)
2

D
2m'2

Cmg.l1 cos/ (61.17)
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Substituting this expression fét into the rst of Hamilton's equations, we nd

d @H
— D — 61.18
dt = @ ( )
L 2
g T Cmg.1 cos/ (61.19)
L
=3 (61.20)

Substituting foH into the second of Hamilton's equations, we get

dL @H
—D — 61.21
dt @ ( )
L 2
@@ T Cmg.1 cos/ (61.22)
D mg’ sin (61.23)

Equations (61.18) and (61.21) are two coupled rst-ordetimary differential equations, which may be
solved simultaneously to ndt/ andL .t/. Note that for this example, Eq. (61.18) is equivalerit t® 1! |
and Eq. (61.21) isthe torqueD mg" sin .
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Chapter 62

Special Relativity

62.1 Introduction

The classical mechanics described by Sir Isaac Newton $égibreak down at very high velocities, i.e. at
velocities near the speed of lightD 299;792:45&m/s. For bodies moving at a signi cant fraction of the
speed of light, Newton's mechanics needs to be modi ed. Téeeasary modi cations were developed by
physicist Albert Einstein in the early 20th century, in adhenow called thespecial theory of relativity

62.2 Postulates

Einstein discovered that the necessary modi cations to fdaign mechanics could be derived by assuming
two postulates:

1. Absolute uniform motion cannot be detected.

2. The speed of light is independent of the motion of the saurc

The rst postulate says that all motion is relative—thatrehis no reference frame that all observers can agree
to be absolutely at rest. The second postulate says thatlgis not obey the usual laws of velocity addition.
For example, if someone is moving toward you at 99% of thedpééght and turns on a ashlight in your
direction, you will measure the light's speed to be the sagid that person were at rest.

Although these postulates seem quite reasonable, theydesmime surprising consequences. Let's ex-
amine a few of those consequences.

62.3 Time Dilation

It turns out that one consequence of Einstein's postulatdsit time runs more slowly for someone moving
relative to you; this effect is calletime dilation If someone is moving at speedrelative to you, then their
clocks will run slower than yours. If a clock measures a timiervalet o when it's at rest, then when it's
moving at a speed relative to you, you will measure that time interval to bedenby a factor :

ot D st o; (62.1)
whereet is the time interval measured by the moving clogky is the time interval measured on the clock
when it's at rest, and is an abbreviation for the factor

1

pﬁ: (62.2)
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(Note that 1.) The time intervabt o, measured when you're at rest with respect to the clock,liscca
theproper time

This effect means that time travel is possible—at least tiraeel into the future. One simply builds a
spacecraft and travels close to the speed of light, thes anound and returns to Earth. (Itis not clear whether
time travel into the past is possible, but it might be possibider Einstein'generaltheory of relativity.)

62.4 Length Contraction

Another consequence of the postulates is that a moving bdtgppear to be shortened in the direction of
motion; this effect is calletength contraction The length of a moving body will appear to be shortened by
this same factor of :

Lp e (62.3)

Herel ¢ is the length of the body when it is at rest, and is calledafoper length Since 1, the moving
body will be shorter when it is moving.

62.5 An Example

As an example, let's imagine that a spacecraft is launchéught speed relative to the nearest star, Alpha
Centauri (which is about 4 light-years away). The ship tisvet 80% of the speed of light during the trip.
From Earth, we see that the whole trip takes 5 years. We aésthsastronaut’s clocks running more slowly
than ours by a factor of D 2:78 so that when the astronauts arrive, they are only 1.8 yddes.o

What do the astronauts see from their point of view on theespaét? Their clocks run at what seems a
normal rate for them, but they see that thigtanceto Alpha Centauri has been length-contracted by a factor of

D 2:78 They're traveling at a speed 6f80¢, but they only have to travel a distance of (4 light-year£)/

1:44light-years. When they arrive at Alpha Centauri, they'rédaslby (1.44 light-years),80cD 1:8years.

In summary, observers on Earth see the astronaut's clocksnmanore slowly, but the astronauts have
to travel the full 4 light-years. The astronauts see theick$ moving at normal speed, but the distance they
have to travel is shorter. All observers agree that the aatrts are only 1.8 years older when they arrive.

62.6 Momentum
In Newton's classical mechanics, momentunpi® mv. Under special relativity, this is modi ed to be
pD mv: (62.4)

Relativistically, it is this de nition of momentum that i®aserved. Newton's second law in the foffD ma
is no longer valid under special relativity, but Newton'sginal form F D dp=dt is still valid, using this
de nition of momentump.

Notice thatasy ! c,we have !1 (by Eq. (62.2)), and so momentum! 1 . As a body goes
faster, its momentum increases in such a way that it becomeesaisingly dif cult to make it go even faster.
This means that it is not possible for a body to move faster tha speed of light in vacuur,
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62.7 Addition of Velocities

Let's suppose that we have two bodies moving in one dimensidre rst is moving at speed, and the
second is moving at spe&d What is the speed of the second relative to the rst? In ottends, what will
you measure as the speed of the second body if you're sittiige rst body?

In classical Newtonian mechanics, the speedf the second body relative to the rstis simply

wDv u (62.5)

For example, if the rst body is moving to the right with speged 10 m/s, and the second body is moving
toward it to the left with speed D 20 m/s, then an observer on the rst body will see the second body
moving toward it with a speed @f D 30m/s.

In the special theory of relativity, this seemingly seligant equation for adding velocities must be
modi ed as follows:

vV u

wD ——
1 uv=c?

(62.6)

This reduces to Eg. (62.5) unless the speeds involved aréheespeed of light. For the above example, where
uD 10m/sandv D 20m/s, Eq. (62.6) givesr D 29:99999999999993324/s, rather thamwv D 30 m/s
given by Eq. (62.5). As you can see, for many applicatioresdifference between the classical formula (Eq.
(62.5)) and the exact relativistic formula (Eq. (62.6)) & enough to justify the extra complexity of using
the relativistic formula.

But for speeds near the speed of light, using the relato/fstimula is important. For example, if D
0:99candv D 0:99¢ then the classical formula of Eq. (62.5) would giveD 1:98c > c, in violation of
special relativity; but using the exact expression in EQ.§pgives the correct answav,D 0:9999494975¢

Eq. (62.6) makes it impossible for the the relative speedsetgreater than the speed of lightin the
extreme case D candv D c, Eq. (62.6) givesv D c, in agreement with the Einstein's second postulate.

62.8 Energy
Rest Energy

Einstein showed that mass is a form of energy, as shown by ¢ss$ fmamous equation,
Eo D mc?: (62.7)

Ey is called therest energyof the particle of masm. The clearest illustration of this formula is the mutual
annihilation of matter andntimatter(a kind of mirror-image of ordinary matter). When a particfenatter
collides with a particle of antimatter, the mass of the twdipkes is converted completely to energy, the
amount of energy liberated being given by Eq. (62.7).

As examples, the rest energy of the electron is 511 keV, amdest energy of the proton is 938 MeV.
(1 eV is oneelectron volt and is equal td:602176634 10 ° J.)

Kinetic Energy

In classical Newtonian mechanics, the kinetic energy ismglyyK D mv2=2 The relativistic version of this
equation is

KD. 1/mc? (62.8)
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It is not obvious that this reduces to the classical expoassitil we expand into a Taylor series:

1=2
v? 1v?2 _3v* 5v® _35v®  63vI10  231v%?
D 1 — DiIC-—-C-—-—C—-—=C-——C——C——C (62.9)
c? 2c2 ~ 8c*  16c® ~ 128c8® ~ 256¢10 T 1024cl2
Substituting this series expansion fointo Eq. (62.8), we get
1 3 v¢ 5 v®& 35 v8 63 v0 231 P
KD Zmv?C -m—C cC — C (62.10)

—m— Mm—C—m—C —m—

2 8 ¢c2 16 c* 128 c® 256 8 1024 c10

Unless the speedis near the speed of liglt all but the rst term on the right will be very small and can be
neglected, leaving the classical equation.

Total Energy

If the only forms of energy present are the rest enétgyand the kinetic energl{ , then the total energ
will be the sum of these:

EDE¢CKD mc?: (62.11)

It is often useful to know the total energy of a particle imterof its momentunp rather than its velocity.
It can be shown that the total energy is given in terms of mdorarby

E2D .pc/? C .mc?/?%: (62.12)

In the case where the total energy is much larger than thenestly E =~ Eg), we may neglect the second
term on the right, and use

E pc: (62.13)
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Chapter 63

Quantum Mechanics

63.1 Introduction

In this course we have been studying mechanics as formubgt&ir Isaac Newton; this is calledassical
mechanics Although classical mechanics can be applied to a wide rafigéuations, it was discovered at
the beginning of the 20th century that it cannot be appliecety small distance scales—say on the order of
the size of an atom or smaller. For these small distancessaakessical mechanics no longer works, and a
completely different system of mechanics is needed, cajlechtum mechanic$lere we will present a brief
overview of quantum mechanics, so that you can get a sensenfrit is all about. For simplicity, we will
be working in one dimension, although the equations can bergézed for three dimensions.

63.2 Review of Newtonian Mechanics

We begin by reviewing Newtonian classical mechanics in dmeedsion. In this formulation, we begin by
writing Newton's second law, which gives the forEerequired to give an accelerati@ato a massn:

F D ma: (63.1)

Generally the force is a function a&f Since the acceleraticmD d?x=dt?, Eq. (63.1) may be written

2

d
Fx/ D md—t;(: (63.2)

This is a second-order ordinary differential equation,clhive solve forx.t/ to nd the positionx at any
timet. Solving a problem in Newtonian mechanics then consisthexd steps:

1. Write down Newton's second law (Eq. 63.2);
2. Substitute foF .x/ the speci ¢ force present in the problem;

3. Solve the resulting differential equation fot/ .

63.3 Quantum Mechanics

The quantum world at very small distance scales (atomicsinel smaller) is very alien and strange, and
completely beyond our everyday experience. Here are a felaedéey concepts in quantum mechanics:
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1. In quantum mechanics, it generally makes no sense tohalktahe the exact positionof a particle
at a timet. Instead, a particle is thought of as being in many diffepates at the same time. Only
when we ganeasurehe position of the particle does it appear at a preciseilmtaiVhen we're not
measuring its position, it is, in a sense, in many places eg.on

2. The concept of the positionof a particle is replaced by the concept ovave function.x;t/ . The
physical interpretation of the wave function is that itsaej .x;t/ j?, gives theprobability that
when we measure the particle's position at timé will appear at positioxx. This idea of probability
is a central concept of quantum mechanics: when we go to meedise position of a particle, it is
fundamentally impossible to predict where it will appear,matter how much information we have. It
is only possible to predict the probability that it will beuiod at a given location.

3. This idea of a wave function is closely connected the tlea imfwave-particle duality matter funda-
mentally behaves like both a wave and a particle at the sange fror example, both photons (particles
of light) and electrons show both particle-like behaviod arave-like behavior.

4. It is fundamentally impossible to know both a particleset position and its velocity at the same
time. (This is in contrast to Newtonian mechanics, whereréighe's position and velocity can both
be measured to arbitrary accuracy.) This idea is calledH#isenberg uncertainty principl@nd is
described in more detail below.

5. In bound systems, we generally nd that a particle canrmvehjustany value of energy. Instead, we
nd that the particle can have only certaghscretevalues of energy; we thus say that the energy is
guantized The particle cannot have an energy that lies in betweenlibwed discrete values. We
also often nd that quantities like position and angular nesrtum are also quantized. For example,
an electron in orbit around an atom has its orbital positioargized: it can only be at certain allowed
positions with respect to the nucleus, and other positiomsaw allowed.

You may wonder: how can it be that a particle is in many platesee, or that the place where it appears
is completely unpredictable, or that it is in an unknownestamless we're measuring it, or that it can be
both a particle and a wave at the same time? The truth istitzadyreally understands how it can be this
way—it justis. We can write down the equations to describe it, and predebtitcomes of experiments to
high accuracy, but nobody has a good intuitive picture of tluwgs can possibly be this way. Nature is far
stranger than we can imagine.

Now for a mathematical description of quantum mechanicscalR@ow we work with Newtonian me-
chanics: we write down Newton's second law, substitute @igpéorce for F.x/, and solve the resulting
differential equation fox.t/. Quantum mechanics does not use the concept of a forcer,ratieeything
is formulated in terms of energy. In place of Newton's sectavd we use theéime-dependent Schrodinger
equation which is a partial differential equation:

2@ _ . @
YT CuUx/ x;t/ Di, Bt (63.3)

wherem is the mass of the particlél.x/ is the potential energy function, anck;t/ is the wave function
we wish to solve for. The constapt(pronounced “h-bar”) is an abbreviation for Planck's camsh divided
y 2 ,and has the valug h=2 D 1:054571726 10 34 Js. Notice the presence of the factob
~ 1on the right-hand side: in general, quantum mechanical fiavetions arecomplex but the physically
meaningful quantity is thequareof the wave function, which is real.
Solving a problem in quantum mechanics consists of thevotig steps (analogous to the steps described
earlier for Newtonian mechanics):

1. Write down the Schrodinger equation (Eq. 63.3);
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2. Substitute fotJ .x/ the speci ¢ potential energy present in the problem;

3. Solve the resulting differential equation fox;t/ .

It turns out that it is possible to separate the solutiany/ into the product of two parts: a part that
depends only om and a part that depends only bnThe solutionis .x;t/ D '.x/e B where'.x/ is
the solution to théime-independent Schrodinger equation

2 42
A2 CUx/'x/ DE'x/ (63.4)
and whereE is the total energy of the particle. So to solve the tidependenBchrodinger equation for

X;t/ , we rst solve the timeindependenSchrodinger equation forx/ , then multiply that solution by
e IEt=,

63.4 Example: Simple Harmonic Oscillator

As an example of the use of the Schrodinger equation, cenaidne-dimensional simple harmonic oscillator.
We wish to nd the wave function.x;t/ of the oscillator at any positioxand timet.
The potential energy of a simple harmonic oscillator is given by

U.x/ D Zkx?; (63.5)

wherek is the spring constant. With this potential energy functitwe time-independent Schrodinger equa-
tion (Eq. 63.4) becomes
., 2 d 21 1 . '
S dx? C ékx X/ D E'x/ (63.6)
This is a second-order differential equation whose sotutam be worked out using the theory of differential
equations. The solution turns out to be
r

"wx/ D pWSHn.x/e z

2y2

X .nDO0;1;2;3;::d (63.7)

Here isdenedby 4 mk=,2andtheH, are special functions callddermite polynomialshe rst few
of which are shown in Table 63-1. Notice that the solutiogusintized only certain discrete solutions are
allowed, which we nd by substituting the integeds1; 2; 3; : : :for n.

