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Chapter 1

Introduction

HIS text is a result of a dif culty | encountered in teaching a ceeiin technical physics a few years
T ago. | was teaching the course shortly after the global CO¥8pandemic, during which most of my
students had attended high school from home via “remotailegi’ | discovered that remote learning had
been quite ineffective, and that most of my students hadchésfly skipped all of high school mathematics.
They had signed up for my college-level physics course, wiitly a junior-high school level of mathematical
background. They knew arithmetic, but most knew little aihitog beyond that. | decided to put aside physics
as a secondary goal, and instead focused on getting my stuaieto speed on college-level mathematics.

This text is derived from the resulting course notes. It temded as a general mathematics review for
students beginning college, but who may be weak in some afenathematics.

In this book, | assume the student is familiar with arithmeis taught in elementary school and junior
high school — addition, subtraction, multiplication, ahoih@) division. Starting with that, | give a review of
arithmetic, followed by algebra, geometry, trigonomesmyalytic geometry, real analysis, the calculus, and
a few other topics. The book begins with a discussion of theetealphabet, which | always ask students to
memorize. Greek letters are very common in mathematicssiphlyscience, and engineering, and it is my
belief that one cannot be considered literate in these elidlsout knowing the Greek letters by their proper
names. Calling them names like “triangle thing” and “sqlygding” does not leave a good impression.

For students who may already be familiar with much of thisariat, | tried to keep things interesting
by including some topics not normally covered in high sch@oleven college) mathematics classes. For
example, in the chapter on algebra | discuss the Lamiveftinction and equations involving the function
f.x/ D x*. I've added chapters on recreational mathematics and mattieal lore, and some brief discus-
sions on what's at the cutting edge of current mathematesgarch. The chapter on probability includes a
number of fun and interesting problems. I've also includelisgeussion of some older methods of calculation
that are now nearly forgotten, such as the method of quagteares for multiplication.

I've learned that my students were not always skilled wité tise of the electronic calculator. So as
part of the mathematics review for my course, | covered soerenic calculator skills. | showed how to
do calculations on two models of calculator: the Texas um#nts Tl 84 Plus (a popular calculator among
students), and the Hewlett-Packard HP 42S (a favorite ofthior). While no longer manufactured by
Hewlett-Packard, an excellent clone of the HP 42S is aviaiftbm SwissMicros and via an “app®.

| hear from a number of students that algebra is the hardest they ever took, and that they never used it
again after learning it. With that it mind, I've tried to pesgt algebra very gently, and I've included a separate
chapter on “Applied Algebra,” showing how it can be used il fife.

We can hope to give only a brief overview of some of the keysdeaach of these elds. There is much,

1The DM 42 calculator, fronhttps://www.swissmicros.com
2Free42 by Thomas Okken, frohitps://thomasokken.com/free42
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much more to each of these topics than can be presented hetét i8the author's hope that at least the
student will take away some of the key concepts of collegéamstics, perhaps as a starting point to learn
these subjects in greater depth.

D.G. Simpson
Largo, Maryland, USA
2024



Chapter 2

The Greek Alphabet

Ancient Greek is the language spoken in the region aroundemo@reece, from time of the poet Homer
(8th century BC) through the time of classical Greece (4th%th centuries BC). Its alphabet consists of 24
letters, as shown in Table 2-1.

This is not a course in ancient Greek, so we will not have tipodpnity to study the language in detalil
here. However, the letters of the Greek alphabet are veryrammin physics, mathematics, and engineering,
because we need symbols to stand for different quantitiestlae 26 letters of the Roman/English alphabet
are often not enough.

Table 2-1 shows the 24 letters of the Greek alphabet. In daolbe mathematically and scienti cally
literate, and so that you can communicate with others whdystnathematics and physical science, you
should know the proper names of these Greek letters. Thergimu shouldmemorize the entire Greek
alphabet so that you can provide the correct name of each letter woensge i€ The table shows both
uppercase and lowercase forms are shown in the table.

Note that several letters have alternate forms. Espeaaltynon are the two forms fapsilon( and")
and forphi( and").

Note also that there atavo different forms of the Greek lowercase letisggma The second form&)
is used whersigmais the last letter of a word; otherwise the formis used® This variation affectsnly
lowercasesigma not its uppercase counterpart, which is always writteh ag&lthough common in ancient
Greek writing, the& form of the lettersigmais almost never used in mathematics, physics, or engirgeerin

Originally the Greeks wrote using only capital letters. féheas no punctuation, nor were there even
spaces between words. Lowercase letters, spacing, antbgtino were later additions to the language, and
are used today when printing and reading ancient Greektedtsike in English, the rst letter of a Greek
sentence is generalhot capitalized; only proper names begin with a capital letter.

Before the time of Homer, during the Greek Dark Ages (120@BG), the Greek language was written
using a completely different writing system—a syllabarljezhlLinear B, which was not deciphered until the
1950s. [5, 9] Its predecessor, Linear A, remains undecgther

1Rarely, authors will sometimes even dip into the Hebrew aligwhen even the Roman and Greek alphabets together dovitie
enough symbols.

2By tradition, in science and mathematics we call Greek ety their ancient Greek names. Their names in modern Greek a
similar, but often different. R

3English had a similar feature until fairly recently. Untilet 19th century, the lettarwas written as a “long s” symbol | when it
was in the middle of a word. You'll see this usage in some ottiEmuments like the Declaration of Independence.

4These statements are also true of ancient Latin: origirtlaélye were no spaces, punctuation, or lowercase letters.

10
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Table 2-1. The Greek alphabet.

Letter  Name Pronunciation

A alpha a as infather

B beta b as inboy

€ gamma  always harg, as ingirl

. delta d as indent

E" epsilon eas inget

z zeta d” asinadze

H eta ayas inhay

, theta unvoicedh as inthorn

I iota i as inpin (unstressed) amachine(stressed)
K kappa  kas inkill

f lambda | as inlamb

M mu mas inmoney

N nu nas innest

" Xi x orks as inbox

Oo omicron oasingot

pi p as inpie

P rho r trilled or ipped as in Spanisiperoor perro
t & sigma  sasinsong

T tau t as intank

T upsilon uas intube

o phi f orphas inphase

X chi as in Scottishoch; or like Englishk

%o psi psas inoops

ol omega o0as inpoke

(Alternate forms® D D".#D ,~D ,$D ,%D ,&D , D"')

11



Chapter 3

Quotations from Classical Greek

Here are some notable quotations from ancient Greek auimatphilosophers. [46] As practice with the
Greek alphabet, try spelling each word by providing the nafreach letter. You may also try pronouncing
each quotation. Can you spot any Greek words that might bedinee of words in English? (For example,
the Greek word" " meansve, and is the source of the English wgrdntagor(a ve-sided polygon).)

o] o] o] "l o:
The worst of all deceptions is self-deception. —Plato

o0& 11l I
A man's character is his fate. —Heraclitus

o" "" o0& o0& o !o0& P
An unexamined life is not worth living. —Socrates

0& O ! I
Give me but one rm spot on which to stand, and | will move therldo—Archimedes, describing the lever

T
Eureka! | have discovered it! —Archimedes, jumping out ofublic bath as he discovered the laws of
displacement

! P o o0& "o0& " " 00&:
The most precious of all possessions is a wise and loyaldrieAHerodotus

o o " o0& "o _
A coward fears even things he ought not to fear. —Aristotle

"0 o o:
Moderation in all things is best. —Pythagoras
(The Roman philosopher Seneca later expressed the sanmaesarin Latin: Modum tenere debemiis.

12



Chapter 4

Arithmetic

4.1

Types of Numbers

Mathematics is the science of numbers, of which we recognirrember of different categories:

4.2

Thenatural numbergdenotedN): 1, 2, 3, 4, 5, ... . These are also known asybsitive integers
Theintegers(denoted?): ..., 4, 3, 2, 1,0,1,2,3,4,.... These integers include 0 and negative
numbers.

Therational numbergdenoted)): forexamplel, £, %, 2, ... . These are also knownfactions
and are formed by the division of two integers. The divis@n@minator) can never be zero.

Thereal numbergdenotedR) refer toall points on the number line; e.g. O, 5.6%, P 2,

TheH@tionaI numbergdenotedRnQ) are those real numbers that cannot be represented asiarfract
eg. 2

Theimaginary numberg¢denoted R). See Section 4.13; e.8i, i .
Thecomplex number@enotedC). See Section 4.14; e.g3C 3i.

Thealgebraiﬁ number¢denotedA) are real numbers that can be roots of polynomial equat@gs?,
0,51, 82 2

Thetranscendental numbe(denotedRnA) are real numbers that cannot be roots of polynomial equa-
tions; e.g. ,e.

The Four Basic Arithmetic Operations

We assume that the student is already well acquainted weétFotlr basic operations of arithmetic: addition,
subtraction, multiplication, and division. Recall thatidion by zero is not allowed.
The numbers used with these four operations are given nasrfe@ws:

augendC addendD sum

minuend  subtrahendD difference
multiplicand  multiplier D product

dividend divisor D quotient

13
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The division symbol (called theobelusg) is rarely used beyond elementary school, except on catoula
keyboards, because it can lead to confusing and misleaditagion. Instead, we generally write expressions
involving division as fractions so that it's completely atewhich part of the expression is the dividend and
which part is the divisor.

There are three different notations to indicate multiglma, and they are all equivalent:

» Multiplication sign (cross)3 4D 12
» Dot:3 4D 12

 Implied multiplicationis when the numbers are written next to each other, withopoperator. This
is more common in algebralf), but can be done in arithmetic with parenthes84/ D 12. (Paren-
theses are needed because otherwise we would have the ngdrper

In elementary school, you memorized your addition tablesuyh9 C 9, and your multiplication tables
throughl2 12 (See Appendix 5, which includes a multiplication tableotilgh25  25.)

Remainder

You learned about remainders when doing long division imelatary school. For example, 30 divided by

7 is 4, with a remainder of 2. Most computer programming laggs include a way to compute remainders
using a function called something like “mod” (forodulg. If your calculator does not have such a function,
you can nd remainders easily: to nd b D a=b, just dividea by b on your calculator. Then subtract the

integer part, and multiply what's left (the fractional pavy the divisob. The result will be the remainder.

Example. Let's try 30/7. On the calculator, we nd 30/7 = 4.285714. Subtract the integer part (4),
leaving behind the “fractional part”, 0.285714..... Mplti that fractional part by the divisor (7), and we get
the remainder (2).

Reciprocal

Thereciprocal of a number is 1 divided by that number. For example, the recad of 8is1 8 D % D
0:125
On the TI 84 Plus calculator, the reciprocal is computed itkey labeledx | ; on the HP 42S

calculator, it is labeledl=x|. On both calculators, you enter the number rst, then preeskey to nd the
reciprocal.

Repeating Decimals

Dividing one integer by another sometimes result in a teatiy decimal expansion (e.é. D 0:5; % D
0:2), or it may sometimes result in the same sequence of deciipiab depeated over and over again (e.qg.
% D 0:33333::: ;% D 0:11111::: The three dots indicate that the pattern is repeated for&ametimes
we place an overline over the sequence of repeated d@ﬁbo:33333 D 0:333.