The solutions to the time-dependent Schrodinger equatierthen found by multiplying Eq. (63.7) by
e IEt=,.
r

nX;t/ D prHn. xle 2 ¥’g Ents, .nDO;1;2;3;:: (63.8)
The physical signi cance of the wave functionis that itsaggyj j2 D , gives the probability of nding

the particle at positior.> Squaring Eq. (63.8), we nd this probability function foretinarmonic oscillator
is

i nx/j2D p_z—nnSGEIﬁL xle 2e **  nDO0:1;2;3;:: (63.9)
It turns out that the energy, like the wave function, is alsargized; the allowed values Bf are
E,D.nC %/,,! .n DO0;1;2;3;:: (63.10)

where! D P k=m is the angular frequency of a classical simple harmonidlasai. This is in contrast to
theclassicalharmonic oscillator, which can haeamyvalue of energyE D kA2=2

1Technically, it's the probability of nding the particle eeen positions andx C dx .
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Table 63-1. Hermite polynomials.

Hox/ D 1

Hq..x/ D 2x

Hox/ D 4x%2 2

Hs.x/ D 8x3 12x

Hsx/ D 16x* 48x2C 12

Hs.x/ D 32x5 160x3 C 120x

Hg.x/ D 64x® 480x* C 720x¢ 120

Notice that the quantum simple harmonic oscillator has aimim energy, called theero-point energy
whenn D 0: Eyp D , !=2. The classical harmonic oscillator can have zero energythaunot quantum
harmonic oscillator—in quantum mechanics, there is alvaysinimum non-zero energy that the particle
must have. The same is true of the atom: an electron can be ilowest-energK shell of the atom, but
cannot have any lower energy. This is fortunate: if the eteceénergy were not quantized, it would have no
minimum energy, and could spiral all the way in to the nucle@siantization of energy is what keeps the
atom from collapsing.

63.5 The Heisenberg Uncertainty Principle

The Heisenberg uncertainty principlgtates that it is fundamentally impossible to simultangooeasure,
to arbitrary accuracy, certain pairs of variables. No mdttav good the experiment, the fundamental ran-
domness of Nature restricts the accuracy to which itis jpbs$d make these measurements.

The Heisenberg uncertainty principle can be stated mattieaiig by the following relations:

X 0 w =2 (63.11)
o oL . =2 (63.12)
oE ot . =2 (63.13)

Eqg. (63.11) states that we cannot simultaneously measarpdsitionx of a particle and its momentum
to arbitrary accuracy; the product of the uncertaintiesoame less than=2 The more accurately you
measure the position, the less accurately you know the mmenSimilarly, Eq. (63.12) states that you
cannot simultaneously measure a particle's angular mositi and its angular momentuin to arbitrary
accuracy. Eqg. (63.13) relates the uncertainty in measariparticle's energf and the uncertainty in time
required to make that measurement.

Notice that each of these Heisenberg relations involveptbduct of the uncertainties in@nserved
guantity and its so-calledonjugate variable
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Chapter 64

The Standard Model

The Standard Modebf particle physics is our current best theory of how the drse is put together at its
most fundamental level. It describes the fundamental eratfipoth matter and forces. This is still very much
at the frontier of physics research, so it's not clear how Imofoour understanding of this is correct.

64.1 Matter

All of (ordinary) matter is found to be made of two types oftpdes: quarksandleptons There are six types
of quarks (calledip, down charmed strange top, andbottorm) and six types of leptons (theectron muon
tau lepton and their associatettutrinos) (Table 64-1.)

Table 64-1. The basic particles of matter.

Quarks Leptons
Up (u) Electron ¢ )
Down (d) Electron neutrino Q)

Charmed (c) Muon( )
Strange (s) Muon neutrion )
Top (1) Tau lepton ( )
Bottom (b)  Tau neutrino ()

Quarks are never observed in isolation: they occur only astes of three quarks (calledoaryon), or
as a quark-antiquark pair (calledreesoi). (An antiquark is a form chntimatter described below.) Examples
of baryons are thproton(which consists of two “up” quarks and one “down” quark) ahdrieutron(which
consists of two “down” quarks and one “up” quark). Baryond amesons together are collectively known as
hadrons so a hadron refers to a collection of bound quarks.

Quarks are held together in hadrons by a very strong fordebimomes stronger the farther apart the
quarks are separated. This is why they are not observedlatimo

Leptons consist of the electron, the muon (which acts likeaai electron), and the tau lepton (which acts
like a very heavy electron). Each of these particles has gehaf e. In reactions in which these particles
are produced, there is generally also a neutrino particleutfinos are very light particles with almost no
mass, and for the most part they pass right through ordinatjem in fact, there are billions of them passing
through your body right now. Only very rarely do they intéradth ordinary matter, but occasionally they
do. Physicists have built neutrino “telescopes” to detieetrt; these telescopes consist of underground pools
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lled with cleaning uid surrounded by light detectors. Ihé rare event that a neutrino interacts with ordinary
matter, it emits a brief ash of light which is detected andasded.

Both quarks and leptons are, as far as we can observe, pogsemaNone of them has any internal
structure that we're currently aware of.

64.2 Antimatter

Each quark and lepton has a corresponding mirror-imagefgttiat has the same mass but opposite charge;
such particles are callezhtimatter The antimatter counterpart of the electron is calledpibgtron(e®); for
other particles, you just add the preanti- (e.g.anti-proton anti-neutron etc.)

Whenever a particle of ordinary matter comes in contact itsthntimatter counterpart, the two particles
are destroyed and converted to energy in the form of gamns e amount of energy created is given by
Einstein's famous formul&, D mc?, wherem is the sum of the particle masses anig the speed of light
in vacuum.

64.3 Forces

We know of four fundamental forces in Nature: tip@vitational force the electromagnetic forceand two
nuclear forcegTable 64-2.) We're all familiar with the gravitational e (which is keeping you attached
to the ground as you read this). Most of the other forces yoowmter in everyday life are electromagnetic
in nature. The strong nuclear force is responsible for mgiditomic nuclei together against the mutual
electrostatic repulsion of protons, and is also respoedil nuclear fusion reactions that occur in the Sun
and in hydrogen bombs. The weak nuclear force is responfibla process called decay in which a
neutron in an atomic nucleus decays into a proton, electmh anti-neutrino, and the electron escapes from
the atom in the process.

Table 64-2. The four forces.

Force Vector boson
Gravitational Graviton (?)
Electromagnetic Photon
Strong nuclear Gluon
Weak nuclear w, Z

According to the Standard Model, each of these forces isatedlby a particle calledgector bosonin
effect, each force is thought to be caused by the exchandeesé particles.

The electromagnetic and weak nuclear forces have beenguat)euni ed into a combined “electroweak
theory”, although this theory is not entirely complete. Marhysicists believe that the electromagnetic,
strong nuclear, and weak nuclear forces can be shown tofeeatif aspects of a single underlying force, and
thus all covered by a single “Grand Uni ed Theory”. No Grandiléd Theory has yet been discovered.

Our best theory of gravity to date is Einstein's General Tiiedf Relativity, and has so far been shown
to be consistent with experimental results. However, gdmelativity says that the gravitational force is due
to the curvature of space-time; this is at odds with the StechtModel view, which is that gravity is caused
by the exchange of particles callgthvitons No experiment has yet detected the existence of gravisors,
it's uncertain whether or not general relativity is the emtr nal theory of gravity.

1The gravitational force is not considered to be part of tlem&ard Model.
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Some physicists believe that it may be possible to showath&dur forces (including gravity) are aspects
of a single underlying force, and covered by a theory caltesl“Theory of Everything”. Such a theory
(which is essentially a grand uni ed theory plus gravityshaot yet been found, nor is it known whether
such a theory even exists. Some theories sudtragy theoryhave been proposed, but are far from being
experimentally veri ed. These are issues to be worked ouftibyre generations of physicists.

64.4 The Higgs Boson

A key piece of the Standard Modellitiggs eld, which is responsible for giving particles their mass. The
Higgs eld Il all of space, even in places where there woultherwise be a vacuum. The degree to which a
particle interacts with the Higgs eld determines its maparticles interacting weakly with the Higgs eld
are light, while those that interact strongly with the Higglsl are heavy. Particles that don't interact with
the Higgs eld at all, like the photon, are massless.

The Standard Model predicts that elds that Il all space shbbe associated with a particle — for
example, as we've seen each of the four fundamental foraassisciated with a vector boson parti€l€he
particle associated with the Higgs eld is th#ggs boson The Higgs boson was detected experimentally at
the CERN particle physics acceleratam 2015, thus con rming the existence of the Higgs eld andigg
increased con dence in the Standard Motiel.

2Except, perhaps, for gravity.

3CERN stands for Conseil Européen pour la Recherche Nive)@and is a facility located on the border between FrandeSamitzer-
land.

4Seenttp://www.nobelprize.org/nobel_prizes/physics/laur eates/2013/popular-physicsprize2013.pdf
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Further Reading

General

 Classical Mechanic¢2nd ed.) by Herbert Goldstein (Addison-Wesley, Readings$4, 1980). The
standard graduate-level text on classical mechanics.

» The Feynman Lectures on Physi@e nitive Edition; 3 vol.) by Richard P. Feynman, Robert B.
Leighton, and Matthew Sands (Addison-Wesley, Reading,sM&006). This classic work is well
known to all students of physics. These lectures were ptedday Nobel laureate Richard Feynman to
his physics class at the California Institute of Technolimge 1960s, and are considered a masterpiece
of physics exposition by one if its greatest teachers. (Tleeaudio for these lectures is also available
on CD, in 20 volumes.)

» Thinking Physic¢3rd ed.) by Lewis Carroll Epstein (Insight Press, San Fsmag 2009). A very nice
collection of thought-provoking physics puzzles.

Numerical Analysis (Chapter 13)

» Numerical Recipeby Press, Teukolsky, Vetterling, and Flannery (Cambrid§87). Numerical anal-
ysis is a whole subject in itself, and quite a number of boaksetbeen written about it. This book
is a good starting point. It includes not only computer coftesvarious methods, but also a good
discussion of the motivation behind the methods.

Friction (Chapter 20)

* “Friction at the Atomic Scale” by Jacqueline Krir8cienti c American October 1996, pp. 74-80.

» An excellent discussion of friction is available in VolurhgChapter 12, Section 12-2 ©he Feynman
Lectures on PhysicéDe nitive Edition) by Richard P. Feynman, Robert B. Leight and Matthew
Sands (Addison-Wesley, Reading, Mass., 2006).

» A review article in the journaReviews of Modern Physiexamines friction in detail, at an advanced
level. See Andrea Vanosst al, Colloquium: Modeling friction: From nanoscale to mesdsc#ev.
Mod. Phys.85, 529-552 (April-June 2013).

Energy (Chapter 26)

» Energy, the Subtle Concepy Jennifer Coopersmith (Oxford, 2010). An extended disicusof the
concept of energy, with a number of biographical anecdatdsw@nimal mathematics.
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Pendulums (Chapter 41)

* The Pendulum: A Case Study in PhydigsG.L. Baker and J.A. Blackburn (Oxford, 2005). An entire
book about pendulums, at roughly the level of this course.

The Gyroscope (Chapter 49)

» Volume 1, Chapter 20, Section 20-3 ©he Feynman Lectures on Physi@e nitive Edition) by
Richard P. Feynman, Robert B. Leighton, and Matthew Sandklidn-Wesley, Reading, Mass.,
2006).

Super uids (Chapter 51 and 52)

* Liquid Helium II, the Super uid Im), Alfred Leitner Ims, Michigan State University, 198. (Avail-
able on YouTube.)

Gravity and General Relativity (Chapter 54)

» Black Holes and Time Warps: Einstein's Outrageous Ledac¥ip Thorne (Norton, 1995). A very
readable introduction to black holes, for the general reade

* It Must Be Beautiful: Great Equations of Modern ScietgeGraham Farmelo (ed.) (Granta Books,
New York, 2002). The chapter “The Rediscovery of Gravity"Rgger Penrose gives a brief overview
of general relativity at about the level of this course.

» A First Course in General Relativit{2nd ed.) by Bernard Schutz (Cambridge, 2009). This is an
excellent rst text on general relativity.

» Gravitationby Misner, Thorne, and Wheeler (Freeman, 1973). This huge t@ver 1200 pages) is
the granddaddy of all general relativity texts. It's exeali, and well known to all students of general
relativity. This is probably the text you would use in a gratiuschool course.

Earth Rotation (Chapter 55)

» The Earth's Variable Rotatioby Kurt Lambeck (Cambridge, 1980). An extended discussforrey-
ularities in the Earth's rotation, at a graduate-schoctlev

Geodesy (Chapter 56)

» The Measure of All Things: The Seven-Year Odyssey and HifidenThat Transformed the World
by Ken Alder (Free Press, 2003).

Celestial Mechanics (Chapter 57)

* Introduction to Celestial Mechanidsy S.W. McCuskey (Addison-Wesley, Reading, Mass., 1963). A
brief, excellent introduction to celestial mechanics.
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» Astronomical Algorithm&y Jean Meeus (Willmann-Bell, Richmond, 1991). Anotheredbent book,
with 58 chapters of material covering how to do practicatgkdtions of all sorts related to celestial
mechanics.

» The Astronomical Alimangt).S. Government Printing Of ce). This is published in a nedition each
year, and is full of data related to celestial mechanics.

» Explanatory Supplement to the Astronomical AlmabgcP.K. Seidelmann (ed.) (University Sci-
ence Books, 1992). A gold mine of information related to st mechanics and the calculation
of ephemerides. A very well-known and respected work, amy ivgeresting to read.

Astrodynamics (Chapter 58)

» Fundamentals of Astrodynamiby Roger R. Bate, Donald D. Mueller, and Jerry E. White (Dover
Mineola, N.Y., 1971). A good introductory text on astrodgmes at about the level of this course.

» An Introduction to the Mathematics and Methods of Astrodyica(revised ed.) by Richard H. Battin
(AIAA, Reston, Va., 1999). An advanced text on astrodynamigith emphasis on mathematical
methods.

» Fundamentals of Astrodynamics and Applicatiéfith ed.) by David A. Vallado (Microcosm Press,
2013). One of the standard references on astrodynamicsdvemaed text.

Special Relativity (Chapter 62)

» Spacetime Physid2nd ed.) by E.F. Taylor and J.A. Wheeler (Freeman, 1992)exaellent introduc-
tory treatment of special relativity, at about the level litcourse. The authors are very well known
and highly respected in the eld of relativity. The last clepis a brief overview of general relativity.

Quantum Mechanics (Chapter 63)

There doesn't seem to be any one standard quantum mecharicdbuit the ones listed below are some
popular choices for undergraduate and graduate schoade&®ur quantum mechanics.

* Quantum Mechanic8rd ed.) by Leonard I. Schiff (McGraw-Hill, New York, 1968)
* Quantum Mechanicg vol.) by Cohen-Tannoudji, Diu, and Laloe (Wiley, New Yodlo77).
* Principles of Quantum Mechani¢2nd ed.) by R. Shankar (Springer, New York, 1994).

Just for Fun

* Physics of the Impossibley Michio Kaku (Doubleday, 2008). A noted physicist disasthe possi-
bility of time travel, force elds, invisibility cloaks, tansporters, etc.

» The Disappearing Spodoy Sam Kean (Little, Brown & Co., 2010). A very entertainirglection of
stories surrounding the periodic table of the elements.
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* Mr. Tompkins in Paperbadiy George Gamow (Cambridge, 1993). A famous Russian plsysicote
these stories of a world in which the speed of light is just 3hreo relativistic effects are visible, and
more stories of a world where Planck’s constant is so largeghantum effects are visible. An updated
version has also been writtefhe New World of Mr. Tompkir{f€ambridge, 2001).

» Dragon's Eggby Robert L. Forward (Del Rey, 2000). Physicist Robert Fadnarote this novel about
humans who discover a civilization of creatures living oa surface of a neutron star.

292



Appendices

293



Appendix 1

Greek Alphabet

Table 1-1. The Greek alphabet.

Letter Name
A Alpha

B Beta

€ Gamma
. Delta
E" Epsilon
Z Zeta
H Eta

, Theta

| lota

K Kappa
f Lambda
M Mu
N Nu

” Xi
Oo Omicron
Pi
P Rho

t Sigma
T Tau

T Upsilon
o Phi

X Chi

%o Psi

ol Omega

(Alternate forms* D , D", #D ,~D ,$ D ,%D ,&D

294

D)



Appendix 2

Fraktur Alphabet

The Fraktur alphabet was used to write German from the 16th century U84lL, when its use was banned
by the Nazi regime. Today it is still occasionally used in ngahatics to make available more symbols than
those in the standard Roman and Greek alphabets.
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Appendix 3

Trigonometry

Pythagorean Formulae

sif C cod 1
sed 1C tar?
cs@ 1C cof

Angle Addition Formulae

sin. / sin cos cos sin
cos / COS CO0S sin  sin
tan tan
tan / -
1 tan tan

Double-Angle Formulae

2tan

sin2 2sin cos —
1C tar?
cos2  cog sir? 1 2sir? 2cog

2tan

tan2 =
1 tar?

Triple-Angle Formulae

sin3  3sin  4sir®
cos3 4cos  3cos

3tan tar?
tan3 ==
1 3tar?
cot? 3cot
cot3 - -
3cot? 1

296

1 tarf

1C tar?



Prince George's Community College

General Physics |

Sim@gs8impson

Quadruple-Angle Formulae

sind  4cos sin  4cos sir®

cos4 cosd  6cod sin® Csin'

tand 4tan  4tar?
1 6ta? C tart
cot* 6co C1
cot4

4cof 4 cot

Half-Angle Formulae

sin— 1 cos
2 ; 2
1C cos
cosz >
tan— sin 1 cos
2 1Ccos sin

Products to Sums

1
sin  cos 5C‘En. C / Csin.
. 1 .
cos sin EC‘En_ C / sin
1
COoS cos —@s C / Ccos

1
sin  sin 5G‘Eos C / cos

cos /| cos C/

tan tan

[o

[o

cos | Ccos C /

Sums to Products

sin C sin 2sin cos
sin sin 2cos sin
2

cos C cos 2cos cos >
cos cos 2sin sin >

sin. C /
tan C tan _

COS CcoS

sin. /
tan tan R

COS CO0S
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Power Reduction Formulae

sir?

2.1 cos2/
1
cod :

.1 Ccos2/
tar? 1 cos2
1C cos2
Other Formulee

tan cot 2cot2
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Credit: trigidentities.net , ©2005 Paul Dawkins.
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Exact values of trigonometric functionsatintervals. (Ref. [8])

sin cos tan
0 DO 0 1 0
30 g L PscPz P51 23 & 2%3c1 5c"5c PE P7 "E u 175 P35 P51 'wcs PE g
6 D 35 %q3o o5 "5 1 1 15cp§cq10 2° 5 %qlo 2’5 Pmc’s3
9 D 55 1 wc’z 2q5 5 %pﬁcpiczqs 5 Psca qscz 5
12 D 1z %quZg Bc’3 %qsocs 5cPs5 1 "3 ' qso 22" 5
50, |3°6°2 15z 2 "3
18 D 1o 4lp_ 1 4lq10c2 5 %qzs 105
20l | &2"Fci s "5 P5 Pz Pscs & "5cP7 PFcic2”3 15 P5 | 475 "7 Pic1 w0 5 Pscs
24 b 2o %pﬁc 3 qu 2" 5 %q3o o 5c’5c1 %q50c22§3p§ P15
27 o 35 %2q5c 5 P’z %2q5c sc’wm Pz P51 qs 25
0 05 1 1P3 13
33 b U %pgcpi P5 1c2"3 1q5c 5 %2p§c1q5c 5 Ps Pz P51 4lp§ P3 P31 wc2'scPscn
3% D ¢ 4lq10 2° 5 4lp§c1 qs 2° 5
39 b - &= PscPz Psc1 273 1 %2p§c1q5 5c "5 Pz Psc %pgcpi P31 qu 2’5 Psca
2 b 4 i 0ce 5 "5c1 %qlocz sc’m 3 %pﬁcp3 q10c2§
45 D o %pi %pi 1
48 D 4 %quZ sc’rw P3 %q3ocss 5C 1 %3‘)5 pﬁcqso 22" 5
51 D - %2p_c1q5 5c "5 Pz Psca &= PscPz Psc1 2"3 1q5 5 4lp§ Pz P3ca qu 25c’5 1
54 D 3y 4lp§c1 4lq10 25 %qzscm 5
s 018 | L 2P5c1 sc"5 "5 "7 "5 L P5c"7 "5 1c2”5 1 50”5 | 1P5c"F i1 wcE PF ou
60 D %p§ 1 b3
63 D 5o %2q5c sc’w Pz %2q5c 5 PocPz b5 1cq5 25
66 D 14— %q3o & 5c 5c1 %plscpi qu 2° 5 %qlo s5c’E P3
69 D 2 %pgcpz Psc1c2"3 1q5 5 %2p3c1q5 5 "5 Pz Psca 4lp§cp§ §1q10 25c’5 1
72 D 2 4lq10c2§ 4lp§1 q5c2§
w08 | 178"z 15 Pz 2c’3
78 D 13- %qsocs 5c5 1 %quZg Bc’3 %pl_cpicqlocz 5
81 D Y %pﬁcpiczqs 5 %ploc 2 2q5 5 p§c1cq5c2 5
84 D 7= %pﬁcpicqlo 2° 5 %q3o o5 "5 1 %qsoczz 5cs’3c’
87 D 2 %2p§c1q5c sc "5 Pz P51 &= PscPz P51 273 1q5c 5 4lp§cp§ P3ca quCZ 5cP5c1
90 D 1 0 1
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sec csc cot
0 DO 1 1 1
q
P— p— —Pp= [ P— P = P-_P= P P
3D g 171 8 5C2 5 2c 3 1 "T0c 6 2c 3c s5c2 5 1 "5c"3 "3c1 wc2 5c 5c1
q q
P = L= . = —r= p P —
6 D 55 3 5 2 5 15C6 5C 5C2 1 soc22"5c3 3c 15
q q
P- P— P P p__ P p— —p=
9 D 55 13 2c 10 25¢c 5 13 2c Toc2 5¢c 5 5c1c 5C2 5
q q q
—Pp= p- —P=_ P p— P =
12 D m 15 6 5 ' 5C2 5C2 5C 3 1715 3¢ 10c2 5
p— p- [P - p -
15 D 1 2 6c 2 2c 3
q q
—p= p—
18 D 1o Ls0 1005 5c1 52 5
q q q
p— P p- 9—p= P P — = p - P p- P = P
21 D 4y 171 § 2c 3 5 25 1 "oc'8 5 2 5c2 L75c"3 "3 1 10 25c 5 1
5 9——p= p_ p_ 94— 1 9= p— P
24 D % 15¢6 5 5 2 3¢ 5 2 5 1 10 225¢c 15 3
q q q
—Pp= _P P —P=_P- P— p— — =
27 0§y 125 3 2c 10 125 5c3 2 10 5 1c 5 25
2P = p -
0 D § 23 2 3
q q
p— P p - p— P p- I—p= p—_pP= P = P
33 bl | 171 6§ 15Cc2 5c2 3 1 "Toc & 2¢°3 sc2 5 L 75c"3 "3c1 wc25 "5 1
q
p— =
3% D ¢ 5 1 L s0ciw0 5 L 2scw0 5
q q q
p— p- Y—p= p - P P p- 9—p= pP— P= P = P
39 b | L "0c5 5 205 2c 170 "% 2¢73c 5 25 175 "3 "3c1 10 2 5¢c 5 1
q q q
—r= P —p=_p_ - P — =
2 b 4 5C2 5 3 15 6 5C 5 2 133 5C 5 225
[ [
45 D 4 2 2 1
q q
—Pp=_ p = N = p =
48 D 45 15 6 5C 5C2 5 3 1 "15c 3 1w0c2 5
q q q
p— P p- 9—p= p— p- Y—p= p - pP— P= P= —p= P
st o3| 3710 "6 2c 3c 5 275 1 "1c 5 25 2¢ 3 1785c"3 "3 1 w0 25 "5cu
q q
= P — —p=
54 b 35 L s0oc10 5 5 1 5 25
q
P P = p— P = pP— P= P =P
57 D8~ | 5 10c s 2c° 3 s5c2 5 17170 "% s5c25c2 3 "5 "3 "3 1 10c2 5c 5c1
2P 3 1Pz
60 D 2 "3 13
q q q
—P=_ P P— —P= _P p— p— —p=
63 D Lo 125 5c3 2 10 125 5 3 2c 10 5 1 5 25
q q
p- 9—p= —Pp= p- —P= P- P—
66 D - 3c 5 25 15Cc6 5 5 2 1 soc22"5 333 15
q q q
p— p — = p - p— P N pP— P= P —p= P
69 D 23 1 " 1oc 5 2 5C2 110 § 2c 3 5 25 175 3 "3c1 10 25 5C1
q q
p— —p= —p=
72 D % 5c1 L5 105 L2 105
[P - p— P -
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13 9—p—= p_ 9—p= p_ 1 P= P a =
78 D B 5C2 5C 3 15 6 5 5C2 133 "15 s 25
q q
P P— _ P=_P= P- P — = p— —r=
81 D B | 53 2c Toc2 5c 5 13 2c 10 25c 5 5c1 5C2 5
q q q
—P=_ P p- Y—p= —p=p P
84 D Io 15C6 5C 5C2 3 5 25 1 w0 25 BBC 3
q q q
pP— P po G——p= p— p- I—p= p - pP— P= P — = p-
87 D &~ | L "Toc & 2c 3c sc2 5 171 & 5C2 5 2¢ 3 1 3 73 1 1w0c25 5 1
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Appendix 4

Hyperbolic Trigonometry

Basic Formulae

cosfx sinffx 1
secHx 1 tanifx

cscHfx cottfx 1

Angle Addition Formulae

sinhx y/ sinhx coshy coshx sinhy

coshx y/ coshx coshy sinhx sinhy

tanhx / tanhx tanhy
y 1 tanhxtanhy

Double-Angle Formulae

sinh2x 2 sinhx coshx

cosh2x  cosH x C sinff x
2tanhx

tanh2x ———
1C tanif x

Half-Angle Formulae

r—
Sinhx coshx 1
2 2

r—
coshx coshx C 1
2 2

tanhx sinhx coshx 1
2 coshx C 1 sinhx
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Products of Hyperbolic Sines and Cosines

1
sinhx coshy > @&nhx Cy/ C sinhx /e
1
coshx sinhy > @&nhx Cy/ sinhx y/e
1
coshx coshy > @&oshx Cy/ C coshx vyl
. . 1
sinhx sinhy > @oshx Cy/ coshx y/e
Power Reduction Formulae

sinkf x .cosh2x 1/

cosH x

N NIE

.coshex C 1/
Relations to Plane Trigonometric Functions

sinhx i sin.ix/
coshx cosix/

tanhx i tanix/
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Appendix 5

Useful Series

The rst four series are valid ifxj < 1; the fth is valid for x? < a?; and the last three are valid for all real
X.