The number of digits in the repeating sequence will alwaykebeg that the divisor. A particularly inter-
esting and common example%iswhose decimal expansion repeats every six digits:

1 _
- D 0:142857 142857 142857 :D: 0:142857

1PronouncedH-buh-luss
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What's interesting is that each of the other “sevenths’diol the same pattern; once you've memorized the
pattern, you can easily write down any “seventh” from memory

% D 0:142857 142857 142857 :::
% D 0:285714 285714285714 :::
% D 0:428571428571428571 :::
% D 0:571428571428571428 :::
% D 0:714285714285714285:::

% D 0:857142857142857142 :::

4.3 Roman Numerals

The ancient Romans used a number notation that we nowRoatian numeraldt is unlikely that calculations
were ever done directly with Roman numerals; instead, threds most likely used an abacus. Today Roman
numerals are used mostly for numbering chapters and frottenia books, on clock dials, and, curiously,
for copyright dates in movies and television programs. Theaerals we use today (0 through 9) are called
Hindu-Arabic numerals

Roman numerals employ seven letters of the Roman alphabat, Trepresentsne V, ve; X, ten L,
fty ; C,one hundredD, ve hundred and M,one thousandTo express other numbetshese characters are
combined according to the following principles: [3]

1. Every time a letter is repeated, its value is repeated.

2. When a letter is placeoeforeone of greater value, trdifferenceof their values is the number repre-
sented.

3. As a constraint on the previous (subtraction) rule: aml@aly be used to the left of a V or an X; an
X can only be used to the left of an L or a C; and a C can only be testiek left of a D or an M. (This
rule is to accommodate the design of the Roman abacus. We otafpnexample, write 999 as “IM”
— it must be CMXCIX.)

4. When a letter is placegfter one of greater value, treumof their values is the number represented.

5. A horizontal line placed over a letter increases its vau#ousandfold. ThusyIl denotes seven
thousand.

These principles are exhibited in the following table.

2The Romans had no number zero, nor did they have negativeensnithey had only positive integers.
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Roman Table.

I 1 | XXX 30

I 2 | XL 40

1l 3 L 50
v 4 LX 60

\Y 5 | LXX 70

VI 6 | XC 90
Vil 7 C 100
VIl 8 CcC 200
IX 9 |CD 400
X 10 | D 500
Xl 11 | CM 900
Xl 12 | M 1000
Xl 13 | MM 2000
XIvV 14 | MCLX 1160
XV 15 | MDCCCLIX 1859
XVI 16 | MMXXIV 2024

4.4 Long Division
4.5 Short Division

4.6 Fractions

A fraction, or rational number consists of one integer divided by another. The two integee written
above and below a horizontal bar, a§4inThe number on top (the dividend) is called themerator and the
number on the bottom (the divisor) is called thenominator The denominator may never be zero. Fractions
are usually written irreduced form meaning that all common factors have been divided out dfi biod
numerator and denominator. For exam@e/yritten in reduced form i§ after dividing both numerator and
denominator by their common factor of 2. If the numeratoesslthan the denominator (e@, the fraction
is said to be groper fraction If the numerator is greater than the denominator @)gthe fraction is said
to be animproper fraction An improper fraction may be written asixed fractionf desired; that is just the
integer part followed by a proper fraction. For example,ithproper fraction% may be written as a mixed
fraction asZ%, which means 2 plué. Mixed fraction notation is common in everyday life, but sually not
used in science and mathematics.

To add or subtract fractions, both fractions must be wristethat they have a common denominator; then
the sum of the fractions is the sum of the numerators overdghemon denominator. For example,

lc2p3ci4p3Cay’
2°3°6°6 6 6

and likewise with subtraction:
2 3 _ 10 9 10 9 1
D D D

3 5 15 15 15 ~ 15

The common denominator can be found as the least commorpheultiCM) of the two denominators.
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To multiply two fractions, we multiply both their numerasoand denominators. For example,
2 3.2 3 _6_1
D D D

3 8 3 8 24 4

To nd the reciprocal of a fraction, we just ip it upside-daw For example, the reciprocal éfis %:

1 8

5=8 D 5
To divide two fractions, we simply multiply by the recipréoad the divisor; that is, we change division
to multiplication and ip the second number (the divisor)sigie-down. For example,
2 5,2 8,2 8,16
3 8 3 5 3 5 15
This is the source of a number of short Internet videos that'&hat is 50 divided by 1/2?". The answer is
that “divided by 1/2” is the same as "multiplied by 2", so thlagion is 100. The original problem is worded
to make you think you should take half of 50. In real life nopeduld use a phrase like “divided by 1/2”,
because it's unclear what the speaker intends — it's a bitdisking someone to “unloosen” a knot.
Fractions make up a set of numbers called rt@nal numbers Between any two rational numbers
(fractions), one can always nd another rational numbet liea between them, no matter how close together
they lie on the number line. Itis a curious fact that fractiaimnot Il the number line, however: the set of
fractions leaves many “holes” in the number line, calleditregional numbeﬁs_AB irrational number cannot
be represented by a fraction. The irrational numbers irechuth numbers as2,” 3, , ande. The rational
numbers and irrational numbers together make up the seabhumberswhich do Ilin all of the number
line. Interestingly, it is possible to show that while thare an in nite number of fractions, there are even
more real numbers: the size of the set of real numbers is gépign nity than the size of the set of rational
numbers. There is, in fact, a whole set of in nities, each bigger than the last.

4.7 Percent

The wordpercentsimply means “divided by 100". It is indicated by a perceiging(%) following the number.
For example58% D 58=100D 0:58

There is a similar lesser-used teper mille® that means “divided by 1000”, and is indicated by the
symbolh . For examplel78h D 178=1000

The term “percent” is often used with the preposition “of'h&ve it means “multiplied by.” For example,
“30% of 150” meansf’ToO 150D 45.

One trick you can do with percentage problems involves agldipercentage to the original number: you
just multiply by 1 plus the percentage. For example, Marglhas a sales tax of 69p(0:06). If you want to
nd the total cost of an itenincludingsales tax, you could multiply the pre-tax cost by 1.06. Opsige you
want to leave a 20% tip at a restaurant — you could just mylthz bill by 1.20.

Example.Suppose a Big Mac sandwich costs $5.20 before 6% sales taat igvihafter tax?
Solution.$5:20 1:06D $5:51 (Sales tax is computed by rounding to the nearest penny.)

Example.After eating at a restaurant, you nd the total bill comes 1d.8.50. If you want to leave a 20%
tip, then how much should you leave for the waitress?
Solution.$112:50 1:20D $135:00 (So it's $112.50 for the bill, and $22.50 tip for the waigs

3Pronounced ager mill.
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4.8 Rounding

We often have need tounda number off to a certain number of digits, or to the neardsgier. For example,
what is 156.3887211 rounded to the nearest thousandthfénwords, what is this number rounded to three
digits after the decimal? To do this, we examine the rst tiggier the last one we want to keep. In this case,
we want to keep three digits after the decimal, and the rgttdifter that (the rst discarded digit) is 7. The
ruleis:

« Ifthe rst discarded digitis 0 through 4, we round down, deakp the three digits after the decimal as
they are.

« Ifthe rst discarded digitis 5 through 9, we round up, andlddto the third digit after the decimal.

In this example, the rst discarded digitis 7, so we round 0[156.389.

Examples.
* 932.17114 to the nearest hundredth (two digits after tloénmid) is 932.17.

» 34.8744444999t0 the nearest thousandth (0.001) is 34¥@uAmight be tempted to think that the 999
at the end rounds the 4 to the left up to a 5, which rounds thiedeg to a 5, which rounds the next 4
up to a 5, and so on. But it doesn't work that way. Lawky at the rst discarded digit (4), so round
down to 34.874.

» 88:621to the nearest integer is89. For negative numbers, you can think of removing the minus
sign, rounding, then replacing thesign.

» 0.4993 to the nearest integer is 0.

What about 15.5 rounded to the nearest integer? That idyckeaactly half-way between 15 and 16, so
do we round down or up? By convention, in such a case, we rapnsb 15.5 rounded to the nearest integer
would be 16. That's why we say we round up if the rst discardigit is 5 through 9: the choice to include
5 is entirely conventional.

Because this rounding rule tends to bias data toward la@ees, there is another rounding rule that is
sometimes employed. According to this rule, if the rst disted digit is 5, then we look at the last retained
digit. If it is even, then we round down; if it is odd, the we r@uup. According to this method, rounding
3.450 to the nearest tenth gives 3.4, because 4 is even. Budlirg 3.750 to the nearest tenth gives 3.8
because the last retained digit (7) is odd. The idea is toiedite the bias toward rounding up, although this
method is seldom used in science.

Rounding to the Nearest Nickel

Canada eliminated its penny (1¢ coin) in 2013, and now roatidsash prices (and change) to the nearest
nickel (5¢). In the United States, the penny was eliminate2i0i25, and stores are beginning to do the same,
rounding cash prices to the nearest nickel. How is this done?

One way is to begin with the amount to be rounded in centsddiby 5, round to the nearest integer,
and multiply by 5. Then, for example, $ 35.17 becomes 351iXidded by 5 is 703.4; rounded to the nearest
integer is 703; and multiplied by 5 is 3515¢, or $ 35.15. THeatfof this is to round pennies to the nearest
nickel like so:

0002 O 28-32 30 58-62 60 88-92 90
03-07 5 33-37 35 63-67 65 93-97 95
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08-12 10 38-42 40 68-72 70 98,99 100
13-17 15 43-47 45 73-77 75
18-22 20 48-52 50 78-82 80
23-27 25 53-57 55 83-87 85

Or, to put it succinctly:
* penny amounts endingin 1, 2, 6, or 7 round down to the nexét&s;
* penny amounts ending in 3, 4, 8, or 9 round up to the next higbge

» penny amounts ending in 0 or 5 are unchanged.

Catastrophic Cancellation

One issue to be aware of regarding rounding is the problenatafstrophic cancellationSuppose we are
computing a velocity, which involves subtracting two pisis and dividing by the difference in times for
the two positions. If the body is moving very slowly, then tia® positions may be very nearly the same.
For example, suppose that initially a body is at position.23887764 meters, and one second later it is
at 156.23887782 meters. If we round both numbers to the stefaner decimal places before subtracting,
we get156:2389 156:2389D 0, and will calculate a velocity of zero. The problem is that nwanded
away the digits that had all the physically meaningful infiation before subtracting, and lost all information
that would let us calculate a velocity. This is catastroptaincellation: the loss of information caused by
subtracting two quantities that are nearly equal.

The proper procedure in this case isyat do the rounding before subtracting. Keeping all the sigaint
digits, we nd: 156:23887782 156:23887764 0:00000018

This can be an issue when working with computers or calctdat@ double-precision number in a
computer holds about 16 signi cant digits. If you try to cootp with two numbers that are very nearly
equal and have 24 signi cant digits, you may nd that theiffeience is zero according to the computer. The
solution in this case would be to nd a way to work with “biasedimbers that have the rst few signi cant
digits subtracted ahead of time. A common example of thisdgkimg with times measured in Julian days
(JD). One time might be measured to the nearest microsecdDd 2460314.34662847121. But this is 18
signi cant digits, two more than the computer can hold. Weyhti x this by subtracting 2460000 from all
Julian day numbers before doing calculations with them.

4.9 Absolute Value

The absolute valuef a number is the number with the sign discarded: negativelbus are made positive,
and positive numbers are left as they are. The absolute \&lnglicated by putting the number between
vertical bars. For example:
j4D 4
j3:2 D 3:2
j 6D6
j 833D 831
joib 0

4.10 Involution (Powers)

Multiplying a number by itself multiple times is calledvolution, or raising a number to a power.
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Positive Integer Powers

Multiplying a number by itself gives thequareof the number, and is written with a superscript 2 next to the
number. For example, the square of 5 is

5D5 5D?25
The rst few squares are:

’D1

22D 4

3?D9

4°D 16

52D 25

Multiplying three of the same number together givesdhkeof the number, and is written with a super-
script 3 next to the number. For example, the cube of 5 is

5D5 5 5D 125
The rst few cubes are:

D1

22D 8

3¥ D27

42D 64

5D 125

We can similarly take numbers to the fourth, fth, sixth, epower:

3¥D3 3 3 3D81
6°D6 6 6 6 6D 7776
8D8 8 8 8 8 8D 262,144

The number on the bottom is called thase and the superscript is called thgponent For example, in
7°, 7 is the base, and 5 is the exponent.

The following apply to numbers taken to powers:

+ Any number to the O power is equal to3% D 1.

+ Any number to the 1 power is equal to the numbérD 7.

+ Any number to the 1 power is equal to the reciprocal of the numb@r: D %.
« Zero to any nonzero power is equal to@:D 0.

« By conventionQ® D 1.

« One to any power is equal to 12 D 1.
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* When multiplying numbers with like bases, we add expondfis example:
3® 3'D 3¢ D3

* When dividing numbers with like bases, we subtract exptsdror example:
97 7 4 3

¥ D9 “D9:

Negative Integer Powers

A number taken to the powerl is the reciprocal of that number. For exam@8e! D % For this reason, the

reciprocal key on the Tl 84 Plus calculator is labghed® | .
In general, forx & 0,
1

x "D o 4.1)
For example,
1
32D z (4.2)
1
3
8°D & (4.3)

Towers of Exponents
Occasionally, we may come across what is calléoheger of exponentsuch as
2%
The rule for evaluating this is tetart at the top of the expression, and work your way downwarthis case,
we would evaluate this as
2324 he,24/I
Starting at the top, we n@* D 16, then raise 3 to that power; then nally raise 2 to the powethat result:

2324 D 2316
D 243;046;721

1012:958;354 .a VERY large numbér

Rememberevaluate a tower of exponents from the top downward.

Computing Powers on an Electronic Calculator
Tl 84 Plus Calculator
On the TI 84 Plus calculator, t key is used to compute powers.

To compute a power: enter the base, p enter the power, then pred<SNTER . For example, to

compute3®:

D ENTER

The result is 243.
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HP 42S Calculator

On the HP 42S calculator, thg* [key is used to compute powers.

To compute a power: enter the base, pf&SSTER, enter the exponent, then pregs |. For example,

to computes®:

Enter yX

The result is 243.

4.11 Evolution (Roots)

The inverse operation to taking a number to thth power is to extract its-th root, an operation called
evolution This is indicated with aadical sign (p —) to the left of and above the number whose root is to be
extracted, known as thadicand Forn > 2, then-th root is indicated by writing an above and to the left
of the radical. Such a number is callediadex If there is no index, it is assumedD 2 and we are nding
thesquare root—the inverse operation of squaring a number. For exampéentimber whose square is 9 is
found by writing the square root of 9:

p§D3

Here 9 is the radicand, and the absence of an index impliésvihare nding a square root. Note that the
answer imot 3, as some people believe. The result of the square root sajw#g/snon-negative.
The number whose cube is 8 is indicated by writing¢bbe rootof 8:

Ig§D2

becaus@® D 8. Here 3 is the index, and 8 is the radicand.
Higher roots may be found as well: the fourth root of 256 igt&ni

62D 5 (4.4)

becaus&?* D 625

Roots as Fractional Powers

Roots can be, and often are, indicated by taking a numberractidnal power, rather than using a radical.
Sometimes this notation is more compact and convenientubiag radicals. In this notation, we write:

+ Square root” X D x1=2 (or, very rarely, ad X)
- Cube root:® X D x1=3

- Fourth root:? X D x1=4

- Fifth root: ® X D x2=5

and so forth: the-th root may be indicated by taking the expression to the pdwe.
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Rationalizing the Denominator

When writing numbers, it's generally a matter of style th& prefernot to have radicalsp( —) in the de-
nominator of a fraction. For square roots, we can eliminagtmee roots from the denominator by multiplying
and dividing by the radical. For example, instead of

pe
2
we prefer to write
1 73 b P>
p—é p_é 5

This is calledrationalizing the denominator
As another example, suppose we have the fraction

1
2C 7
We gan rationalized the denominator by multiplying and diivg by the “conjugate” of the denominator,
7.

2
1 2

n
154

2C 7 2

Computing Square Roots with Paper and Pencil

There is an old method for computing square roots with papepancil. It somewhat resembles the method
used for long division. The method is seldom taught thess,daywe will describe it here. For an additional
discussion, the interested reader is referred espectbidtarithmetic books such as Brooks [3].
We will illustrate the method with an example:758:436 The rst step is to mark off the number whose
square root is to be determined p&irs of digits, starting from the decimal point:
p

758:436

Now look at the largest square less than or equal to the gt drouping (7); in this case, it would 22 D 4
since2? D 4is less than 7. (The number 3 would be too big, siBcd® 9 is greater than 7.) Write this 2
above the 7, similar to way one writes the quotient in longsilbn:

2

p758:436

Now square the 22 D 4), and write the result underneath the 7:

2

758:436
4

p

Now subtract, and bring down the next pair of digits:

2

p758:436
4

358
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We now do something a little different. Vdoublethe result so fard 2D 4), and we wish to nd a number
of the form4n n (meaning 4, appended with timesn) that is less than or equal to this last result, 358.
Here are the nine possibilities:

41 1D 41 (4.5)
42 2D 84 (4.6)
43 3D 129 (4.7)
44 4D 176 (4.8)
45 5D 225 (4.9)
46 6D 276 (4.10)
47 7D 329 (4.11)
48 8D 384 (4.12)
49 9D 441 (4.13)

Of these, the numbet7 7 D 329is the largest number less than 358; therefore, the nextiditiie square
root is 7. Write this next digit above the radicand:

27

758:436
4

358
329

29

Now we've reached the decimal point; the decimal point inrgmilt goes directly above the decimal point
in the radicand:

2 7:

758:436
4

358
329

29

p

So far we have at least approximateresult: P 758:436 27. But let's try to work out the next decimal
place. Bringing down the next pair of digits (43),

2 7:

758:436
4

358
329

2943

p
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Now double the square root so f&7 2 D 54), and look for numbers of the forBdn n that are less than
or equal to this last group of digits (2943). The nine podisiés are:

541 1D 541

542 2D 1084
543 3D 1629
544 4D 2176
545 5D 2725
546 6D 3276
547 7D 3829
548 8D 4384
549 9D 4941

The largest such number less than or equal to this last gngpb43) is545 5D 2725 therefore, the next
digit in the square root is 5. Now, you domé&ally need to compute all nine combinations shown here; it's
enough tayuesswvhich combination is correct. For example, we might havesgae the next digit is 4; then
544 4D 2176is less than 2943, so the next digit will beleast4. Try 5:545 5D 2725 That's still less
than 2943, so now we know the next digit must be at least 5. TBA6 6 D 3276is greater than 2943 —
too big. So the next digit must be 5: that's the largest diugt will not exceed 2943. Let's write 5 above the
radicand:

2 7:5
758:436
4

358
329

2943
2725

218

And now we have another digi{:J 758:436  27:5 Let's try for still one more digit in the square root.
Bringing down the next pair of digits (60, including a traidj 0):

2 7:5
758:4360
4

358
329

2943
2725

21860

Now double the square root digits so far (ignore the deciroaity 275 2 D 550 We seek numbers of
the form550n n that are less than or equal to the last set of digits (21866jneSguessing shows that
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5503 3D 16509is less than 21860, b8504 4 D 22016is too big; therefore, the next digit must be 3.

27:53

758:43 60
4

358
329

5351

And we now haveIO 759:436 27:53 Let's do one more digit, just for fun. In this case, we've mut of
given digits, so the next pair of digits to bring down will béteailing) 00:

2 7:53

758:43 6000
4

358

329

2943
2725

21860
16509

p

535100

Double the square root so f&753 2 D 5506 The next digit is found from 955069 9 D 495621is still
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less than 535100:

27:539

758:43 6000
4

358
329

535100
49 56 21

39479
We can continue in this way, over and over, getting as manystig we wish27:53971677:::
Computing Roots on an Electronic Calculator

TI 84 Plus Calculator

To compute square roots, you rst press the square root Kejt¢d key), then enter the number, then

press theENTER key. For example, fo'frJ 7D 2:64575

oND| [P — ENTER

To compute cube roots, you rst press the cube root functiathe MATH key), then enter the number,

then press theENTER key. For example, foB 7D 1:91293

MATH ﬂ E ENTER

To computen-th roots, you rst enter the index into the calculator, theess then-th root function (via
the| MATHkey), then enter the number whose root you want, then pres&MTER key. For example, for

D 1:62658

ﬂ MATH ENTER

HP 42S Calculator

~|

. For example, fof 7D

|

To compute square roots, enter the number and press theesqudrkey,
2:64575

7] =
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On the HP 42S, you calcula%? asy™. Enter the numbey onto the stack, pres&ENTER , enter the

exponent, thenl=x y* |. For example, forIg 7D 1:91293

ENTER 1=x ¥

ere|f |refers to the unlabeled gold key.
Here|f |ref h labeled gold k

4.12 Factorials

A factorial of a positive integer is the product of all the positive irgegjup to that number. It is written as
an exclamation mark (!) following the number. For exampléctorial (7!) is the product of all the positive
integers from 1to 7:

7D1 2 3 4 5 6 7D 5040

Less common is thdouble factorial The double factorial of an even number is the product oftel t
even numbers from 2 up to that number; similarly, the douatédrial of an odd number is the product of
all the odd numbers from 1 up to that number. The double fadtisrwritten as two exclamation marks (!!)
following the number. For example:

8592 4 6 8D 384
1 3 5 7 9D 945

By convention0SD 1and0S® 1.

The Gamma Function

The factorial function can be generalized to all real nural§eot just positive integers) by something called
thegamma function(Figure 4.1).
The gamma function is a special function for which

€n/D.n 1S (4.14)

for integern, but also is de ned for all reat > 0 and real, non-integer < 0. A well-known special case is

1 1. p_
e-pD -%°" (4.15)
2 2

Stirling's Approximation

In some areas of mathematics and physics, we have a need putmtarge factorials, and a direct calcu-
lation may be impractical or beyond the range of the comjutirachine. For this reason, it is helpful to
have available an approximation to the factorial functidhe best known such approximationSsrling's
approximationnamed for the Scottish mathematician James Stirling (16/D) (Fig. 4.2). Stirling showed
thatnSis givenapproximatelyby

nS n"e P 2n (4.16)
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Figure 4.1: The gamma functiofi,x/ . (Credit: Wolfram Mathworld, mathworld.wolfram.com)

This approximation gets better for larger For some application$)Sis such a large number that it is
more convenient to deal with a much smaller number, the abtogarithm ofnS(Section 4.15). Stirling's
approximation for this is

In.nS/  ninn n largen/ (4.17)

Factorial Trivia

» Among all numbers greater than 1, only 22, 23, and 24 haverfats with the same number of digits
as the number:

229 1124000727777607680000
239 25852016738884976640000
24D 620448401733239439360000

have 22, 23, and 24 digits, respectively.