1C X/l:2 D 1C }X }XZC ix\?) 5 4 7 5 21
' 2" 8

W4 C « « 33 , 429
16 128 256 1024

2048 32768

6c 8c  (5.1)

' 2 8

L 52
160 128° 256. 1024° 2048° 32768 (5-2)
_ 1 3., 5 35 63 231 . 429 6435
ACx ¥?D1 IxCx? =x3C —x* —x° 6 7 8 5.3
X X% 8% 180 Y 128° 256 ~1024° 2048° " 32768 (5-3)
_ 1 3., 5 35 63 231 429 6435
1 x/ 2D 1C =xC Ix?C =x3C —=x*Cc —x°C 6C e 8¢C 5.4
X X280 M 16S M 128 Y 256" ~ 1024° " 2048° " 32768 (5.4)
1 1 x _x%2 x3 _x* x°
p- XX XX X 55
aCx a a a3 a* a> ab (5.5)
2 X3 X4 X5 X6 X7 X8 X9
spicxCocicilcXtctc C C C 56
© XY 5~ 5~ 22 120 720 5040~ 40320 362880 (5.6)
3 5 7 9 11 13
sixDx —cX. X ¢ X X X (5.7)
6 ~ 120 5040 362880 39916800 6227020800
2 4 6 8 10 12
cosxD1 ~cXt X ¢ X X ¢ X (5.8)
2 24 720 40320 3628800 479001600
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Appendix 6

Table of Derivatives

d
— sinx D cosx
dx

d
— cosx D sinx
dx

d
— tanx D se@x
dx

d
— secx D tanx secx
dx

d
— cscx D cotx csex

dx

d
— cotx D cs@x
dx
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d X

—e* D €e* 6.12
e be (6.12)
d 1

— Inx D — 6.13
dx nx X ( )
iaX D a*lna (6.14)
dx '

d log, x D (6.15)
dx o xIna '

d sin1x D pil (6.16)
dX 1 X2 .

d cos 1x D pil (6.17)
dX 1 X2 .

d 1

™ tan “x D 1c 2 (6.18)
d 1

— seclx D — (6.19)
dx ixj x2 1

d 1

—cscix D —p——— (6.20)
dx ixj x2 1

o 1

Ix cot “xD 1C <2 (6.21)
d sinhx D coshx (6.22)
dx '

d coshx D sinhx (6.23)
dx '

d

Ix tanhx D seclf x (6.24)
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Appendix 7

Table of Integrals

In the following table, an arbitrary consta@itshould be added to each result.

z
dx D x (7.2)
z
adx D ax (7.2)
z XnCl
x"dx D na 1/ (7.3)
nC1
z
— 2P —
P x dx D 3 x3 (7.4)
z 1
" dx D Injx] (7.5)
z
sinxdx D cosx (7.6)
z
cosx dx D sinx (7.7)
z
tanx dx D Inj secx;j (7.8)
(7.9)
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z

secx dx D Injsecx C tanxj (7.10)
z

cscx dx D Injesex  cotxj (7.112)
z

cotx dx D Injsinxj (7.12)
z

e dx D &* (7.13)
z

Inxdx D xInx X (7.14)
Z X

a
a*dx D — (7.15)
Ina

z xInx x

log, xdx D —— 7.16
z

sinhx dx D coshx (7.17)
z

coshx dx D sinhx (7.18)
z

tanhx dx D Incoshx (7.19)
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Appendix 8

Mathematical Subtleties

* When taking the square root of both sides of an equation,sign must always be introduced. For
example:

x?D a ) xD Pa
Both roots may be valid, or, depending on the problem, it mayHhat one root or the other may be
rejected on mathematical or physical grounds.

« Dividing an equation through by a variable may result indggoots. For example, suppose we have
x2 axDO

Dividing through by the variablg will result in one solutionx D a; the solutiorx D 0 has been lost.
Instead of dividing through by the variabte the proper procedure is factor outanx:

xx aDOo0

Since the product on the left-hand side is zero, it folloved #itherx D Oorx a D 0, and we retain
both roots.
* The relation

P PyoPxy 8.1)

is valid only forx;y 0.
» Some mathematical conventions:
? lisnotconsidered a prime number.

? 0SD 1

? 0° may be taken to be either 0 or 1, depending on which is moreecoent. It is technically
unde ned.

? Towers of exponents are evaluated from the top dafh:D a®®/
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» When taking an inverse trigonometric function, there wilgeneral béwo correct values; your cal-

culator will give only one value, thprincipal value(P.V.). The other value is found using the table
below.

Function P.V. Othervalue
arcsin
arccos
arctan C
arcsec
arccsc
arccot C

For arctany=x/, add to the calculator's principal value answeixif< O .
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Appendix 9

Sl Units

Table 9-1. Sl base units.

Name Symbol Quantity
meter m length
kilogram kg mass
second S time
ampere A electric current
kelvin K temperature
mole mol amount of substance
candela cd luminous intensity
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Table 9-2. Derived Sl units.

Name Symbol De nition Base Units Quantity
radian rad m/m — plane angle
steradian sr m/m? — solid angle
newton N kgms?2 kgms? force
joule J Nm kgm s ? energy
watt W J/s kgris 3 power
pascal Pa N/ kgmls? pressure
hertz Hz st st frequency
coulomb C As As electric charge
volt \Y J/C kgntf A 1s 3  electric potential
ohm . VI/IA kgm? A ?2s 3 electrical resistance
siemens S AlV kgt m 2 A2s® electrical conductance
farad F Cl/V kg!m 2A? ¢ capacitance
weber Wb Vs kgrAA s ?  magnetic ux
tesla T Wb/m  kgA ls? magnetic induction
henry H Wb /A kgt A 2s 2 induction
lumen Im cd sr cd sr luminous ux
lux Ix Im / m? cdsrm? illuminance
becquerel Bq st st radioactivity
gray Gy J/kg ms ? absorbed dose
sievert Sv J/kg ms 2 dose equivalent
katal kat mol /s mol st catalytic activity
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Table 9-3. Sl pre xes.

Prex Symbol De nition English
quetta- Q 10%° nonillion
ronna- R 1077 octillion
yotta- Y 10%4 septillion
zetta- z 10%t sextillion
exa- E 108 quintillion
peta- P 10 quadrillion
tera- T 102 trillion
giga- G 10° billion
mega- M 10° million
kilo- k 10° thousand
hecto- h 107 hundred
deka- da 10 ten

deci- d 10* tenth
centi- c 10 ? hundredth
milli- m 10 3 thousandth
micro- 10 © millionth
nano- n 10 ° billionth
pico- p 10 2 trillionth
femto- f 10 quadrillionth
atto- a 10 8 quintillionth
zepto- z 10 % sextillionth
yocto- y 10 % septillionth
ronto- r 10 %/ octillionth
quecto- q 10 %0 nonillionth

Table 9-4. Pre xes focomputer use only

Prex Symbol De nition

yobi- Yi 280 D 1,208,925,819,614,629,174,706,176
zebi- Zi 20 D 1,180,591,620,717,411,303,424
exbi- Ei 2%0 D 1,152,921,504,606,846,976

pebi- Pi 20 D 1,125,899,906,842,624

tebi- Ti 240 D 1,099,511,627,776

gibi- Gi 230 D 1,073,741,824

mebi- Mi 220 D 1,048,576

kibi- Ki 210 D 1,024
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Appendix 10

Gaussian Units

Table 10-1. Gaussian base units.

Name Symbol Quantity
centimeter cm length
gram g mass
second S time
kelvin K temperature
mole mol amount of substance
candela cd luminous intensity
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Table 10-2. Derived Gaussian units.

Name Symbol De nition Base Units Quantity
radian rad m/m — plane angle
steradian sr m/ n? — solid angle
dyne dyn gcm¢? gcms? force
erg erg dyncm gcms 2 energy
statwaitt statW erg/s gchs 3 power
barye ba dyn/cr gemts? pressure
galileo Gal cm/$ cms 2 acceleration
poise P g/ (cms) gent st dynamic viscosity
stokes St crh/s cnt st kinematic viscosity
hertz Hz st st frequency
statcoulomb  statC g2cm®?s 1 electric charge
franklin Fr statC g2cm*2?s 1 electric charge
statampere statA  statC/s g em*?s 2 electric current
statvolt statvV  erg/ statC B em*?s 1 electric potential
statohm stat  statV/statA scm?! electrical resistance
statfarad statF  statC/statV cm capacitance
maxwell Mx  statV cm g2cm*2s 1 magnetic ux
gauss G Mx / crh g*?cm ¥2s 1 magnetic induction
oersted Oe statAs/dn g¥2cm ¥2s ! magnetic intensity
gilbert Gb statA g2cm*?s 2 magnetomotive force
unit pole pole  dyn/Oe T2cm*?s ! magnetic pole strength
stathenry statH erg/statA s cm ! induction
lumen Im cd sr cd sr luminous ux
phot ph Im/cm cd srcm? illuminance
stilb sh cd / cr cdcm ? luminance
lambert Lb 1= cd/cnf cdcm? luminance
kayser K 1/cm cm? wave number
becquerel Bq st st radioactivity
katal kat mol /s mol st catalytic activity
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Appendix 11

British Engineering Units

Table 11-1. Britsh Engineering base units.

Name Symbol Quantity
foot ft length
slug slug mass
second S time
degree Rankine R temperature
pound-mole Ib-mol  amount of substance
candle candle luminous intensity
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Table 11-2. Derived British Engineering units.

Name Symbol De nition Base Units Quantity
radian rad ft/ft — plane angle
steradian sr ft/ ft? — solid angle
pound-force Ibf slug fts®> slugfts? force
hertz Hz st st frequency
becquerel Bq st st radioactivity
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Appendix 12

Units of Physical Quantities

Table 12-1. Units of physical quantities.

Quantity Sl Units  Gaussian Units
Absorbed dose Gy erg g
Acceleration m s? cm s ?
Amount of substance mol mol
Angle (plane) rad rad
Angle (solid) sr sr
Angular acceleration rad $ rad s ?
Angular momentum Nms dyncms
Angular velocity rad st rads?!
Area nt cn?
Bulk modulus Pa ba
Catalytic activity kat kat
Coercivity Am!? Oe
Crackle m s® cms?®
Density kgm?3 gcm 3
Distance m cm
Dose equivalent Sv erg g
Elastic modulus N m? dyn cm ?
Electric capacitance F statF
Electric charge C statC
Electric conductance S stat!
Electric conductivity Sm! sta¢ lcm!?
Electric current A statA
Electric dipole moment Cm statC cm
Electric displacemenY) Cm ? statC cm?
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Table 12-1 (cont'd). Units of physical quantities.

Quantity Sl Units  Gaussian Units
Electric elastance = statF !
Electric eld (E) vm 1! statV cm !
Electric ux vm statV cm
Electric permittivity Fm? —
Electric polarizationk ) Cm? statC cm?
Electric potential \% statV
Electric resistance . stae
Electric resistivity *m stat cm
Energy J erg
Enthalpy J erg
Entropy JK1? ergK !
Force N dyn
Frequency Hz Hz
Heat J erg
Heat capacity JK! ergK !
[lluminance Ix ph
Impulse Ns dyns
Inductance H statH
Jerk ms 3 cms?
Jounce m s* cms 4
Latent heat J kgt ergg !
Length m cm
Luminance cd m? sh
Luminous ux Im Im
Luminous intensity cd cd
Magnetic ux Wb Mx
Magnetic inductionB) T G
Magnetic intensityid ) Am ! Oe
Magnetic dipole momen® convention) Am pole cm
Magnetic dipole moment{ convention) Wb m pole cm
Magnetic permeability Hmt —
Magnetic permeance H S
Magnetic pole strengthB( convention) Am unit pole
Magnetic pole strengtiH convention) Wb unit pole
Magnetic potential (scalar) A Oecm
Magnetic potential (vector) Tm Gcm
Magnetic reluctance H st
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Table 12-1 (cont'd). Units of physical quantities.

Quantity Sl Units Gaussian Units
Magnetization 1) Am! Mx cm 2
Magnetomotive force A Gb
Mass kg g
Memristance . stae
Molality mol kg * mol g *
Molarity mol m 3 mol cm 3
Moment of inertia kg g cn?
Momentum Ns dyns
Pop ms® cms®
Power W statWw
Pressure Pa ba
Radioactivity Bq Bq
Remanence T G
Retentivity T G
Shear modulus N n? dyn cm ?
Snap ms* cms?
Speci ¢ heat JK'kg?! ergKlg?!?
Strain — —
Stress N m? dyn cm ?
Temperature K K
Tension N dyn
Time S S
Torque Nm dyn cm
Velocity ms? cms?
Viscosity (dynamic) Pas P
Viscosity (kinematic) ms ! St
Volume m cm?
Wave number m! kayser
Weight N dyn
Work J erg
Young's modulus N m? dyn cm ?
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Appendix 13

Physical Constants

Table 13-1. Fundamental physical constants (CODATA 2018).

Description

Symbol

Value

Speed of light (vacuum)
Gravitational constant
Elementary charge
Permittivity of free space
Permeability of free space
Coulomb constantl=.4 " of)
Electron mass

Proton mass

Neutron mass

Atomic mass unit (amu)
Planck constant

Planck constant 2
Boltzmann constant
Avogadro constant

c 2:99792458 1% m/s
G 6:67430 10 *' mikg 's?
e 1:602176634 10 ° C
"o 8:8541878128 10 12 F/m
0 1:256637062121C N/A2
Ke 8:9875517923 10° m/F
Me 9:1093837015 10 3! kg
my 1:67262192369 10 27 kg
mp 1:67492749804 10 27 kg
u 1:66053906660 10 27 kg
h 6:62607015 10 % Js

1:054571817646156410 3* J s

ke 1:380649 10 22 J/K
Na 6:02214076 10 mol !

Table 13-2. Other physical constants.

Description Symbol Value
Acceleration due to gravity at Earth surface ¢ 9.80 m/8
Radius of the Earth (eq.) R 6378.140 km
Mass of the Earth M 5:97320 10** kg
Earth gravity constant GM 3:986005 10 m®s ?
Speed of sound in ai2Q C) Vsnd 343 m/s
Density of air (sea level) air 1.29 kg/n?
Density of water w 1 g/cn? D 1000 kg/ni
Index of refraction of water Ny 1.33

Resistivity of copperZ0 C)

Cu

1:68 108« m
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Appendix 14

Astronomical Data

Table 14-1. Astronomical constants.

Description Symbol Value
Astronomical unit AU 1:49597870 10 m
Obliquity of ecliptic (J2000) " 23:4392911
Solar mass M 1:9891 10*° kg
Solar radius R 696;000km
Earth grav. const. GM 3:986004415 10 m3s 2
Sun grav. const. GM 1:32712440041 10°° m3 s 2

Table 14-2. Planetary Data.