40585=4!+0! + 5! + 8! + 5!
« The only integers that satishSD aS b&re10D 6S 7S

« The largest factorial that can be calculated on a calculaith a range 00:999::: 10° is 69SD
1:71 10°. Some recent models from SwissMicros can calculate up t8'242:48 10°143,

All factorials larger then 4! end in at least one zero. Thigéathe factorial, the more zeros at the end:
10! ends with two zeros, 50! ends with 12 zeros, 100! ends 2theros, 500! ends with 124 zeros,

and 1000! ends with 249 zeros. (See if you can gure out whynilvaber of zeros continues to grow

for larger factorials.)
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Figure 4.2: James Stirling's grave marker in Edinburgh,tBeoal. The writing is in Latin, and reads: “In
this very place is buried Jacet Jacobus Stirling, an iliosVenetian mathematician, who was born in A.D.
1692, as the fourth son of Archibald Stirling of Garden. Heddin 1770.”

Computing Factorials on an Electronic Calculator
Tl 84 Plus Calculator
To compute a factorial on the Tl 84 Plus calculator, one maoghgough the MATH menu, then to the PRB
(probability) sub-menu.
To compute a factorial, enter the number whose factorialyant to compute. Then predglATH

ENTER.

For example, to nd8SD 40;320

MATH ENTER

The Tl 84 Plus calculator does not have a built-in gamma fancthe factorial function (!) only works
on non-negative integers.

The largest factorial that can be computed on the Tl 84 PIG8$® 1:71122 10°8.

HP 42S Calculator

The factorial function is implemented differently on difat models of HP calculators. In the case of the HP
42S calculator, you access it from tRROBmenu on the keyboard.

To compute a factorial, enter the number on the stack, thesg@PROB | N!

For example, to nd8SD 40;320

PROH [NI

On the HP 42S calculator, there is a gamma funct@Al) available on the sanfeROBmenu to compute
factorials for non-integers (Eqg. 4.14). Use it the same veayer a number on the stack, and pileBOB GAM
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The largest factorial that can be computed on the HP 458SD 5:17346 10%%°; on the DM 42
“clone”, itis 21239 1:47991 10°142,

4.13 Imaginary Numbers

Recall from elementary arithmetic:
» The product of two positive numbers is positive.
» The product of two negative numbers is positive.
» The product of a positive number and a negative number iativeg

It follows from this that the square of any number is alwaysifiee: 52 D 25,. 5/2 D 25.

Now we ask: what number, when squared, equdl® It would seem, at rst, that there can be no such
number — andpirﬁeed there isn't, among the real numbers. Btliematiciansreatea number called that
isdenedtobe 1:

ip" 1 ) i°’D 1

Such a number is called amaginary number
Any real number multiplied by is also an imaginary numbeir; i, 3i, 100i, 34:78i, 12i,and i are
all imaginary numbers.

A few interesting properties about imaginary numbers:

1
=D i (4.18)
i’D 1 i*D il i“D1 (4.19)
i =2 R-0 o=2 i P—
i'De I iDe ™I . 1/"'De | 1D e .all real (4.20)
pTD%p21cu (4.21)
Ini D i e D coslCisinl 0:540302C 0:841471i (4.22)

e C1DO (4.23)

This nal formula is known asEuler's identity* and is considered one of the most beautiful and elegant
formulas in all of mathematics. L
A more in-depth discussion ofD 1 can be found in References [15] and [30].

4Named for the Swiss mathematician Leonhard Euler (proned@d_-er) (1707-83).

31



Prince George's Community College College Mathematics Simpson

4.14 Complex Numbers

The sum of a real number and an imaginary number is caltdrgplex numberComplex numbers have the
forma C bi. For example,

3C 4i
8C 12i
1 5i

are all complex numbers. Real numbers are a special casenpieo numbers, where the imaginary part is
zero. Imaginary numbers are also a special case of complakens, where the real part is zero. When we
want to emphasize that a complex number has no real part, waonaetimes refer to it aspure imaginary
number.

Changing the sign of only the imaginary part of a complex nengives the so-callecomplex conjugate
of that number. For example, the complex humt3@s4i and3 4i are complex conjugates of each other.

4.15 Logarithms

Given a number to a power lik&*, the number on the bottom (5) is called thase and the superscript
number (3) is called thexponent A logarithmis a function that returns the exponent of a number. In
other words, the logarithm asks, “To what power must we rdiessnumbeb to get the given number?” For
example:

* When we ask for the base 10 logarithm of 1000, we're askih,t6 what power equals 1000?” The
answer is 3, so the base 10 logarithm of 1000 is 3. This isewitiog,.1000/ D 3.

* When we ask for the base 5 logarithm of 25, we're asking, “Wiat power equals 25?” The answer
is 2, so the base 5 logarithm of 25 is 2. This is writtenl@§/ D 2.

+ In the earlier example, when we ask for the base 5 logarithrg®p we return the exponent, 3:
logs.53/ D 3.

One must always indicate the base when using logarithmgahemldase is written as a subscript to “log”.

Although any base greater than 1 may be used, there are tves laas most commonly used: base
10 (called acommon logarithmwritten as log,.x/), and basee (where the transcendental numieeD
2:718281828459 :},:which is called anatural logarithm and is written as logx/, or more commonly as
In.x/.

There is no such thing as a logarithm to the base 0 or base 1sé\Magarithm (logx) would be asking,
“0 to what power equalg?” But 0 toany power equals 0 (except for the convent@hD 1), so in general
there isno power to which you can raise 0 to get Likewise, a base 1 logarithm (log) would be asking,
“1 to what power equalz?” But 1 toanypower equals 1, so in general theraspower to which you can
raise 1 to gek.

Unfortunately, the notation used for logarithms is incsteit and confusing. Some people write.ldg
(without a subscript) to mean a common logarithm, but matigians generally take it to mean a natural
logarithm. Most other people write .l for the natural logarithm.

Just to confuse things further:

» On calculator keyboards, the common logarithm key is uglabeled| LOG|, and the natural loga-

rithm is labeled LN
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* In computer programming languages, the common logarithmtfon is usually calletOG10() , and
the natural logarithm function is calledDG() .

Always check the documentation if you're not sure.

The author recommends the following notation:
» Common logarithms: always write as: lggx/
» Natural logarithms: always write as:.Jd

» Only if the base doesn't matter, write as: I»f

Antilogarithms

The logarithm functions have inverses, caléedilogarithms the inverse function (antilogarithm) for lggx/
is 10¢, while the inverse function (antilogarithm) for.d is e*. Sometimes* is written as exp«/ —they
mean the same thing. Thus:

log,.10°/ D 5 10°%0-8 D 6
Ine®/ D 8 e’ D7
In@&pd/s D 4 expdB.12/s D 12

Properties of Logarithms

Logarithms have the following useful properties:
* log1 D 0, in any base.
» Logarithms of numbers greater than 1 are positive; logariof numbers between 0 and 1 are negative.
» The logarithm of 0 is unde ned; logarithms of negative nwarbare complex numbers (Section 4.14).
» The logarithm of the product is the sum of the logarithmg:.db/ D loga C logb
» The logarithm of the quotient is the difference of the ldotdans: loga=b/ D loga logb

» The logarithm of the reciprocal of a number is the negatitbelogarithm of the number: lot=a/ D
loga

» The logarithm of a number to a power: lag/ D bloga.

One may compute a logarithm to any arbitrary blasssing this formula:

Inx _ logyg X
log,.x/ D — D
%X 2 10b © log,, b

(4.24)
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Numbers to Any Real Power

Does the expressidit®> mean anything? On the face of it, it seems to mean that we phuSiby itself 2.3
times. But what does that mean?

We may employ logarithms to take a real number to any real pofeecomputea® where botta andb
are real, we note

In.a®/ D blna

and so we can comput® by takinge to the power of both sides (sin@ is the inverse of the natural
logarithm function):

a® D e”"@ D expb Ina/ (4.25)

Example.In our earlier example, we asked ab®&at. We may compute this as:

53 D %" D 40:5164

Example.We may comput@:3*7 as

2:3%7 D e*7In23 p 50:1327

Any other base logarithm may also be used. For example, itlkdmmon (base 10) logarithm,

aP D 10P'o%w0 3 (4.26)

The “exponent key” or|y* |) on a scienti c calculator is designed to calculate any raahber to

any real power. There may be some restrictions on raisingtiveghumbers to non-integer powers, since this
can lead to results that are complex numbers.

Logarithms of Negative Numbers

While the logarithm of 0 is unde ned, the logarithm of a negathumber iscomplex For the natural loga-
rithm, for any positive numbaer,

In. n/DInnC i (4.27)

Forexample,In 7/ D In7Ci D 1:946C i
For the common logarithm, use Eq. (4.24); for example,

In. 7/ InN7C i In7 i

log,g. 7/ D in10 D in10 D in 1OC in10 0:9451C 1:3644i

Logarithms Basei

Consider the problem

iYD 2
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What isy? Formally, we would solve foy as
y D log; .2/

But how would we compute a logarithm to the ba8a/Ne can employ Eq. (4.24) to get

In2
log .2/ D —
Y Ini

Since Ini D Ei and1l=iD i, we have

2In2. .
log.2/ D “N%i  0:441271i

In general, for any reat,

>
log; .x/ D a4 Inx (4.28)

Computing Logarithms and Antilogarithms on an Electronic Calculator

As mentioned earlier, it is conventional with scienti ¢ calators to label the common (base 10) logarithm
key with| LOG|, while the natural (base) logarithm is labeled withLN |.

TI 84 Plus Calculator

For thecommonogarithm on the Tl 84 Plus calculator, one rst presses|th@G| key, then the number to

be evaluated, followed ENTER . For example, to nd log, 8 D 0:90309

LOG ENTER

Similarly, for thenatural logarithm, one rst presses thé&N | key, then the number to be evaluated,

followed by| ENTER . For example, to nd Ir8 D 2:07944

LN ENTER

For thecommon antilogarithnon the Tl 84 Plus calculator, one rst presses tié€* | key, then the

number to be evaluated, followed lENTER . For example, to ndl0° D 100;000

oND| [ 107 ENTER

Similarly, for thenatural antilogarithm one rst presses th key, then the number to be evaluated,

followed by| ENTER . For example, to nce® D 148:41316

2ND ENTER
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HP 42S Calculator

For thecommoriogarithm on the HP 42S calculator, one rst presses the rarntibe evaluated, thehOG
. For example, to nd log, 8 D 0:90309

LOG

Similarly, for thenaturallogarithm, one rst presses the number to be evaluated,|ihén. For example,
to ndIn 8D 2:07944

LN

For thecommon antilogarithnon the HP 42S calculator, one rst presses the number to beaeal,
then thg 10¢ | key. For example, to nd.C°® D 100;000

10X

Similarly, for thenatural antilogarithm one rst presses the number to be evaluated, the key.
For example, to nde® D 148:41316

4.16 The Numbere

The transcendental numberused as the base for natural logarithms, is one of the mgeiriant constants
in mathematics. Its de nition is

n

1
eD lim 1C = (4.29)
n'1 n

This “limit” notation essentially means that the value cartgul by this formula will get closer and closergo
asn becomes larger and larger. (Try computing approximationgdurself with a calculator, usirgD 100,
n D 100Q andn D 1;000;000) The true value oé is:

2:71828182845904523536028747135266249775724709369999669676277240766303535 (4:30)

For an extended discussion of the numbesee References [10] and [26].

4.17 Hierarchy of Operations

Expression in arithmetic are evaluated according to aicehiararchy. In particular:

Multiplications and divisions are done before additions aml subtractions.
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Speci cally, the order of operations is:

1. parentheses— any quantities in parentheses or brackets are evaluased r
2. exponents— powers of numbers.

3. multiplications and divisionsn anyorder.

4. additions and subtractionén anyorder.

One may think of a mathematical operatr as being associated with the number to its immediate
right.

Since exponents are evaluated before negative signs, phession a? means the negative af — not
the square of the negative. Thu§?2 D 9, but. 3/2D 9.