Planet Mass (Yg) Eqg.radius (km) Orbit semi-major axis (Gm)

Mercury 330:2 2439:7 5791
Venus 4868:5 6051:8 108:21
Earth 5973:6 6378:1 149:60
Mars 641:85 3396:2 22792
Jupiter  1;898;600 71,492 778:57
Saturn 568;460 60;268 1433:53
Uranus 86;832 25;559 2872:46
Neptune 102;430 24,764 4495:06
Pluto 12:5 1195 5906:38
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Appendix 15

Unit Conversion Tables

Time

1 dayD 24 hoursD 1440 minute® 86400 seconds
1 hourD 60 minutedD 3600 seconds
1 yearD 31557 600 seconds 10" seconds

Length

1 mileD 8 furlongsD 80 chaindD 320 rodsD 1760 yardD 5280 feetD 1.609344 km

1 yardD 3 feetD 36 inchedD 0.9144 meter

1footD 12 inchedD 0.3048 meter

1linchD 2.54 cm

1 nautical mileD 1852 meter® 1.15077944802354 miles

1 fathomD 6 feet

1 parsed 3.26156376188 light-yeai3 206264.806245 AWD 3:08567756703 10'® meters
1angstromD 0.1 nmD 10° fermiD 10 0 meter

Mass

1 kilogramD 2.20462262184878 Ib

1 poundD 16 0zD 0.45359237 kg

1 slugD 32.1740485564304 1D 14.5939029372064 kg
1 short torD 2000 Ib

1longtonD 2240 Ib

1 metric tonD 1000 kg

Velocity

15 mphD 22 fps
1 mphD 0.44704 m/s
1 knotD 1.15077944802354 mpbh 0.514444444444444 m/s
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Area

1 acreD 43560 f€ D 4840 yc? D 4046.8564224
1 mile? D 640 acred 2.589988110336 ki

1 areD 100 n?

1 hectareD 10* m? D 2.47105381467165 acres

Volume

lliterD 1dn® D 10 *m® 1 quart

1 m* D 1000 liters

lcm®D 1mL

12D 1728 ir* D 7.48051948051948 g&l 28.316846592 liters

1 gallonD 231 ir® D 4 quartsD 8 pintsD 16 cupsD 3.785411784 liters
1 cupD 8 oz D 16 tablespoonB 48 teaspoons

1 tablespooi 3 teaspoon® 4 uidrams

1 dry gallonD 268.8025 id D 4.40488377086 liters

1 imperial gallorD 4.546009 liters

1 busheD 4 pecksD 8 dry gallons

Density
1 g/cn? D 1000kg/m® D 8.34540445201933 Ib/g&l 1.043175556502416 |b/pint

Force

11bf D 4.44822161526050 newtobs32.1740485564304 poundals
1 newtonD 10° dynes

Energy

1 calorieD 4.1868 joules

1 BTU D 1055.05585262 joules
1ft-Ib D 1.35581794833140 joules
1 kW-hrD 3.6 MJ

1eVvD 1:602176634 10 ' joules
1jouleD 107 ergs

Power

1 horsepowebD 745.69987158227022 watts
1 statwattD 1 abwattD 1 erg/sD 10 ’ watt

Angle
radD deg 55 degD rad 89

1 degD 60 arcminD 3600 arcsec
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Temperature

CD(F 32/ 3 FD C  C32
KD CC 273:15
RD FC 459:67

Pressure

1 atmD 101325 P& 1.01325 bab 1013.25 millibaD 760 torr
D 760 mmHgD 29.9212598425197 inHD 14.6959487755134 psi
D 2116.21662367394 IbAD 1.05810831183697 tonfft
D 1013250 dyne/cfD 1013250 barye

Electromagnetism

1 statcoulomid 3:33564095198152010 1° coulomb
1 abcoulomiD 10 coulombs

1 statvoltD 299:792458/0lts

1 abvoltD 10 8 volt

1 maxwellD 10 8 weber

1 gaus®D 10 *tesla

1 oersted 250= .D 79:577471545947H/m
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Figure 15.1: Conversion chart for kitchen measureme@eedit: S.B. Lattin Design.
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Appendix 16

Angular Measure

Plane Angle

The most common unit of measure for plane angle isldggee( ), which is 1/360 of a full circle. Therefore
a circle is360 , a semicircle is.80 , and a right angle i90 .

A similar unit (seldom used nowadays) is a sort of “metricjlencalled thegrad, de ned so that a right
angle is 100 grads, and so a full circle is 400 grads.

The Sl unit of plane angle is thradian (rad), which is de ned to be the angle that subtends an agtken
equal to the radius of the circle. By this de nition, a fultcie subtends an angle equal to the arc length of a
full circle (2 r ) divided by its radius — and so a full circle i2 radians.

Since a hemisphere 180 or radians, the conversion factors are:

radD 180 deg (16.1)

180
degD — rad (16.2)

Subunits of the Degree

For small angles, a degree may be subdivided intmétuteq ©), and a minute into 66econdg °°). Thus a
minute is 1/60 degree, and a second is 1/3600 dégpawgles smaller than 1 second are sometimes expressed
asmilli-arcsecondg1/1000 arcsecond).

Solid Angle

A solid angleis the three-dimensional version of a plane angle, and iteadled by the vertex of a cone. The
Sl unit of solid angle is theteradian(sr), which is de ned to be the solid angle that subtends aa aqual

to the square of the radius of a circle. By this de nition, # iphere subtends an area equal to the area of a
sphere 4 r ?) divided by the square of its radius?) — so a full sphere ig¢ steradians, and a hemisphere
is2 steradians.

1sometimes these units are called thimute of arcor arcminute and thesecond of aror arcsecondo distinguish them from the
units of time that have the same name.

2In an old system (Ref. [12]), the second was further subdividto 60thirds ( °°9, the third into 6Courths( °°%9, etc. Under this
system, 1 milli-arcsecond is 3.6 fourths of arc. This sysieno longer used, though; today the second of arc is simgigisided into
decimals (e.932:86473 %9,
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€

Figure 16.1: Relation between plane angland solid angle for a right circular cone.

There is a simple relation between plane angle and solicedogla right circular cone. If the vertex of
the cone subtends an anglgtheaperture angleof the cone), then the corresponding solid angles (Fig.
16.1)

D2 1 cosE : (16.3)
Another unit of solid angle is thequare degre¢ded):
2

sg deg D sr 180 : (16.4)

In these units, a hemisphere is 20,626.48¢dagd a complete sphere is 41,252.96%deg
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Appendix 17

Vector Arithmetic

A vector A may be written in cartesian (rectangular) form as
ADACAjCAKk; (17.1)

wherei is aunit vector(a vector of magnitude 1) in the direction,j is a unit vector in the direction, and
k is a unit vector in thé direction.A,, Ay, andA- are called the, y, and” componentgrespectively) of
vectorA, and are the projections of the vector onto those axes.

Themagnitudg“length”) of vectorA is

q_
jAjD AD A2 CAZC AZ: (17.2)

For example, ifA D 3i C 5j C 2k, thenjAjD A D P 3CHC2D P 38.

In two dimensions, a vector has kaomponentA D Ayi C Ayj.

Addition and Subtraction
To add two vectors, you add their components. Writing a seéeegctor a8 D Byi C Byj C B- k, we have
ACBD A, CBy/iC.AyCBy/jC.A- CB/k: (17.3)

For example, ifA D 3iC 5/ C 2k andB D 2i j C 4k, thenA C B D 5i C 4j C 6k.
Subtraction of vectors is de ned similarly:

A BD.A, B/iC.A, By/jC.A Bk (17.4)

For example, ifAD 3iC 5 C 2kandB D 2i jC 4k,thenA BDiC 6 2k.

Scalar Multiplication
To multiply a vector by a scalar, just multiply each compdrtgnthe scalar. Thus if is a scalar, then
CA D cAxi C cAyj C cA k: (17.5)

For example, ifA D 3i C 5j C 2k, then7A D 21i C 35 C 14k.
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Dot Product

Itis possible to multiply a vector by another vector, butréhis more than one kind of multiplication between
vectors. One type of vector multiplicationis called tha productin which a vector is multiplied by another
vector to give ascalarresult. The dot product (written with a dot operator, ag\inB) is

A BD ABcos D AByCA/ByCA B-; (17.6)

where is the angle between vecto#sandB. For example, ifA D 3iC 5/ C 2k andB D 2i | C 4k, then
A BD6 5C8DO.

The dot product can be used to nd the angle between two veclar do this, We_solve Eq. (%7£) for
and nd cog, BpA_B:.AB/. Applying this to the previous example, we getD = 38andB D = 21, so
cos D 9=. 38 21/,andthus D 71:4.

An immediate consequence of Eq. (17.6) is that two vectaesparpendicular if and only if their dot
product is zero.

Cross Product
Another kind of multiplication between vectors, called tness productinvolves multiplying one vector by

another and giving anothgectoras a result. The cross product is written with a cross oper@dnA  B.
Itis de ned by

A BD .ABsin/ u (17.7)
i ]k

D Ax Ay A (17.8)
Bx B, B

D.AyB- AB,/i AB ABjC.AB, A/BKk; (17.9)

where again is the angle between the vectors, and a unit vector pointing in a direction perpendicular
to the plane containing. and B, in a right-hand sense: if you curl the ngers of your rightndafrom

A into B, then the thumb of your right hand points in the directiorfof B (Fig. 17.1). As an example, if
AD3iC5C2kandBD 2i jC4k,thenA BD .20 . 2//i .12 4/jC. 3 10k D 22 8 13k.

Rectangular and Polar Forms
A two-dimensional vector may be written in eithrectangular formA D A, i C Ayj described earlier, or in

polar formA D At , whereA is the vector magnitude, andis the direction measured counterclockwise
from theC x axis. To convert from polar form to rectangular form, one snd

Ax D Acos (17.10)

Ay D Asin (17.12)
Inverting these equations gives the expressions for ctingdrom rectangular form to polar form:

AD ’ Az C A7 (17.12)

tan D 2—3’ (17.13)

X
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Figure 17.1: The vector cross product B is perpendicular to the plane 8fandB, and in the right-hand
sense. Credit: “Connected Curriculum Project”, Duke Universi}y.
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Appendix 18

Matrix Properties

This appendix presents a brief summary of the properti@s o2 and3 3 matrices.

2 2 Matrices

Determinant

The determinantof 2 2 matrix is given by the well-known formula:

det D ad bc: (18.1)

a b
c d
Matrix of Cofactors

The matrix of cofactors is the matrix of signed minors; f& a 2 matrix, this is

a b
cof c d D b a (18.2)

Inverse

Finally, the inverse of a matrix is the transpose of the matficofactors divided by the determinant. For a
2 2 matrix,

a
c (18.3)

b
D
d ad bc c a
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3 3 Matrices

Determinant

The determinant of 8 3 matrix is given by:

1
a b c

det@d e f ADaei fh/ bdi fg/ Cc.dh eg: (18.4)
g h i
Matrix of Cofactors

The matrix of cofactors is the matrix of signed minors; f& a 3 matrix, this is

0 1 0 . 1
a b c ei fh fg di dh eg
cof@d e f AD@ch bi ai cg bg ah A (18.5)
g h i bf ce cd a ae bd
Inverse

Finally, the inverse of a matrix is the transpose of the maificofactors divided by the determinant. For a
3 3 matrix,

0 1, 0o . ) 1
a b c 1 ei fh ch bi bf ce
@d e f A D— _ @fg di ai cg cd a A
g h i aei fh/ b.di fg/ Cc.dh eg/ dh eg bg ah ae bd

(18.6)
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Appendix 19

Newton's Laws of Motion (Latin)

Newton's laws of motion appear at the beginning of Book Pbflosophise Naturalis Principia Mathematica

Axiomata, sive Leges Motu$

I. Corpus omne perseverare in statis suo quiescendi velmdouaiformiter in directum, nisi quatenus a
viribus impressis cogitur statum illum mutare.

[I. Mutationem motus proportionalem esse vi motrici impas & eri secundum lineam rectam qua vis
illa imprimitur.

[ll. Actioni contrariam semper & sequalem esse reactiondue corporum duorum actiones in se mutuo
semper esse eequales & in partes contrarias dirigi.

In modern language,
* Vismeandorce
» Actio (action) andeactio(reaction) also refer to force.

» Motus(motion) is equivalent to what we now callomentum

1Axioms, or Laws of Motion

I. Every body preserves in its state of being at rest or of mguniformly straight forward, except in so far as it is corgxeto
change its state by forces impressed.

Il. A change in motion is proportional to the motive force irapsed and takes place along the straight line in which traefis
impressed.

Ill. To any action there is always an opposite and equal i@adh other words, the actions of two bodies upon each airealways
equal and always opposite in direction.
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Appendix 20

The Simple Plane Pendulum: Exact
Solution

The solution to the simple plane pendulum problem describechapter 41 is only approximate; here we
will examine theexactsolution, which is surprisingly complicated. We will bedin deriving the differential
equation of the motion, then nd expressions for the angfeom the vertical and the periofl at any time
t. We won't go through the derivations here—we'll just lookila¢ results. Here we'll assume the amplitude
of the motion ¢ < , so that the pendulum doest spin in complete circles around the pivot, but simply
oscillates back and forth.

The mathematics involved in the exact solution to the pamdyproblem is somewhat advanced, but is
included here so that you can see that even a very simplegahysistem can lead to some complicated
mathematics.

Equation of Motion

To derive the differential equation of motion for the pendul| we begin with Newton's second law in rota-
tional form:
d2
DI DI —; 20.1
e (20.1)
where is the torque| is the moment of inertia, is the angular acceleration, ands the angle from the
vertical. In the case of the pendulum, the torque is given by

D mgL sin; (20.2)
and the moment of inertia is
| D mL2: (20.3)
Substituting these expressions foandl into Eq. (20.1), we get the second-order differential eigumat
2 d2
Lsin D mL —; 204
mgL sin m TEL ( )
which simpli es to give the differential equation of motipn
d? 9.
ac D Esm : (20.5)
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Solution, .t/

If the amplitude ¢ is small, we can approximate sin  , and nd the position.t/ at any timet is given
by Eq. (41.6) in Chapter 41. But when the amplitude is not sesely small, the angle from the vertical at
any timet is found (by solving Eq. (20.5)) to be a more complicated figrc

r

t/ D2sin® ksn %t ok (20.6)

where six | k/ is aJacobian elliptic functiorwith modulusk D sin. ¢=2/. The timety is a time at which
the pendulum is vertical (D 0) and moving in theC direction.

The Jacobian elliptic function is one of a number of so-caftgpecial functions” that often appear in
mathematical physics. In this case, the functiox $k/ is de ned as a kind of inverse of an integral. Given
the function

uy||</Dth at ; (20.7)
' o 1 t2/1 ke '
the Jacobian elliptic function is de ned as:
snulk/ D y: (20.8)

Values of six I k/ may be found in tables of functions or computed by specidlinathematical software
libraries.