If you have an algebraic electronic calculator like the ZBlus, it knows about the correct order of
operations and will evaluate expressions accordingly. oli iave a calculator like the HP 42S that uses
reverse Polish notation, itisn't an issue — you use the t¢aloujust as you would evaluating expressions by
paper and pencil.

It is widely believed, even by mathematics teachers, thdtiptications and divisions must be done left
to right, and likewise with additions and subtractions. B just isn't so. One can replace all divisions with
multiplication by the reciprocal of the divisor, and theechuse of the commutative property of multiplica-
tion, the order of evaluation of the multiplications can bétshed around however we wish. Likewise with
additions and subtractions: replace all subtractions aditition of the negative of the subtrahend, and then,
because of the commutative property of addition, the orfl@valuation of the additions can be switched
around however we we wish. In this way multiplications andsions can be evaluated any order, and
additions and subtractions may be evaluatedrigorder. Always evaluating left to right isn't wrong, and
will always give the correct answer — but it also isn't neeegs

Mathematical Meme: 8 2(2 2)
8 22 2/

The Internetis lled with mathematical “puzzles” claiminig “have the Internet stumped”. One such expres-
sion is:

8 22 2/

Although the notation is somewhat confusing, there is noigaity about how to evaluate this expression,
and there is only one possible answer. First, the expressimives animplied multiplication in which
two numbers are written side-by-side without a multiplicatsign. This is common practice, especially in
algebra, but let's rst insert the multiplication sign exgitly:

8 2 2 2
Now according to the hierarchy of arithmetic operations gwaluate the quantity in parentheses rst:
8 2 4

There are no exponents, so the next step is to evaluate thiplication and division. This can be done in
anyorder — left to right or right to left. You will get the same avexr either way. Note that in this expression,
theonlydivisor is 2. Working left to right:

8 2 4D 4 4D 16:

37



Prince George's Community College College Mathematics Simpson

Now evaluate this again, but this time going right to left:
8 2 4D8 $ 4D8 2D 16
Either way, the answer is 16.

The reason people claim that the Internet is “stumped” by plndoblem is because the notation is a bit
confusing: people get confused over what the divisor is. dikision sign  appliesonlyto the number to
its immediate right: 2. People who nd the expression eqadl arre applying the division sign to the entire
sub-expressio.2 C 2/. But that's wrong. If that were intended, the original exggien would be written as
8 (E2.2 2/.

This is actually the reason the obelus)(isn't used in advanced mathematics — it can lead to confusin
expressions like this. In real life, mathematicians wauddwrite 8 2.2 2/, but rather

82 2/
2

so that it's completely clear that 2 is the only divisor.

Mathematical Meme: 92 + 81
Another common Internet meme is the expression
9°C 81

In the rst term, you do the square rsthenapply the negative sign. This expression simpli es to 0. eo
who get 162 are actually solving an entirely different exgien:. 9/2 C 81 D 162 If you intend for the
negative sign to be included in the square, then it's impurta remember to put parentheses around the
entire expression to be squared, including the negative sig

4.18 Nomenclature for Large Numbers

You probably learned the names for a few large numbers whenngoe in elementary school. There are
more special names for very large numbers, as shown in theliatow.

Large Numbers.

10° thousand | 10?” octillion 10°t sexdecillion
10°  million 10°°  nonillion 10°4 septendecillion
10°  billion 10°%  decillion 10°7 octodecillion
10'2  trillion 10°¢  undecillion 10°0 novemdecillion
10> quadrillion | 10*®  duodecillion 1088 vigintillion

10'®  quintillion | 10** tredecillion 10°%%  centillion

107t sextillion | 10*® quattuordecillion| 10  googol

10°*  septillion | 10*® quindecillion 101" googolplex

For example, the number 451,821,003,405,111,818,32fasr hundred fty-one quintillion, eight hun-
dred twenty-one quadrillion, three trillion, four hundreeé billion, one hundred eleven million, eight hun-
dred eighteen thousand, three hundred twenty-one.”

38



Prince George's Community College College Mathematics Simpson

It can be dif cult to get a real sense of the size of some of ¢hmsmbers. But to give you a little bit of
the sense of things, how long do you think it would take youdont to one million? Let's assume you can
count at a constant rate of one number per second, and thatoymi twenty-four hours per day without a
break. Then it would take abomtl% days to count to one million. To count to one billion wouldéakore
than 31 years, and to count to one trillion would take mora 8000 years.

Here are some large numbers that come up in everyday life:

* You sometimes hear the expression, “not for all the monethéworld!” But exactly how much
moneyis there in the world? It turns out to be a very dif cult questittnanswer with any precision,
and depends on exactly how one de nes “money.” But roughga&ing, it's probably on the order of
several quadrillion US dollars.

+ The game of checkers has absut 10?° possible positions, or 500 quintillion.
» The game of chess has abdt?° possible positions, or 1 novemtrigintillion.

A googoP is 10'%, or 1 followed by 100 zeroes:

10,000,000,000,000,000,000,000,000,000,000,00@00M00,000,000,000,000,000,000,000,000,000,00MO00M00,000,000,000,000,000,000

The googol was named by Milton Sirotta, the nine-year-olghssv of mathematician Edward Kasner.
[22] Milton's original de nition was that a googol would beohe, followed by writing zeroes until you get
tired.” A googol is the same number as 10 duotrigintillion.

A googol is avery large number. To give you a sense of size, the total numbdenfentary particles in
the observable universe is thought to be alidii; a googol is 100 trillion times larger than that.

A googolplexis 10 raised to the googol poweI_O10100 . It's a number so huge that there's not nearly
enough space in the entire Universe to write it all out. A gaag practically nothing compared to a googol-
plex.

4.19 Scienti ¢ Notation

Scienti ¢ notationis a convenient way to write very large or very small numbeithout having to write (or
count) lots of zeros.

Powers of 10

We begin with a discussion of powers of 10, writtenl@8, where (for nown > 1. This means 1 followed
by n zeros. For example:

10t =10 ten

102 =100 one hundred

10° =1000 one thousand

10* =10,000 ten thousand

10° =100,000 one hundred thousand
10° =1,000,000 one million

10** =10,000,000,000,000,000,000,000,000,000,000,000 deitlidn

5The Google search engine is named after the nurgbegol An accidental spelling error while registering the Inttrdomain
name is the reason for the spelling difference.
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Clearly the power-of-10 notation is a much more compact wayriting these numbers, especially for
very large numbers. Furthermore, it avoids having to write @ount all those zeros.

This power-of-10 notation may be used for very small numbsrsell: the notatiod0 " (n > 1) means
a zero, then a decimal point, then 1 zeros, followed by a 1. For example:

101 =01 one tenth

102 =0.01 one one hundredth

10 3 =0.001 one one thousandth

10 4 =0.0001 one ten thousandth

10 > =0.00001 one one hundred thousandth
10 ¢ =0.000001 one one millionth

10 34 =0.000000 000000 000000000000 0000000001 one ten detfilio

Again, it's clear that the power-of-ten notation compaal aaves writing and counting a lot of zeros for
very small numbers.

One case we've not mentioned yetli@, which is simply equal to lanynumber to the power 0 is equal
to 1.

In summary: for positive integers

» 10" is 1 followed byn zeros.
+ 10 "is“0.", followed byn 1 zeros, followed by 1.
«+ 10°D 1.

Scienti ¢ Notation for Other Numbers

So far we've seen how to write even powers of 10 using expanéntfact,anyreal number may be written
as an ordinary real number multiplied by some appropriatespof 10. One very simple way to do this is to
simply multiply the original number by(®; since1( D 1, this is just multiplying by 1 and does not change
the number. For example:

345  may be writte34:5 10°
778.6  may be writte@78:6 10°
0.054 may be writte0:054 10°
21,900 may be writte@1;900 10°

While the numbers on the right are indeed in “scienti ¢ nagat (a real number multiplied by a power
of 10), the usual convention is to have the number multigyire power of 10 be a value between 1 and 10.
So “standard” scienti ¢ notation is:

ro 10 1 r<10/

We can convert any number to this range by following this:rateltiplyr by 10™, then dividel(" by 10™,
for some appropriate integen. By multiplying and dividing by the same number, we haveintieged the
number. For example, take the rst number abo84:5 10°. We can make the number in front (34.5) fall
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between 1 and 10 by dividing it by 10; to compensate and |da@entimber unchanged, wetthultiply the
power of 10 by 10. Thus:
34:5 10° D .34:5=10/ .10° 10/
D 3:45 10

and this is the original number in standard scienti ¢ naiatiWhen manipulating the powers of 10, remember
the rule for exponents: when multiplying like bases, we adgbaents. In this case, we did

1® 10D 10 10'D 10°°! D 10

Now let's look at the second number abov@8:6 10°. We can put this in standard scienti ¢ notation
by dividing the number in front (778.6) by 100; we then comgaa by multiplying the power of 10 by 100
to keep the original number the same:

778:6 10° D .778:6=100/ .10° 100/
D 7:786 .10° 107/
D 7:786 10°¢?
D 7:786 107
This is the original number in scienti ¢ notation.

Now let's try the third example above, which is less thar0i054 1(°. To put the number 0.054 in
the range between 1 and 10, we'll have to move the decimalt pemplaces to the right, i.e. multiply by
100D 10?. We then compensate lolyvidingthe power of 10 by 100 to keep the original number unchanged:

0:054 10° D .0:054 100/ .10°=1CF/
D54 10° ?
D54 10?2
This is the original number in standard scienti ¢ notatiogfikemember that when dividing like bases, we
subtract exponents.)

Finally, let's try the last example abov21;900 10°. To get the number in front (21,900) between 1 and
10, we'll have to move the decimal point 4 places to the lefgther words, divide bg0*. We'll compensate
by multiplying the power of 10 by 0*:

21;900 10° D .21;900=16/ .10° 10%
D 2:1900 10°¢*
D 2:1900 10*

This is the original number in standard scienti ¢ notation.

Some Thoughts

One reason scienti ¢ notation is useful is that we very nafghve need to carry lots of signi cant digits
around in a calculation — most measurements are just notiktioat extremely high accuracy. In a previous
example, we saw the number

451,821,003;405;111,818;321
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There arevery few measurements or calculations in the physical world thgtire that many signi cant
digits. Usually rounding this number #15182 10?°, with ve signi cant digits, would be suf cient, and
saves a lot of space. You certainly don't save any spacengahiis number:518210034 05111818321
107°, but then you would practically never be able to measuregedrto know, that many signi cant digits.

Another reason for using scienti ¢ notation is that it all®ws to quickly judge the relative sizes (magni-
tudes) of numbers. We need only look at the exponents; we dead to spend time counting the number of
digits present.

Scienti ¢ Notation on a Scienti ¢ Calculator

Electronic scienti c calculators are designed to allowrgmf numbers in scienti ¢ notation.