Period
As found in Chapter 41, the approximate period of a pendutumsrall amplitudes is given by
s
ToD 2 a: (20.9)

This equation is really only aapproximateexpression for the period of a simple plane pendulum; thélsma
the amplitude of the motion, the better the approximatiomefactexpression for the period is given by
s
z
L™1? dt
TD4 — P ;
9 o .1 t2/1 K22

(20.10)

which is a type of integral known asceamplete elliptic integral of the rst kind
The integral in Eq. (20.10) cannot be evaluated in closethfdaut it can be expanded into an in nite
series. The resultis

> f( X on 1/882 :
Tp2 = 1c A0 gpn O (20.11)
g D1 .2n/SS 2
> f( X ops 2 :
D2 - 1c  IR2 s 2 (20.12)
g 01 2 n.nSA 2
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We can explicitly write out the rst few terms of this serighg result is

s __
L 1 . 9 . 25 .
TD2 — 1CZsit =2 cZIsit 2 cZsif 2
g 4 2 64 2 256 2
1225 . 3969 . 53361 . 184041 .
c it 2 c 50 2 ¢ sim2 2 ¢ sim4 2
16384 2 65536 2 1048576 2 4194304 2

41409225 T I 147744025Si g O 2133423721Sinzo 0
1073741824 2 4294967296 2 68719476736 2

(20.13)

If we wish, we can write out a series expansion for the periodriother form—one which does not

involve the sine function, but only involves powers of thepdilade (. To do this, we expand sinp=2/into
a Taylor series:

0 e _q/nCci 2n 1
sin—D ——9 (20.14)
2 7 .2 12n 1S

o 3 5 7 9 11
D% 0 0 0 0 0

C C
2 48 3840 645120 185794560 81749606400

Now substitute this series into the series of Eq. (20.11)camtiect terms. The result is
s

(20.15)

L 1 11 173 22931 1319183
TD2 o 1C ;C o C > > 3°

16 © 7 3072 ° 7 737280° T 1321205760° ~ 951268147200°
233526463  ,, c 2673857519 1

2009078326886400 265928913086054408 (20.16)
39959591850371 16 ¢ 8797116290975003 18

44931349155019751424000 ~ 109991942731488351485952080
4872532317019728133 20

668751011807449177034588160000

An entirely different formula for the exact period of a simgllane pendulum has appeared in a recent
paper (Adlaj, 2012). According to Adlaj, the exact periochgiendulum may be calculated more ef ciently
using thearithmetic-geometric meamy means of the formula

s
L 1

Th2 — (20.17)
g agml;cos o=2//

where agnx; y/ denotes the arithmetic-geometric meanxandy, which is found by computing the arith-
metic and geometric means wfandy, then the arithmetic and geometric mean of those two meéass, t
iterating this process over and over again until the two reeamverge:

a, C

anc1 D — > o (20.18)
Pp_—

Onc1 D anOn (20.19)

Herea, denotes an arithmetic mean, agyla geometric mean.

Shawn in Fig. 20.1 is a plot of the ratio of the pendulum's tpexiod T to its small-angle periodg
(T=.2 = L=g/) vs. amplitude ¢ for values of the amplitude between 0 ah80 , using Eq. (20.17). As
you can see, the ratio ik for small amplitudes (as expected), and increasingly desi&om1 for large
amplitudes. The true period will always be longer than thalsangle periodr,.
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Pendulum: Ratio of True to Small-Angle Period
3.0 ' ' | ' ' | ' ' | ' ' | ' ' | ' '

2.8+ -

2.6 -

2.2 -
2.0+ -

1.8 1 -

TIT,

1.6 1 -

1.2 1 -

1.0 1 -

0.8

— 1 r 1 rr r 1 T r r T T
0° 30° 60° 90° 120° 150° 180°
Amplitude 0,

Figure 20.1: Ratio of a pendulum'’s true periddo its small-angle periody D 2 P L=g, as a function of
amplitude . For small amplitudes, this ratio is near 1; for larger atoglés, the true period is longer than
predicted by the small-angle approximation.
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Appendix 21

Motion of a Falling Body

Given a body of mass released from rest at timieD O from a height above the oor, we nd the following
results about the motion. Here theaxis points upward and has its origin at the oor, and so tleeksation
due to gravity is g.

 Positiony at timet:

yt/ Dh igt? (21.1)
* Velocity v:
vt/ D gt (21.2)
v.y/ D P 2g.h y/ (21.3)
» Fall timef :
s
t D 2h (21.4)

* Impact velocityy :

w D | 2gn (21.5)

Total energyE :

E D mgh (21.6)
* Kinetic energyK :

K.t/ D $mg?t? (21.7)

K.y/ D mg.h vy/ (21.8)

Potential energy) :

U.t/ D mgh £mg?t? (21.9)
U.y/ D mgy (21.10)
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» Time derivatives of kinetic energy:

(jj—f D mgv D mg?t D mgIO 2g.h y/ (21.11)
d2K ,
e D mg (21.12)

» Time derivatives of potential energy:

O('j—ltJ D mgvD mg?t D mgIO 2g9.h y/ (21.13)
d2u ,

» Time averages:

hvi D %pﬁ (21.15)
hKiD imgh (21.16)
hUiD Zmgh (21.17)

Virial theorem 1 D 0):

hKiD ihUi (21.18)
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Appendix 22

Table of Viscosities

The following table of viscosities is from the G.E. Alves aBdVN. Brugmann, “Estimate Viscosities by
Comparison with Known MaterialsChemical Engineerings8, 19, 182 (September 18, 1961).
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Appendix 23

Calculator Programs

On the class Web site you will nd several physics-relatedgsams for a variety of electronic calculator
models. The programs are available at:

http://www.pgccphy.net/1030/software.html

Contents

Projectile Problem

Kepler's Equation
Hyperbolic Kepler's Equation
Barker's Equation

Reduction of an Angle
Helmert's Equation

Pendulum Period

© N o g bk~ w0 N

1D Perfectly Elastic Collisions
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Appendix 24

Round-Number Handbook of Physics

The one-pag&ound Number Handbook of Physarsthe following page is by Edward M. Purcell of Harvard
University, and appeared in the January 1983 issue oAtherican Journal of Physicdt is intended as a
brief reference for doing quick “back of the envelope”, ardémagnitude calculations.
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Appendix 25

Short Glossary of Particle Physics

baryon, a particle made up of three quarks.

boson any particle that has integer spin.

electron, a lepton of negative charge, found to surround the atonttens in atoms of ordinary matter.
fermion, any particle that has half-integer spin.

hadron, any particle that “feels” the strong nuclear force.

Higgs boson the particle associated with the Higgs eld, that gives stasother particles.

lepton, one of six light fundamental particles:, 2, , °, , ©.

meson a particle consisting of a quark-antiquark pair.

neutron, an uncharged baryon, found in the nucleus of atoms of orgimatter.

proton, a baryon of positive charge, found in the nucleus of atontwdihary matter.

quark, one of six heavy fundamental particles:d, c, s, t, b.

vector boson a patrticle responsible for mediating a force.
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Appendix 26

Fundamental Physical Constants —
Extensive Listing

The following tables, published by the National InstitutéScience and Technology (NIST), give the current
best estimates of a large number of fundamental physicataots. These values were determined by the
Committee on Data for Science and Technology (CODATA) fot&0and are a best t of the constants to
the latest experimental results. These values includeQh® &-de nition of Sl units.
(Source:https://physics.nist.gov/cuu/Constants/index.html )
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Fundamental Physical Constants B Extensive Listing

Relative std.
Quantity Symbol Value Unit uncerti,
UNIVERSAL
speed of light in vacuum c 299792458 ms ! exact
vacuum magnetic permeabilitlp h=€’c 0 1:25663706212(19) 10 © NA 2 15 10 %0
0=(4p 10 7) 1:000 000 000 55(15) NA 2 15 10 10
vacuum electric permittivitg= oc? 0 8:8541878128(13) 10 12 Fm 1 15 10 %0
characteristic impedance of vacuumc Zo 376730313 668(57) 15 10 0
Newtonian constant of gravitation G 6:67430(15) 10 “ mikg 's? 22 10°
G=hc  6:70883(15) 10 (GeV=@) 2 22 10°
Planck constant h 6:62607015 10 34 JHz ! exact
4:135667696:: 10 1° eVHz ! exact
h 1:054571817:: 10 ** Js exact
6:582119569:: 10 6 eVvs exact
hc 197:326 9804 :: MeV fm exact
Planck masghc=G)1=2 mp 2:176434(24) 10 8 kg 11 10°
energy equivalent mp 1:220890(14) 10%° GeV 11 105
Planck temperaturghc®=G)1=2=k Te 1:416 784(16) 10 K 11 10°
Planck lengtthh=mpc = (hG=c3)172 Ip 1:616255(18) 10 % m 11 10°
Planck timelp=c= (hG=)1=2 tp 5:391247(60) 10 * s 11 105
ELECTROMAGNETIC
elementary charge e 1:602176634 10 1° C exact
e=h 1:519267447:: 10% AJ? exact
magnetic “ux quantun2ph=(2e) 0 2:067833848:: 10 Wb exact
conductance quantuge’=2ph Go 7:748091729:: 10 ° S exact
inverse of conductance quantum Gyt 1290640372 :: exact
Josephson constane2h Kj 4835978484::: 10° Hzv 1 exact
von Klitzing constant o¢=2 = 2ph=¢€ Rk 25812807 45::: exact
Bohr magnetoreh=2m, B 9:2740100783(28) 10 2* JT1? 30 10 1
5:7883818060(17) 10 ° evT 1 30 10 10
s=h  1:39962449361(42) 10 HzT ¢ 30 1010
s=hc  46:686 447 783(14) miT 1Y 30 10
s=k  0:67171381563(20) KT ¢ 30 10 10
nuclear magnetosh=2mj, N 5:050 783 7461(15) 10 27 JT 1! 31 101
3:152 451258 44(96) 10 ® evT ! 31 101
n=h 7:6225932291(23) MHzT ! 31 10 10
n=hc  2:54262341353(78) 10 2 miT?Y 31 101
n=k  3:6582677756(11) 10 * KT 1 31 101
ATOMIC AND NUCLEAR
General
®ne-structure constaet=4p ohc 7:297 3525693(11) 10 3 1.5 10 %
inverse ®ne-structure constant 1 137035999 084(21) 5 101
Rydberg frequency 2mec?=2h = E=2h cRy 3:2898419602508(64) 10> Hz 1.9 10 *?
energy equivalent hcR;  2:1798723611035(42) 10 ¥ J 19 10 %
13:605 693122 994(26) eV 19 10 *?
Rydberg constant Ry 10973 731568 160(21) [m 1Y 19 10 *?
Bohr radiush=m ¢c = 4p oh=mee? ag 5:29177210903(80) 10 ! m 15 10 10
Hartree energy ?mec® = €=4p oap = 2hcR;  Ej, 4:3597447222071(85) 10 ¥ J 1.9 10 12
27:211 386 245 988(53) eV 19 10
quantum of circulation ph=me 3:6369475516(11) 10 ¢ m?s 1 30 1010

349



Prince George's Community College General Physics | Sim@gs8impson

Fundamental Physical Constants B Extensive Listing
Relative std.
Quantity Symbol Value Unit uncerti,

2ph=m, 7:2738951032(22) 10 ¢ m?s 1 30 1010
Electroweak

Fermi coupling constaht Ge=(hc)® 1:1663787(6) 10 ° GeV ? 51 107
weak mixing anglé  (on-shell scheme)
sinf w=s3 1 (my=myz)? sin® w 0:22290(30) 13 103
Electron, e
electron mass Me 9:109 3837015(28) 10 3! kg 30 1010
5:48579909065(16) 10 4 u 29 10 ¢
energy equivalent MeC? 8:1871057769(25) 10 4 J 30 1019
0:510 998 950 00(15) MeV 30 10 ©
electron-muon mass ratio Me=Mp 4:83633169(11) 10 3 22 108
electron-tau mass ratio M= 2:87585(19) 10 * 6:8 10 3
electron-proton mass ratio Me=M, 5.44617021487(33) 10 4 60 104
electron-neutron mass ratio Me=Mp 5:438 6734424(26) 10 4 4:8 10 10
electron-deuteron mass ratio Me=My 2:724 437 107 462(96) 10 * 35 101
electron-triton mass ratio M= 1:819200062 251(90) 10 4 50 10 1t
electron-helion mass ratio Me=Mh 1:819543074573(79) 10 4 43 10 11
electron to alpha particle mass ratio Me=My 1:370933554 787(45) 10 4 33 101!
electron charge to mass quotient e=me 1:75882001076(53) 10t Ckg ! 30 101
electron molar masis o me M (e);M, 5:4857990888(17) 10 kgmol * 30 10 1°
reduced Compton wavelengtkmec= a9 —¢ 3:8615926796(12) 10 13 m 30 101°
Compton wavelength c 2:42631023867(73) 10 2 [m]Y 30 101
classical electron radius?ag le 2:8179403262(13) 10 m 45 10 10
Thomson cross section83)r2 e 6:652 458 7321(60) 10 2° m? 91 101
electron magnetic moment e 9:2847647043(28) 10 ¢ JT? 30 1010
to Bohr magneton ratio = B 1:001 159 652 181 28(18) T 10 18
to nuclear magneton ratio = N 1838281971 88(11) ® 104
electron magnetic moment
anomalyj ¢j= g 1 ae 1:159652 181 28(18) 10 3 15 10 0
electrong-factor 2(1 + ag) Oe 2:002 319 304 362 56(35) T 10 18
electron-muon magnetic moment ratio e= m 206766 9883(46) 2 108
electron-proton magnetic moment ratio = p 658210687 89(20) D 101
electron to shielded proton magnetic
moment ratio (HO, sphere, 25C) e= 5 6582275971(72) 1 108
electron-neutron magnetic moment ratio e= n 960:92050(23) 24 107
electron-deuteron magnetic momentratio = ¢ 2143923 4915(56) % 10 °
electron to shielded helion magnetic
moment ratio (gas, sphere, 26) =9 864:058 257(10) 12 108
electron gyromagnetic rati@j oj=h e 1:760 859 630 23(53) 104 stT?! 30 1010
28024951 4242(85) MHzT ! 30 101
Muon,m
muon mass Mm 1:883531627(42) 10 28 kg 22 108
0:113 428 9259(25) u 22 108
energy equivalent M2 1:692833804(38) 10 * J 22 108
105658 3755(23) MeV 22 108
muon-electron mass ratio My=Me 206768 2830(46) 2 108
muon-tau mass ratio my=my 5:946 35(40) 10 2 68 105
muon-proton mass ratio Mp=Mp 0:112 609 5264(25) 2 108
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Fundamental Physical Constants B Extensive Listing