TI 84 Plus Calculator

On the Tl 84 Plus calculator, we use the key sequednd || EE|(above the comma key) to enter the power

of 10. For example, to enter the numi3s7 108, we would enter:

5[ [ ) ) [ o

Do notuse the exponent k or the anti-logarithm functionl0* |to enter numbers in scienti ¢ nota-

tion. Alwaysuse EE|. The other keys are for raising number to powers, not forrerg@umbers in scienti ¢

notation.
For negative numbers, for exampl&:57 10 &, we would enter:

D ond | [EE ./

The TI 84 Plus calculator includes a special shortcut foeiéng) powers of 10: just enteEE | followed

~

by the exponent. For example, to enté&¥ D 1:0 107, one may simply enter
2nd | [EE

HP 42S Calculator

On the HP 42S calculator (RPN mode), we use thg E&X| to enter the power of 10. For example, to enter

the numbeB:57 108, we would enter:

o] [ o) [7] [ 8]

Do notuse the exponent functiog* | or the anti-logarithm functionl0* | to enter numbers in scienti ¢

notation. Alwaysuse| EEX|. The other keys are for raising number to powers, not forrexgenumbers in

scienti ¢ notation.
For negative numbers, for exampl&:57 10 &, we would enter:

5 0 = B
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Hewlett-Packard RPN calculators include a special shofeecuentering powers of 10: just entdeEX

followed by the exponent. For example, to ertéf D 1:0 107, one may simply enter

EEX

This entersl:0 10’ on the stack.

4.20 Time Conversions

We often have a need to convert times between hours, mirartdseconds format and decimal hours format.
For example, 13.5 hours is 13 hours and 30 minutes. Many leédea contain a built-in function to do this,
but here's how to do it if you have to do it yourself. The samecedures apply to converting between
degreesminutes, and seconds, and decimal degrees.

Hours, Minutes, Seconds to Decimal Hours
Converting hours, minutes, and seconds to decimal hourstis straightforward:

. minutes _ seconds
decimal hour® hoursC 50 C 3600 (4.32)

Example.Convert 7 hours, 16 minutes, and 42 seconds (7:16:42) tondétiours.
Solution.

16 42
hoursD 7C a)c mD 7:27833333:: hours

Decimal Hours to Hours, Minutes, and Seconds

Going the other way (decimal hours to hours, minutes, andrsks) is a little more involved:
1. Take the integer part of the decimal hours. That's the fiobave that result.

2. Take the fractional part of the decimal hours (the parh&xight of the decimal place) and multiply by
60. The integer part of that is the minutes, so save thattresul

3. The the fractional part of the previous calculation, andtiply by 60 again. The result is the seconds.
4. If you wish to round to the nearest second, then round ttensks to the nearest integer.

(a) If the seconds is now rounded up to 60, then set the setoridsnd add 1 to the minutes.
(b) If the minutes is now 60, then set the minutes to 0 and addlie hours.

(c) And so on, as needed: if the hours now equals 25, then ses w1 and increment the day. If
it's past the last day of the month, then set the day of monthdnd increment the month. If the
month is past 12 (December), then set the month to 1 (Janaadyincrement the year.

Example.Convert 7.278333333.. . hours to hours, minutes, and second
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Solution.The integer part of the decimal hours is 7, so that's the hddosv multiply the fractional part
of the decimal hours (0.278333333...) by 60 to get 16.7. Tkeger part of this result (16) is the minutes.
Now multiply the fractional part (0.7) by 60 again to get 42ieh is the seconds. So 7.278333333... hours
is 7 hours, 16 minutes, 42 seconds (7:16:42).

4.21 The Calendar

The calendar we use must contend with the number of EartHutdwos (days) in each orbit of the Earth
around the Sun (years). The number turns out to be 365.24249(dalled theropical yeai.® A calendar
resembling our current Western calendar, calledJthian or Old Stylecalendar, was implemented by Julius
Caesar in 46 B.C., and included the conceptlefg year any year evenly divisible by 4 would have an extra
day added onto February (February 29). This made the avgesgdength 365.25 days, a fair approximation
of the length of the tropical year.

But it wasn'tquitea good enough approximation. Over the centuries the eritirdm) and the calendar
began to drift with respect to the seasons. Of particulaceonin the middle ages was the drift of the date
of Easter. For example, Easter would sometimes obetwrePassover, which was calculated according to
the Hebrew calendar. To correct the calendar drift, Popg@yeXlll implemented a new calendar in 1582,
now called theGregorian calendar It is the Gregorian calendar that we use today. The Gregaakendar
made two modi cations to the Julian calendar:

» Days were dropped from the calendar to reset the date oéBastvhat it had been during the Council
of Nicaea in the year A.D. 325.

» The leap year rule was changed. Any year divisible by 4 is adsap yeaninlesghe year is a multiple
of 100 (ends in 00). These “century years” ar leap yearsunlessthey are divisible by 400. Thus,
1800, 1900, 2100, 2200, 2300, 2500, etc. are all common Igey)-years. The years 2000, 2400,
2800, etc. are all leap years.

If you nd yourself in a position of writing software that datmines whether a year is a leap year or not,
it's important that you follow these rules, or you may be ieavthe people of the year 2100 with a problem.
If you implement only the four-year rule, then your softwaiid think 2100 is a leap year, but itisn't. There
will undoubtedly be a software Y2.1K bug crisis in 2100 sanito the Y2K bug crisis in 2000, but you can
help minimize its impact by implementing the correct leapryrile now. You really don't know how long
sofware lasts; people today are still running software Waa written in the 1950s and 1960s, so it may well
be that people in 2100 will be running software you write ypdanplement the correct leap year rules in
software today — the people of 2100 will thank you.

An easy way to implement the leap year rules is like this (deetode):

LeapYear = False

if mod(year, 4) == 0) LeapYear = True
if mod(year, 100) == 0) LeapYear = False
if mod(year, 400) == 0) LeapYear = True

Here mod.a; b/ is the modulo (remainder) function, and returns the renezinda=b.

With the new leap year rule, the average length of a year isddy counting the total number of calendar
days in one 400-year cycle of the Gregorian calendar, arididiyby 400 to get days per year. In 400 years
we have365 400days (not counting leap days); plus 100 leap days by theyear—ule, minus 4 days by

6The tropical year is the time elapsed from one equinox to tad.nTo complicate matters, the length of the tropical yesies
slowly overtime.
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the 100-year rule, plus 1 day by the 400-year rule. The aedegth of a Gregorian year is then

.365 400/C 100 4C1
400

D 365:2425days

which is a much better approximation to the length of theitralpyear.

Different countries adopted the new Gregorian calendaiifterent times. Some countries in Europe
switched to the new calendar shortly after the Pope's decré®82. Other switched later. Great Britain,
including the American colonies, switched to the new caderid September 1752 (when George Washington
was 20 years old). The calendar that month looked like this:

September 1752 (G.B. and American colonies)
Sun Mon Tue Wed Thu Fri Sat

1 2 14 15 16
17 18 19 20 21 22 23
24 25 26 27 28 29 30

You can see where eleven days were dropped from the caleldadnesday, September 2, 1752 (the
last day on the Julian calendar) was followed by Thursdagte®eber 14, 1752 ( rst day on the Gregorian
calendar).

Years

Our year numbers were established by a 6th century Eastemmafononk named Dionysius Exiguus of
Scythia Minor. He calculated the year of the birth of Jesusis€hased on passages from the Bible, and
counted years from that time. Counting forward from thaedate label years a&nno Domini(Latin for

“In the Year of our Lord.”), abbreviated A.D. and plackdforethe year number; for example, A.D. 2024.
Years before that are labeled B.C. (for “before Christ"thaB.C. being writterafter the year number; for
example, 44 B.C. (Figure 4.3) (Most Biblical scholars nowedwe that Dionysius's calculations were off by
about four years, so Jesus was probably born around 4 B.C.)

Interestingly, there is no year number zero: the year falhovt B.C. was the year A.D. 1. For this reason,
the rst century A.D. is the rst 100 years — the years A.D. 1Ad. 100. The second century is the second
100 years — the years A.D. 101 to A.D. 200. Continuing like thp to the present day, the 19th century is
the years 1801-1900, the 20th century is 1901-2000, thec2hsairy is 2001-2100, and the 22nd century
will be 2101-2200.

Easter

It is widely believed that Easter is on the rst Sunday foliogythe rst full Moon after the vernal equinox
(rst day of spring). This date is calledstronomical EasterWhile this is usually the actual date of Easter
Sunday, that is natlwaysthe case. If the vernal equinox and the full Moon are withieva minutes of each
other, then the date of actual Easter may differ from the db#stronomical Easter.

The actual date of Easter Sunday is determined by an ecsfieslaalgorithm. [27] The details are left to
the student as a project to work out.

Day of Year and Julian Day

For scienti ¢ purposes, the division of the calendar inteek®& months, and years is inconvenient: we would
like to have a continuous time scale that just counts days. siveh systems are in use:
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THE SP 6
SOUTHYCHARLESTTONS i
HALE'CENTURY. TIME CAPSULE
TOJBE OPENED JULY 4, 20260 =
HIERENIAREIMEENTOES IFROM T
TOSTHEIPEOPLEIOF THELY EAR Al
M4 v 7 AHEATGAN REVBLUTION BIcEN |
CITY OF SOUTH CHARLESTON
MAYOR RICHARD A“ROBB
SOUTH CHARCESTONSCOUNCIL MEMBERS)

Figure 4.3: Half-century time capsule in South CharlesWest Virginia. “Herein are mementoes from the
people of the year A.D. 1976 to the people of the year A.D. 2026

» Theday of yearor
* theJulian Day

The day of year (DOY) is just that: a count of how many days th&ocurrent year (1-366). For example,
January 1 is DOY 1; February 14 is DOY 45; July 4 is DOY 185 in mmpmn year, or DOY 186 in a leap
year; December 31 is DOY 365 in a common year, or DOY 366 in@year. The day of year is often used
if the times involved all occur during the same year, sincesets back to 1 on January 1 of every year.

The Julian day is just a continuous count of how many days eapsed sincaoonon Monday, January
1, 4713 B.C. For example, January 1, 2024 (00:00:00, midragthe beginning of the day) is Julian day
number 2460310.5. The extra 0.5 is there because the Jaljacodint starts at noon on its starting day. It's
very important to keep that half-day straight: a number ofomsoftware companies have gotten it wrong
and had their Julian days off by 0.5 day as a result.

The Julian day makes it easy to determine the number of daygebe any two calendar dates. This
is how software like Microsoft Excel determines this: jusheert both dates to their equivalent Julian day
numbers, and subtract the Julian days.

Calculating the Julian day from the Gregorian calendar @atd vice versa) involves implementing some
simple algorithms that are well documented. (See, for exanfppendix 8 and Reference [27].)

ExampleHow many days are there between November 5, 1955 and July24?20

Solution.Converting both dates to their corresponding Julian daybers(at 00:00:00) gives 2435416.5
and 2460495.5, respectively. Subtracting the two givesthetion: 25,079 days.

“Some people call the day of year the “Julian day” or “JuliatetiaThose people are wrong. The Julian day is as described Ae
“Julian date” is a date on the Old Style Julian calendar.
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4.22 Rational Approximations

An interesting problem in arithmetic is to nd a rational nber that approximates a given real number. For
example, it is well known that the ratio of the circumferemdeany circle to its diameter is the number pi
D 3:14159 26535 89793 ;,:and that the numb&2=7D 3:14285 7142857142 :is an approximation of

(Section 11.2). In general, is there a way to come up with sattbnal approximations?
Thereis a way to do this, by means of the following pseudo-code complgorithm: [33]

D1 =D2 =1
N1 = INT(X)
N2 = N1 + 1
goto 300

100 if (R > 1) goto 200
R=1/R

200 N2 = N2 + NIxINT(R)
D2 = D2 + DXINT(R)
N1 = N1 + N2

300 R=0

if (X *D1 == N1) goto 400

T = N2; N2 = N1; N1 =

T =D2;, D2 =D1;, D1 =
400 print N1, '/ ', D1

goto 100

; swap N1 and N2

T
T ; swap D1 and D2

Given a real numbeX, this algorithm will produce a series of rational approxiioas of X, each a more
accurate approximation than the last. (H&M&() returns the integer part of the given number.)
For example, giveeXX D D 3:14159::; this algorithm will produces a series of approximations of

3/1 = 3.000000000000000 (no decimals)
2217 = 3.142857142857143 (2 decimals)

355/113 = 3.141592920353983 (6 decimals)
104348/33215 = 3.141592653921421 (9 decimals)

Rational approximations can have a number of uses: for ebearypu can add fractions on a calculator
that has no fraction capability, then use the algorithm toveat the result back to a fraction. For example,
we could nd with a calculato% C % D 0:5C 0:6875D 1:1875 Then we can convert the result back to a
fraction using the algorithm, which give§ D 1.