Relative std.
Quantity Symbol Value Unit uncerti,
muon-neutron mass ratio mMy=My 0:1124545170(25) 2 108
muon molar mashl o mp, M(mM; My 1:134289259(25) 10 4 kgmol * 22 108
reduced muon Compton wavelengthm.¢  —¢c:m 1:867594306(42) 10 1° m 22 108
muon Compton wavelength cm 1:173444110(26) 10 4 [m]Y 22 108
muon magnetic moment m 4:490 448 30(10) 10 26 JT1! 22 108
to Bohr magneton ratio = B 4:84197047(11) 10 3 22 108
to nuclear magneton ratio = N 8:890597 03(20) 2 108
muon magnetic moment anomaly
i m=(eh=2mn) 1 am 1:16592089(63) 10 3 54 10 7
muong-factor 2(1 + ay) Om 2:002 3318418(13) 8 10 10
muon-proton magnetic moment ratio = p 3:183345142(71) 2 108
Tau,t
tau mass my 3:16754(21) 10 % kg 6:8 105
1:907 54(13) u 6:8 105
energy equivalent m,c? 2:84684(19) 10 J 68 105
177686(12) MeV 68 105
tau-electron mass ratio m¢=me 347723(23) 68 105
tau-muon mass ratio m¢=Mp, 16:8170(11) 68 10 °
tau-proton mass ratio m¢=my 1:89376(13) 68 10 °
tau-neutron mass ratio m¢=m, 1:891 15(13) 68 10 °
tau molar mas#l o m; M (t);M,; 1:90754(13) 10 3 kgmol ! 68 10 °
reduced tau Compton wavelendthm; c “cit 1:110538(75) 10 16 m 6:8 105
tau Compton wavelength cit 6:97771(47) 10 [m]Y 6:8 105
Proton, p
proton mass mp 1:67262192369(51) 10 " kg 31 1010
1:007 276 466 621(53) u 53 10 1
energy equivalent mpc? 1:50327761598(46) 10 10 J 31 1010
938272088 16(29) MeV 31 10 10
proton-electron mass ratio Mp=Me 1836152 67343(11) @ 101
proton-muon mass ratio Mp=Mp, 8:88024337(20) 2 108
proton-tau mass ratio mp=m 0:528 051(36) 68 105
proton-neutron mass ratio Mp=M, 0:998 623478 12(49) A 10 1°
proton charge to mass quotient e=m, 9:5788331560(29) 10 Ckg ?! 31 1010
proton molar mashla mp M (p),M, 1:00727646627(31) 10 * kgmol 1 31 10 %
reduced proton Compton wavelengthm,c  —c.p 2:10308910336(64) 10 ¥ m 31 1010
proton Compton wavelength Cip 1:32140985539(40) 10 > [m}Y 31 1010
proton rms charge radius Mo 8:414(19) 10 16 m 22 103
proton magnetic moment p 1:41060679736(60) 10 26 JT ! 42 10 10
to Bohr magneton ratio p= B 1:521 032202 30(46) 10 3 30 10 1°
to nuclear magneton ratio p= N 2:792 847 344 63(82) ® 1010
protong-factor2 ,= y O 5:585 694 6893(16) » 1010
proton-neutron magnetic moment ratio p= n 1:459 898 05(34) 2 107
shielded proton magnetic moment 5 1:410570560(15) 10 26 JT1! 11 108
(H20, sphere, 25C)
to Bohr magneton ratio 0= 5 1:520993128(17) 10 3 11 108
to nuclear magneton ratio §= N 2:792 775599(30) n 108
proton magnetic shielding correction
1 9=, (H0, sphere, 25C) 0 2:5689(11) 10 5 42 104
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proton gyromagnetic rati@ ,=h b 2:6752218744(11) 10 stT 1 42 101
42:577478518(18) MHzT 1 42 1010
shielded proton gyromagnetic ratio
2 9=h (H.0, sphere, 25C) 0 2:675153151(29) 10° sT! 11 108
42:576 384 74(46) MHzT ! 1.1 108
Neutron, n
neutron mass mp 1:67492749804(95) 10 %’ kg 57 10 1°
1:008 664 915 95(49) u 48 10 1
energy equivalent m,c? 1:50534976287(86) 10 © J 57 10 1°
939565 420 52(54) MeV 57 10 10
neutron-electron mass ratio mp=me 1838683661 73(89) B8 1010
neutron-muon mass ratio Mp=Mpn 8:892 484 06(20) 2 108
neutron-tau mass ratio mp=m; 0:528 779(36) 68 10 °
neutron-proton mass ratio Mp=m, 1:001 378419 31(49) o 10 1°
neutron-proton mass difference m, mp 2:30557435(82) 10 ° kg 35 107
1:38844933(49) 10 3 u 35 107
energy equivalent nin  mp)c®  2:07214689(74) 10 18 J 35 107
1:293 332 36(46) MeV 35 107
neutron molar mas o my, M (n); M, 1:00866491560(57) 10 * kgmol * 57 10 1©
reduced neutron Compton wavelengtfm,c  —¢c:n 2:1001941552(12) 10 8 m 57 10 1°
neutron Compton wavelength Cn 1:31959090581(75) 10 ¥ [m]Y 57 10 1°
neutron magnetic moment n 9:6623651(23) 10 %7 JT1! 24 107
to Bohr magneton ratio n= B 1:04187563(25) 10 3 24 107
to nuclear magneton ratio n= N 1:913042 73(45) 2 107
neutrong-factor2 = y On 3:826 085 45(90) 2 107
neutron-electron magnetic moment ratio n= e 1:04066882(25) 10 3 24 107
neutron-proton magnetic moment ratio n= p 0:684 979 34(16) 2 107
neutron to shielded proton magnetic
moment ratio (HO, sphere, 25C) n= 9 0:684 996 94(16) 2 107
neutron gyromagnetic rat® ,j=h n 1:83247171(43) 10° stT! 24 107
29:164 6931(69) MHzT ! 24 107
Deuteron, d
deuteron mass my 3:3435837724(10) 10 2 kg 30 1010
2:013553 212 745(40) u 20 10 1
energy equivalent Mg 2 3:00506323102(91) 10 © J 30 10 10
1875612 942 57(57) MeV 30 10 1°
deuteron-electron mass ratio Mg=Me 3670482967 88(13) $ 101
deuteron-proton mass ratio Mg=mp 1:999 007 501 39(11) 5 10U
deuteron molar mags$, mgy M (d); Mg 2:01355321205(61) 10 2 kgmol * 30 10 %
deuteron rms charge radius rq 2:112799(74) 10 15 m 35 10 ¢4
deuteron magnetic moment d 4:330735094(11) 10 7 JT1? 26 10°
to Bohr magneton ratio 4= B 4:669754570(12) 10 4 26 10 °
to nuclear magneton ratio d= N 0:857 438 2338(22) B 10°
deuterorg-factor 4= Od 0:857 438 2338(22) B 10°
deuteron-electron magnetic moment ratio 4= e 4:664345551(12) 10 4 26 10 °
deuteron-proton magnetic moment ratio d= p 0:307 012209 39(79) B 10 °
deuteron-neutron magnetic moment ratio 4= 0:448 206 53(11) 2 107
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Triton, t
triton mass my 5:007 356 7446(15) 10 2 kg 30 1010
3:015500 716 21(12) u 40 10 1
energy equivalent my ¢ 4:5003878060(14) 10 © J 30 1010
2808921 132 98(85) MeV 30 1010
triton-electron mass ratio mi=Me 5496921535 73(27) »H 101
triton-proton mass ratio me=mp 2:993 717 034 14(15) ® 101
triton molar masN 4 m; M(t);M; 3:01550071517(92) 10 * kgmol * 3:0 10 10
triton magnetic moment ¢ 1:5046095202(30) 10 26 JT 1 20 10°
to Bohr magneton ratio = B 1:6223936651(32) 10 3 20 10°
to nuclear magneton ratio t= N 2:978 962 4656(59) D 10 °
triton g-factor2 = y O 5:957 924 931(12) D 10 °
Helion, h
helion mass mp 5:0064127796(15) 10 7 kg 30 1010
3:014 932247 175(97) u 32 101t
energy equivalent mpc? 4:4995394125(14) 10 ** J 30 1010
2808391 607 43(85) MeV 30 1010
helion-electron mass ratio mp=me 5495885 280 07(24) B8 101
helion-proton mass ratio My=m, 2:99315267167(13) 4 104
helion molar massl, mp, M(h);My 3:01493224613(91) 10 3 kgmol * 30 10 1°
helion magnetic moment h 1:074617532(13) 10 %6 JT ! 12 108
to Bohr magneton ratio h= B 1:158 740958(14) 10 3 1:2 108
to nuclear magneton ratio h= N 2:127 625 307(25) r 108
heliong-factor2 = y Oh 4:255 250 615(50) r 10°8
shielded helion magnetic moment 0 1:074553090(13) 10 %6 JT ! 12 108
(gas, sphere, 25C)
to Bohr magneton ratio 0= g 1:158671471(14) 10 3 12 108
to nuclear magneton ratio b= N 2:127 497 719(25) » 108
shielded helion to proton magnetic
moment ratio (gas, sphere, 26) 0=, 0:761 766 5618(89) 2 108
shielded helion to shielded proton magnetic
moment ratio (gas/kD, spheres, 25C)  p= § 0:761786 1313(33) 8 10 °
shielded helion gyromagnetic ratio
2j 9j=h (gas, sphere, 25C) N 2:037894569(24) 10° s'T?! 12 108
32434099 42(38) MHzT ! 12 108
Alpha particlea
alpha particle mass My 6:644 657 3357(20) 10 2’ kg 30 1010
4:001506 179 127(63) u 16 10 1
energy equivalent (o2 5:9719201914(18) 10 ® J 30 1010
3727379 4066(11) MeV 30 10 10
alpha particle to electron mass ratio Ma=me 7294299541 42(24) 3 108
alpha particle to proton mass ratio Ma=mp 3:972599 690 09(22) 5 104
alpha particle molar mas$, m, M(a);M, 4:0015061777(12) 10 2 kgmol * 30 10 1°
PHYSICOCHEMICAL
Avogadro constant Na 6:02214076 10 mol 1 exact
Boltzmann constant k 1:380649 10 = JK 1 exact
8:617333262:: 10 ° eVK ' exact
k=h 2:083661912:: 10 HzK ' exact

353



Prince George's Community College

General Physics |

Sim@gs8impson

Fundamental Physical Constants B Extensive Listing

Relative std.
Quantity Symbol Value Unit uncerti,
k=hc 69:50348004:: [m TK 1Y exact
atomic mass constant
my = %m(lzc) =2hcR; = 26%A,(e) my 1:660539 066 60(50) 10 27 kg 30 1010
energy equivalent m,c? 1:49241808560(45) 10 0 J 30 1010
931:494 102 42(28) MeV 30 10 10
molar mass constant My 0:99999999965(30) 10 * kgmol ! 30 1010
molar mas$ of carbon-12A, (*2C)M M (*2C) 11:9999999958(36) 10 *  kgmol ! 30 1010
molar Planck constant Nah 3:990312712:: 10 10 JHz *mol * exact
molar gas constam o k R 8:314462618:: Jmol 1K 1 exact
Faraday constami 5 e F 9648533212 :: Cmol 1t exact
standard-state pressure 100000 Pa exact
standard atmosphere 101325 Pa exact
molar volume of ideal gaRT=p
T =273:15K; p=100 kPa Vi 22:71095464:: 10 3 m3 mol 1 exact
or standard-state pressure
Loschmidt constantl o =Vin no 2:651645804:: 107 m 3 exact
molar volume of ideal gaBT =p
T =273:15K; p=101:325 kPa Vi 22:41396954:: 10 3 m3 mol 1 exact
or standard atmosphere
Loschmidt constantl o =Vin no 2:686780111:: 10% m 3 exact
Sackur-Tetrode (absolute entropy) constant
3 +In[( mykT1=2ph?)32kT; =p]
T, =1K; po =100 kPa So=R 1:151 707 537 06(45) ® 1010
or standard-state pressure
T1=1K; pp =101:325 kPa 1:164 870523 58(45) ® 1010
or standard atmosphere
Stefan-Boltzmann constant
(p?=60)k*=h3c2 5:670374419:: 10 8 Wm 2K 4 exact
®rst radiation constant for spectral
radiance2hc? sr 1 on 1:191042972:: 10 18 [Wm?sr 1] exact
®rst radiation consta@phc? = psrcy. c 3:741771852:: 10 6 [W m2]YY exact
second radiation constant=k [ 1:438776877:: 10 2 [m K]Y exact
Wien displacement law constants
b= maxT = ;=4:965114231: b 2:897771955:: 10 3 [m K]Y exact
BP= =T =2:821439372:c=¢ P 5:878925757:: 10%° HzK 1 exact

The energy of a photon with frequencyexpressed in unit Hz iE = h in J. Unitary time evolution of the state of this photon is given b
exp( iEt=h)j' i, wheregj' i is the photon state at tinte= 0 and time is expressed in unit s. The rdft=h is a phase.

Y The full description of m? is cycles or periods per meter and that of m is meter per cycle (m/cycle). The scienti®c community is aw
the implied use of these units. It traces back to the conventions for phase and angle and the use of unit Hz versus cycles/s. No solutior
agreed upon.

# Value recommended by the Particle Data Group (Tanabesél, 2018).

* Based on the ratio of the masses of the W and Z bosogsm; recommended by the Particle Data Group (Tanabaskil., 2018). The
value forsin? \ they recommend, which is based on a variant of the modi®ed minimal subtréa@ipscheme, isin® "\ (Mz) = 0 :231 22(4).

{ This and other constants involvimg; are based om;c? in MeV recommended by the Particle Data Group (Tanabaslai,, 2018).

¥ The relative atomic mass, (X ) of particleX with massm(X ) is de®ned by, (X ) = m(X )=m,, wherem, = m(**C)=12 = 1 u is the
atomic mass constant and u is the uni®ed atomic mass unit. Moreover, the mass ofaioléX ) = A;(X) u and the molar mass & is
M (X)= A/(X)My, whereM, = Na uis the molar mass constant aNd is the Avogadro constant.

The entropy of an ideal monoatomic gas of relative atomic mMass given byS = Sy + %R In A,
¥ The full description of fiism 2 (m=cycle)*. See also footnote for nt.

R In(p=p) + 3R In(T=K):
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Acceleration, 34
constant, 36
Acoustics, 12
Aerogel, 32
Amonton’'s law, 218
Ampere, 20
Amplitude, 170, 173, 175
Angular acceleration, 150
Angular frequency, 175
Angular momentum, 196
Angular velocity, 104, 150
Antimatter, 119, 287
Aphelion, 248
Apocenter, 248
Apogee, 248
Apsides, line of, 248
Archimedes, 111
principle of, 205
Argument of latitude, 250
Argument of pericenter, 248
Arithmetic-geometric mean, 337
Ascending node, 248
longitude of, 248
Asteroid 2010 TK7, 255
Astrodynamics, 259
Astronomical unit, 322
Astrophysics, 12
Atmosphere, 206
Atomic mass unit (amu), 21
Atomic physics, 12
Atwood's machine, 80

“Back cab” rule, 147
Ballistic pendulum, 136
Bar, 206

Barker's equation, 258
Baryon, 286

Base units, 18

Beat frequency, 237
Bernoulli's equation, 210
Bertrand's theorem, 253

Beta decay, 73, 287

Binary pre xes, 27

Biophysics, 12

Black dwarf, 234

Black hole, 234
supermassive, 234

Boltzmann's constant, 218

Boyle's law, 218

Bulk modulus, 201, 204

Candela, 20
Capillary, 219
Catenary, 87
Cavendish experiment, 226
Center of mass, 65, 141
Centrifugal force, 103
Centripetal
acceleration, 102
force, 102
Chainring, 114
Chandler wobble, 237
Charles's law, 218
Chemical physics, 12
Churchill equation, 217
Clairaut's theorem, 271
Classical mechanics, 12
Cog, 114
Collision, 128, 130
elastic, 130
inelastic, 130, 131
Comet, 252
Compressible uid, 209
COMSAT, 262
Conservative force, 122
Continuity equation, 210
Coordinated Universal Time, 238
Coriolis force, 65, 194
Cosine formula, 240
Coulomb'slaw, 118
Couple, 163
Crackle, 35
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Cross product, 50, 145, 330 Elevation angle, 263
inverse, 148 Elevator, 87
Cross-disciplinary physics, 12 Empirical law, 73, 89
Curl, 48 Energy, 115, 280
Currency exchange rates, 26 conservation of, 119
Cycloid, 200 kinetic, 89, 115, 280
Cyclone, 195 mechanical, 119
Cygnus X-1, 234 potential, 116
table, 118
Darcy friction factor, 217 total, 119
Declination, 240, 249, 251 Entity, 21
Degree, 21, 327 weight, 21
square, 328 Eotvos experiment, 71
Delta v, 264 Epoch time, 248
Deneb, 235 Equation of state, 219
Density, 30, 143 Equator, 247
Descending node, 248 Equilibrium, 73
Dimensional analysis, 23 Equilibrium position, 175
Direct product, 50 Equivalence principle, 71
Displacement, 33 Erg, 105, 115
Divergence, 48 Escape velocity, 229
Dot product, 50, 330 Event horizon, 234
Double integral, 144
Downleg, 213 Fanning friction factor, 217
Drag coef cient, 98 Fictitious force, 103
Dynamics, 33 Flattening factor, Earth, 241, 243
Dyne, 72 Floating bodies, 205
Flow rate, 210
Earth, 322 Flubber, 131
radius of, 240 Fluid, 96, 205
Eccentric anomaly, 250 compressible, 209
Eccentricity, 248 dynamics, 209
Ecliptic, 248 ideal, 209
obliquity of, 248, 251 incompressible, 209
Ecliptic latitude, 251 irrotational, 209
Ecliptic longitude, 251 mechanics, 209
Ef ciency Newtonian, 209
simple machine, 108 rotational, 209
Effort, 108 statics, 205
Einstein eld equation, 233 Fluidization, 205
Elastic limit, 204 Foot, 19
Elastic modulus, 201 Force, 72
Elasticity, 201 conservative, 122
Electricity and magnetism, 12 Fountain effect, 219
Electromagetic force, 72 Fourth (of arc), 327
Electromagnetic force, 287 Fraktur alphabet, 295
Electromagnetic units, 23 Free-body diagram, 84
Electron volt, 115 Frequency, 179
Electrostatic units, 23 Friction, 89
Electroweak threory, 287 coef cient of, 89, 90
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kinetic, 90 Helmert's equation, 226
rolling, 90 Hermite polynomials, 284, 285
static, 89 Higgs
Friction factor, 217 boson, 288
Fulcrum, 111 eld, 288
Hohmann transfer, 265
g (acceleration unit), 34 Hooke's law, 73, 118, 163, 172, 175, 201, 253
Galilei, Galileo, 192 Horsepower' 123
Galileo's law, 192 Hubble Space Telescope, 199, 233
Gas constant, 218 Hydraulic press, 222
Gases, 217 Hydraulics, 222
Gauss's law, 229, 232 Hydrostatic pressure, 203
electrostatics, 232 Hyperbolic functions, 302
gravity, 229
Gaussian units, 23 Ideal uid, 209
Gear, 113 Ideal gas law, 218
Gear ratio, 114 Impact parameter, 135
General relativity, 87, 233 Impact velocity, 38
Geodesy, 239 Imperial units, 18
Geoid, 239 Impulse, 128
Geophysics, 12 approximation, 129
Geosynchronous orbit, 262 Inclined plane, 78, 109
Global Positioning System, 239 Incompressible uid, 209
Grad, 21, 327 Inertia, 75
Grand Uni ed Theory, 287 law of, 75, 167
Grave(f.n.), 22 rotational, 167
Gravitation, 72 Inertial reference frame, 103
Gravitational force, 287 International Prototype Kilogram (IPK), 20, 32
Gravitational lensing, 233 Iridium, 31
Gravitational potential, 225 Irrotational uid, 209
Graviton, 287
Gravity Jackscrew, 113
acceleration, 34 Jacobi elliptic function, 336
Gravity assist maneuvers, 266 Jerk, 35
Greek Joule, 105, 115
alphabet, 14, 294 Joule, James, 105
quotations, 16 Jounce, 35
Gyration, radius of, 158 Julian day, 247
Gyroscope, 199 Jupiter, 322
Hadron, 286 Kelvin, 20
Halley's comet, 252 Kepler's equation, 250
Halo orbit, 255 hyperbolic, 257
Hamiltonian, 275 Kepler's laws, 246
Hamiltonian mechanics, 275 rst, 246, 252
Haversine, 240 second, 246
Head, 211, 217 third, 247
Heaviside-Lorentz units, 23 Kinematics, 33
Heisenberg uncertainty principle, 283, 285 .
Helium 11, 219 Lagrange points, 254
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Lagrangian, 272
Lagrangian mechanics, 272
Lambda point, 219

Laminar ow, 209, 216
Leap second, 238
Lees'rule, 161

Length contraction, 279
Lepton, 286

Lever, 111

Libration points, 254

Linear B, 14

Lithium, 31

Logic, deductive, 17
Longitude of ascending node, 248

Mars, 322
Mass, 71
gravitational, 71
inertial, 71
Mathematical physics, 12
Maxwell's equations, 73, 232
Mean anomaly, 248, 250
Mean daily motion, 250
Mercury, 322
Meson, 286
Mesozoic era, 238
Meter, 19
Metric tensor, 233
Metric ton, 20
Metric units, 18
Micron, 26
Modulus of rigidity, 182
Molar gas constant, 218
Mole, 20
Moment arm, 162
Moment of inertia, 154
measurement of, 164
Momentum, 126, 279
angular, 196
Monkey and hunter problem, 65
Moody friction factor, 217
Muzzle velocity, 59

Natural units, 18

Neptune, 322

Neutron, 286

Neutron star, 234

Newton, 20, 72

Newton's cradle, 133

Newton's law of gravity, 71, 225

Gauss's formulation, 229

Newton's laws of motion, 12, 75, 167

rst, 75
original, 334
rotational, 167

second, 71, 75, 126, 127, 152, 167, 196

third, 75, 77, 168
Newton's method, 68
Newton, Sir Isaac, 72
Newtonian uid, 209
Normal force, 74
North star, 235
Nought, 36
Nuclear fusion, 73
Nuclear physics, 12
Nutation, 200, 235

Obliquity of the ecliptic, 248, 251, 322

Optics, 12
Orbit
bound, 252
closed, 253
differential equation of, 253
unbound, 252
Orbital elements, 248
Osmium, 31

Paleozoic era, 238
Parallel
springs, 181
Parallel axis theorem, 159
Parallelogram method, 43
Partial derivative, 270
Particle, 33
Particle physics, 12
Pascal, 203, 206
Pascal's law, 208
Pendulum, 169
ballistic, 136, 174
conical, 170
double, 174
Foucault, 174
nonlinear, 335
physical, 172
simple plane, 169, 335
spherical, 170
torsional, 172
Pericenter, 248
argument of, 248
Perigee, 248
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Perihelion, 248
Period, 104, 179, 180, 261
Permittivity of free space, 233
Phase constant, 175
Physics, 12
Pitch, 113
Planck's constant, 283
Plane gure theorem, 160
Plasma physics, 12
Pluto, 322
Pneumatics, 224
Poise, 215
Poisson ratio, 182
Polar motion, 237
Polaris, 235
Polygon method, 43
Pop, 35
Position, 33
initial, 37
vector, 54
Potassium, 31
Pound, 23
force, 23
mass, 20, 23
Power, 123
Precession, 199, 200, 235
Pressure, 203, 206
absolute, 207
gauge, 207
hydrostatic, 203
Projectile, 59
exploding, 65
summary of formulee, 67
Proton, 286
Psi (Ib/ir?), 206
Pulley, 110
Pythagorean theorem, 46, 158

Q.E.D. (f.n.) 67

Quantum electrodynamics, 73
Quantum mechanics, 12, 219, 221, 282
Quark, 286

Quaternion, 49

Radian, 21, 327
Radius of gyration, 158
Range, 60
Red giant, 234, 238
Relativity, 12

general, 12, 87, 233, 279

special, 12, 278
Resistance, 108
Restitution, coef cient of, 130
Reynolds number, 216
Ricci curvature tensor, 233
Rice Krispies, 35
Right ascension, 240, 249, 251
Right-hand rule, 145, 163, 330
Roche limit, 255
Rocket, 138
Rocket equation, 138, 139
Rocking bodies, 183
Rocking cylinder, 183
Rollin Im, 219
Rolling bodies, 186
Rotation, 150
Rotational uid, 209
Rotational motion, 150
Routh's rule, 160

Sagittarius A*, 234
Saturn, 31, 255, 322
Saturn V (rocket), 138, 140
Scalar, 42
Scalar curvature, 233
Scalar product, 50
Scale height, 208
Schrodinger equation
time independent, 284
time-dependent, 283
Schwarzschild radius, 234
Screw, 113
Second (of time), 20
Second sound, 221
Semi-major axis, 248
Series
springs, 181
Shear modulus, 201, 203
Sl units, 19
Signum function, 258
Simple harmonic motion, 175
kinetic energy, 177
potential energy, 177
total energy, 177
Simple harmonic oscillator, 273, 275, 284
Simple machines, 78, 108
Singularity, 234
Siphon, 213
Slug, 23
Snap, 35
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Solid angle, 327
Solid-state physics, 12
Space elevator, 262
Speci ¢ gravity, 31
Speed, 33
Spring
vertical, 179
Spring constant, 73, 175, 180
Staging, 140, 260
Standard Atmosphere, 208
Standard Model, 286
Stanton friction factor, 217
Statics, 33, 84
Statistical mechanics, 12
Statwatt, 123
Steiner's theorem, 159
Steradian, 327
Stokes, 215
Stokes's law, 216
Strain, 201-203
Stress, 201
compressional, 201
longitudinal, 201
normal, 201
shear, 201, 202
tensile, 201
torsional, 202, 203
translational, 202
transverse, 201, 202
volume, 201, 203
Stress-energy tensor, 233
String theory, 288
Strong nuclear force, 73, 287
Super ow, 219
Super uid, 219

Tensile strength, 204
Tension, 74

Tensor, 168

Terminal velocity, 98
Thermodynamics, 12, 217
Third (of arc), 327
Thuban, 235

Time dilation, 278

Time in ight, 60
Torque, 162

Torr, 206

Torricelli's theorem, 211
Transitional ow, 210
Triangle method, 43

Triple integral, 144

Triple scalar product, 147
Triple vector product, 147
Trojan asteroids, 255
Troposphere, 208

True anomaly, 250
Turbulent ow, 209, 216
Two- uid model, 219

U.S. Standard Atmosphere, 208
Unit vector, 45, 329

Uranus, 322

UTC, 238

Van der Waals equation, 219
Vector, 42, 329
magnitude, 46
polar form, 330
rectangular form, 330
zero, 48, 146
Vector boson, 287
Vector product, 145
Vega, 235
Velocity, 33
average, 34
impact, 38
initial, 36
instantaneous, 34
Venus, 322
Vernal equinox, 247
Versus (vs.Xf.n.), 39
Vincenty's formulae
direct problem, 241
inverse problem, 243
Virial theorem, 120, 341
Vis vivaequation, 253
Viscosity, 209, 214, 342
dynamic, 215
kinematic, 215

W boson, 287

Watt, 123

Watt, James, 123

Wave function, 283
Wave-particle duality, 283
Weak nuclear force, 73, 287
Wedge, 113

Weight, 20, 73

Weisbach friction factor, 217
Wheel, 189
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Wheel and axle, 109

White dwarf, 234

Work, 105

Work-energy theorem, 120

World Geodetic System (WGS), 239
Wormhole, 234

Young's modulus, 182, 201, 202

Z boson, 287
Zero vector, 48, 146
Zero-point energy, 285
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