4.23 Method of Quarter Squares

There is a very old, nearly forgotten method of multiplyingmbers called thenethod of quarter squares
It works like this: given two numbers, we nd their sum andfdience. We then look up that sum and
difference in a table of quarter-squares, and the differénc¢he table entries is the product of the original
numbers.

What makes this useful is that addition and subtraction arehneasier to do than long multiplication.
Using the method of quarter squares requires one additidrmaa subtraction of the original numbers, and
one subtraction of the table entries. No long multiplicai®needed.
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A short table of quarter squares is shown in Appendix 11. Maegrs ago (before electronic calculators
were available), much more extensive tables were publighgd Reference [24]).

Example.Use the method of quarter squares to com34te 23.

Solution.The sum of these numbers is 57, and their difference is 11. INokwup the sum and difference
in the table of quarter squares in Appendix 11, and we get 81238, respectively. The difference in these
table entries is 782, which is the answad 23D 782

We'll see in Section 6.23 how the table of quarters squareal@ulated, and why it works.

4.24 The 1917 Oklahoma City Multiplication Wheel

Around 2015, during the renovation work at Emerson High $thoOklahoma City, contractors were re-
moving old chalkboards from a classroom, and discoveretkblzards underneath — complete with lessons
drawn on the board with chalk that had been untouched sinté. ¥mong the work on the chalkboards was
this mysterious “multiplication wheel” (Figure 4.4).

Figure 4.4: The 1917 Oklahoma City “multiplication wheel.”

Nobody is entirely certain how this was used, but it does ppear to be a diagram that would allow one
to multiply numbers together. Most likely it was used for rekges in learning the multiplication tables: the
teacher might point to one of the numbers on the circle, aadgtident had to perform the operations on the
inside, multiplying by 2 through 8. With 22 numbers on thesiae of the wheel and 7 multiplicands on the
inside, the wheel could present students with 154 diffemauitiplication problems.
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4.25 Number Bases

We write numbers usinglace-valuenotation: each digitin a number represents a power of 10.didieto
the left of the decimal point represerit€® D 1, the digit to the left of that is the tens plackOf D 10), the
place to the left of that is the hundreds platé*(D 100), etc.

Other bases besides 10 can be used in a like manner. Wheanptstant to indicate which base is being
used, we write the base (in base 10) as a subscript to the murfibes516; is 516 in base 7, which is
5 7°C1 7'C6 7°D 258

Base 10 (Decimal)

The reason we use base 10 numbers in everyday life is clednaveel0 ngers.

Base 5 (Quinary)

If we were to count on one hand instead of two, we might beiredito use base 5 arithmetic. Counting in
base 5 goes: 1, 2, 3,4, 10,11, 12, 13, 14, 20, 21, ....

Base 3 (Ternary)

Base 3 uses only the digits 0, 1, and 2. Counting in base 3 d9&5:10, 11, 12, 20, 21, 22, 100, 101, 102,
110, ....

Example.One interesting real-world use for base 3 numbers is in idatibn of swine. Newborn baby
pigs have their ears notched so that they can be identi edciN in the right ear are used to indicate the
litter number, and notches in the left ear indicate indigiduvithin the litter. For each ear, there are ve
locations for placing a “digit” (Figure 4.5):

» Bottom, near head (1)

* Side of ear, near tip (3)

Outer half of top of earqd D 3?)

« Top of ear, near hea@{ D 3°)

Tip of ear @1 D 3%) (right ear only, and can only be 0 or 1)

“Digits” consist of 0 (no notches), 1 (one notch), or 2 (twdciees). The right ear can show any litter
number from 1 tdl2222;, for a total of 161 litter numbers. The left ear can show argymimber from 1 to
222, for a total of 26 individual pigs within the litter. (Litteand pig humbers of 0 are not used; counting
starts with 1.)

A variation of ternary numbers is calldzhlanced ternarywhich uses the digits 0, 1, arkd whereN
represents 1. Counting in balanced ternary goes: &N 10, 11,1 180, 18, 10N 100, 101, ....
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81 9

LEFT EAR
Pig number

RIGHT EAR
Litter number

Figure 4.5: Placement of swine ear notches. Each locatioold O, 1, or 2 notches, except for the “81”
location, for which only one notch may be usedCrédit: University of Nebraska, Lincoln, Publication
G1880.)

Base 12 (Duodecimal)

An organization called th®ozenal Society of Americgdormerly the American Duodecimal Society) pro-
motes the use of base 12 arithmétiBase 12 requires two additional digits; the Society reconusedek
( ) for 10 andel (E) for 11. Thus counting in base 12 goes: 1, 2, 3, 4,5, 6,7, 8,8, 10,11, 12, ....

Base 2 (Binary)

Binary (base 2) is commonly used in computer work, becausénh available digits (0 and 1) can represent
“off” and “on” conditions in an electronic circuit. Countinin binary goes: 1, 10, 11, 100, 101, 110, 111,
1000, 1001, 1010, 1011, ....

Base 8 (Octal)

Octal (base 8) is used as a kind of abbreviation of binaryabse every 3 binary digits corresponds to one
octal digit. Counting in octal goes: 1, 2, 3,4, 5, 6, 7,10,12,13, 14, 15, 16,17, 20, 21, ....

Base 16 (Hexadecimal)

Like octal, hexadecimal (base 16) is used as a kind of abditiewi of binary, because every 4 binary digits
corresponds to one hexadecimal digit.

Hexadecimal, like duodecimal, requires new characterspresent digits beyond 9. Customarily, we use
the letters A—F: & 10, BD 11, CD 12, DD 13 ED 14, and B 15. Thus counting in hexadecimal goes: 1,
2,3,4,56,7,8,9,A/B,C,D,E, F 10,11, 12,13, ....

8Web site: www.dozenal.org
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4.26 Complements

9's Complement and 10's Complement
1's Complement and 2's Complement
Other Complements

4.27 Additional Mathematical Notation

8 for all

9 there exists
W.I.t. with respect to
iff if and only if

) therefore

Q.E.D. quod erat demonstrandufwvhich was to be demonstrated”; used at the end of a proof)
* since
/ proportional to
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4.28 Problems

ALWAY S show your work in your homework problem solutions.

10.

1654 —
. Compute the following: (35C 78 (b)89 117 (c)55 123 (d)? (e)23 17

p

(f) R 5332 (9) log,, 67:189 (h) In0:34487 (i) 10°*°> ()e %78 (k)45 (I) 32C°
(m) 83 (n). 8/ 3 (0)4:5645 (p)IO 144 (q)0° (o (s)1%
®iz (wi® (Ve (w)l=e (x)34S (y)16SS (2)¢

. Compute the following, giving your answers in Roman nuatgerHint: Convert the Roman numerals

to Hindu-Arabic numerals, do the calculation, then conisatk to Roman numerals.)

CCCXClI

(8) CXXIV + XLVl () CCCXIl - CVI () XTI XXVl (d) — 2t

. What number is the 2024 Superbowl, in Roman numerals?ndudArabic numerals?

. Hot dogs are sold in packs of 10, while hot dog buns are sofhcks of 8. How many packs of hot

dogs and how many packs of buns would you have to buy to havewal aumber of hot dogs and
buns, so that nothing is left over?

. Write the following numbers igtandardscienti ¢ notation: (a) 0.00000036 (b) 1,250,000

(c) 1169.446 (d) 0:00000000239 (e) 1;452;319:239 (f)0.03 (g) 100

. Write the following numbers in “ordinary” (non-scienti) notation: (al0*  (b) 4:631 10°

(c)9:194 10" (d)3:0016 107 (e)10° (f)3:22 10°

. Compute the following: (8%  (0)10° 100 () ¥ (d); (e)10° 102

10 10

. Compute the following, and give the result in standardrgtic notation:

3 100 4 10°
2 102 5 103

Did you remember to use the correct k&Hor EEX) to enter the numbers in scienti ¢ notation?

. What is the name of the number 500,000,000,000,000,@B®@ your answer in words.)

Using the method of quarter squares, compite82. (Be sure to show your work. Refer to Appendix
11)
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11. Whatis

250%
°D
25%

(8 10% (b) 100% (c) 1000% (d) None of these

12. Compute:

O —p—

100C = 36

—p_i
4

13. Compute:82_4 3273,

14. (a) Convert the time 12:34:56 to decimal hours.  (b) Cdrite time 9.2375 from decimal hours to
hours, minutes, and seconds.

15. Using Eq. (4.29), nd approximations efusing (a)n D 100 (b)n D 1000 nD 1C°. (Asn gets
larger, you should see your answers getting closer andrdioske true value oé given by Eq. (4.30).

16. The 1906 San Francisco earthquake, with a magnitud@6fd.the Richter scale, is estimated to be
105 times greater than the Nicaragua quake of 1972. Whatddmithe magnitude of the latter on the
Richter scale? The equation is [19]

M2 105
R1 D Ry logyg M, D 8:25 logyy ——

17. Ace explorer Jason Quarmorte is using an ordinary barsras an altimeter. After measuring the sea
level pressure (30 inches of mercury), he climbs until theiveter indicates 9.4 inches of mercury.
Although the exact relationship of pressure and altitudgisiction of many factors, Quarmorte knows
that anapproximatioris given by the formula [19]

Altitude .feet D 25;000in

D 25;000in @
Pressure 9:4

Where is Jason Quarmorte?

18. An aircraft pilot reads a pressure altitude (PALT) of52H) feet with a calibrated airspeed (CAS) of
350 knots. What is the ight Mach number [19]

speed of aircraft
speed of sound

if the following formula is applicable?

I

oY

4032 350 2! a5 S # 5:26562 Lo28s
MD 53@4 1co02 — 15 1 6:875 10 ¢ 25500 CIA 16
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Simpson

19.

20.

21.
22.

23.
24.

25.

26.

Simplify:

R 256
254

Simplify:

2C 2

+LO
N|

Simplify: 4%*2C 872 05572
Compute (can be done without a calculator):
s

0 o___ B 115 315 C 317
512 15625 1 10
1’2 Cc 456 C =6 c"1 A

1.5 21C. 1/46%

Which is larger: € ore ?
Compute:
.08C 05P%0%  08C 05PF0Y
Simplify:
q

I

w
=]
=

Simplify:
s
888

88

80
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4.29 Projects

Here are some larger arithmetic projects you might likeyo tr

10.

11.

. Learn how to calculate square roots using the “paper andilpenethod described in these notes.

Practice with a few numbers and see if you can get to be good¥aiu might also try writing a Python
program to implement the method (Python can work with vergdantegers with large numbers of
digits, which is a feature you will need.)

. Learn how to calculateuberoots using only a paper and pencil. (The method is similéinéosquare

root method of the previous project.) Practice with a few bars and see if you can get to be good at it.

. It is said th% all the numbers from 0 to 100 can be expressetbur 4's. (For examplel0 D

4C4C 4 4.) See if you can do this for all the numbers from 0 to 100, omeveyond 100.
(You may use addition, subtraction, multiplication, dieis, square roots, exponents, factorials, a dec-
imal point, an overline over repeating decimals, and you foayn numbers like 44 and .4. Usmly
four 4s, and no other digits.)

. Learn some methods of mental arithmetic. It's possibléds@ome amazing arithmetic in your head.

You will nd Reference [37] especially interesting if you weto try the Trachtenberg system. (Be sure
to read the amazing foreword to the book. It could easily bdemato a movie.)

. Acquire and learn to use the Japanese soraban. Someskaphitdren spend years in a special soroban

school learning how to calculate on the soroban, and can daiamcalculations with it.

. Acquire and learn how to use a slide rule. Slide rules weeslby college students up until about

1975, when electronic calculators became popular. (Madg sliles are available from online auction
sites. They're still quite plentiful.)

. Learn how to use a calculator with Reverse Polish NotgfRiN).

. The so-calledoomsday algorithminvented by English mathematician John Horton Conway, is a

method for calculating the day of the week of any date in yaach Learn the algorithm and practice
it until you get to be good at it. Not only will you impress abbyr friends, but you may never need a
calendar again!

. Write a computer program to calculate the date of Easted&®ufor any year. You will need to

implement the ecclesiastical algorithm that determinesdhate; see, for example, Reference [27].

Write a computer program to convert Roman numerals tdrand our Hindu-Arabic numerals. (This
can become surprisingly involved.)

Write a computer program that acts as an electronic leabmuthat works with Roman numerals. For
example: VIII +V = XIlI. (This would be a fairly large projectAn even bigger project would be to
write it as a cell phone app, which you could then sell overtiternet.)
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12. Write a computer program to implement the algorithm famerting a real number to a rational ap-
proximation.

13. Read about Donald Knuth's “up-arrow” X notation. This is a way of describingery, verylarge
numbers.

14. Write a computer program to generate a more extensile édbjuarter squares than the one shown in
Appendix 11.
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Chapter 5

Number Theory

One very interesting branch of pure mathematicaumber theory(sometimes calletiigher arithmetig
which is the study of integers and their properties. Numbeoty is considered the purest of pure mathemat-
ics, and has been dubbed “the queen of mathematics.” We'lgmt here just a few ideas from elementary
number theory.

5.1 Prime Numbers

A prime numbeiis a positive integer divisible only by itself and 1. By contien, the number 1 isot
considered a prime number. Numbers that are not prime dedca@mposite The rst few prime numbers
are: 2,3,5,7,11, 13, 17, 19, 23, 29. A table of all primes ud@®0 is shown in Appendix 6, and much
larger tables are available on the Internet.

You can even generate primes yourself with a simple compubgram using an old algorithm called the
sieve of Eratosthené&ssimply make up a table of number from 1 to, say, 1000. Cros4 decause it's not
prime. Now circle 2 (itis prime), then go through the rest of the table, crossing duither even numbers
(multiples of 2). Now go back to the beginning of the tableeTitst number not crossed out is 3, so circle it
— it's the next prime. Next, go through the rest of the tabld aeross out all other multiples of 3. Go back to
the start of the table again, circle 5, and cross out all atidtiples of 5. Repeat until you reach the end of
the table, and the circled numbers will be all the primes upX@0.

Prime numbers play an important role in number theory. Itheen known since the time of Euclid that
there are an in nite number of prime numbers, but there isegaibit about the prime numbers thamnist
known. One of the largest questions is whether there exiftmetion that will generate prime, and only
prime numbers. That is, is there a functipm/ that will return then-th prime number for any positive
integern? No such function has ever been found, nor has there everdimmvered any simple way to test
whether an integer is prime (other than simply checking fallsppossible factors).

Pairs of prime numbers that differ by 2 (such as (3,5) or @)dt (29,31)) are calletivin primes It is
not known whether the number of twin primes is in nite — a posftion called theéwin prime conjecture

Still another famous unsolved problem in humber theory &Gbldbach conjectutewhich posits that
every even integer greater than 2 can be expressed as thefswm rimes? For example4 D 2C 2,
6D 3C3,8D 3C5,10D 5C5,12D 5C 7,14D 7C 7,16D 3C 13, etc. This conjecture, proposed by

1Eratosthenes of Cyrene (c. 276 BC — c. 195/194 BC) was a Grelyknpth, who worked in mathematics, geography, poetry,
astronomy, and music theory. Among other achievements,asethe rst to measure the circumference (and thus the radiuhe
Earth.

2This is the so-calledtrong formof Goldbach's conjecture. There is alssv@ak form everyodd integer greater than 7 can be
expressed as the sumtbfeeprimes.
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Goldbach in 1742 ,has been veri ed by computer as of 2013 for all even integess than 4 quintillion, but
it is still unknown whether it holds faall even integers.

Thefundamental theorem of arithmestates that every integer greater then 1 can be uniquelessgd
as a product of prime numbers. For example,

29:250D 2 3 5% 13

A short table of prime factorizations may be found in Appendi

The Arecibo Radio Message

In 1974, astronomer Frank Drake devised a message to beritteds from Earth to any extraterrestrial
civilization that might be listening. The message was ingebinary, consisting of 1679 bits (0s and 1s).
The message was transmitted by the Aricebo telescope indRieo, and was directed at the globular cluster
M13, about 25,000 years away. If a civilization in the clugtieks up the message, we might expect to hear
a reply sometime around the year A.D. 52000.

What would an extraterrestrial civilization do with this ssage? First, they would note that the message
is 1679 bits long, and that the integer 1679 has a prime nugdzmposition 01679D 23 73. Since the
total number of bits is the product of two prime numbers, thaggests that the bit be arranged into either a
23 T73array or ar3 23array. The former just gives a jumble, but the latter arramgy@ (73 rows and 23
columns) displays a picture (Figure 5.1).

The bits in the gure have been colored to better highliglet ifdividual parts of the image. Shown top
to bottom:

» The numbers from 1 to 10 in binary (white; left to right).

» The atomic numbers of the elements hydrogen, carbon gairamxygen, and phosphorus, which make
up deoxyribonucleic acid (DNA) (magenta).

» The formulas for the chemical compounds that make up thkeotides of DNA (green).

» The estimated number of DNA nucleotides in the human gename a graphic of the double helix
structure of DNA (white and blue, respectively).

» The dimension (physical height, 5'9”) of an average mamuébivhite), a graphic gure of a human
being (red), and the human population of Earth which was tédillion at the time (white).

A graphic of the Solar System, indicating which of the plkartbe message is coming from (yellow).
The Sun is on the left and the third planet, Earth, raised tdwee human gure.

» A graphic of the Arecibo radio telescope and the dimendiba hysical diameter) of the transmitting
antenna dish (magenta, white, and blue).

That's quite a lot of information to pack into a mere 1679 bits

There have been several other efforts to communicate withtexrestrials. The Pioneer 10 and Pioneer
11 spacecraft have a plaque mounted on the side with anteitarsnessage. The Voyager 1 and Voyager
2 spacecraft contain a phonograph record, along with amsteléar message and instructions for building
a stylus to play the record. The record contains mathenbatiwh scienti ¢ information, images of Earth,
sounds from Earth, and a selection of Earth music.

3Christian Goldbach was a Prussian mathematician (169@)176
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Figure 5.1: The Arecibo radio message of 1974. The messagjéds 23 array (both prime numbers). The
individual bits (pixels) have been colored here to bettemsthe image. Credit: Wikipedia.)
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Largest Prime
As of October 2024, the largest known prime number is

2136279841 1

Some Unsolved Problems Related to Prime Numbers

There are a number of still-unsolved problems related tm@mnumbers. For example, the following conjec-
tures have neither been proved nor disproved:

+ Legendre's conjecturelhere is a prime number betweefiand.n C 1/? for every positive integen.

» Oppermann’s conjecturd-or every integen > 1, there is at least one prime number betwaen 1/
andn?, and at least one other prime betwegrandn.n C 1/.

» Andrica's conjecture.The inequalit)}3 Pnc1 P Pn < 1 holds for alln, wherep,, is then-th prime
number.

« Brocard's conjectureThere are at least four prime numbers betwgeai? and.p ,c1/?, wherep, is
then-th prime number, for everg 2.

5.2 Least Common Multiple and Greatest Common Divisor

This factoring of integers into prime numbers can be usefutmtrying to nd the least common multiple
(LCM) or greatest common divisor (GCD) of two integers: ifwthink of the prime factors of both integers
as sets, the the least common multiple is the the union ofthesets, and the least common multiple is the
product of their intersection. For example, take the integ® and 180:

48D 2 3D2 2 2 2 3
180D 2° 3 5D2 2 3 3 5

The union and intersection of these two sets are (taking eaniber as a separate element):
unionW  %;2;2;2;3;3;%
intersectionv. %;2; 3y
The least common multiple (LCM) is the product of the elersentthe union:
lcm.48;180/D2 2 2 2 3 3 5D 720
Their greatest common divisor (GCD) is the product of thenglets in the intersection:
gcd48;180/D2 2 3D 12

To reduce a fraction, we divide both numerator and denomirmgttheir greatest common divisor. To add
or subtract two fractions, we write both fractions so thahtitenominators are the least common multiple of
the two original denominators.

The LCM and GCD of two numbeis andb are related:

ab

Icm.a;b/ D m (5.2)
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The Game of Euclid

One way to determine the greatest common divisor (GCD) ofittemers is my means of the game of Euclid
(also called thé&uclidean algorithrn It works like this:

1. Divide the larger integer by the smaller, giving a quatiamd a remainder.
2. Divide the previous divisor by the remainder, giving a rpyetient and remainder.

3. Repeat step 2 until you reach a remainder of 0. The lagtatiwill be the GCD.

Example.Find the greatest common divisor of 30 and 650:
1. 650=30D 21 with a remainder of of 20 (21 R 20).

2. Previous divisor divided by remaind&30=20D 1 R 10.

3. Previous divisor divided by remaind&20=10D 2 R 0.

We've reached a remainder of 0, so the GCD is the most recerdineler (10): gc80; 650/D 10. The least
common multiple (LCM) may be found via Eq. (5.1):

Ilcm.30; 650/ D wD 1950

5.3 Fibonacci Numbers

Let's look at an interesting sequence of numbers calledrihenacci numbersWe begin with a 0, followed
by a 1:

0;1
Now add the two numbers to produce the next number in the seque
0;1;1
Now again add the last two numbers to produce the next numhbeisequence:
0;,1;1;2
And again:
0;1,1;2;3
Continue this process, always adding the last two numbeyetuce the next number in the sequence:
0;1;1;2;3;5;8;13; 21; 34,55, 89; 144, 233; 377; 610; 98B, 2584, 4181, 6765; 10946; : : :

This sequence is called ti&onacci numbersafter a 12th/13th century Italian mathematician. Thesa-nu
bers are designatde}, starting withn D 0, so that the sequence abové-ig F1, F2, etc.

The Fibonacci numbers seem to appear frequently in mathesnab much so that they have their own
dedicated mathematical journ@he Fibonacci QuarterlyThere are close connections between the Fibonacci
numbers and the golden ratio (Section 6.11) which appepeatedly in both mathematics and in Nature.

Fibonacci numbers have even found their way into the worldhafice, being used in market analysis
and investment strategies.
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5.4 Lucas Numbers

Similar to the Fibonacci numbers is a sequence calletititas number$ Lucas numbers are generated the
same way as Fibonacci numbers; but while Fibonacci numlersvgith O and 1, the Lucas numbers start
with 2 and 1. Always adding the last two numbers in the sequémproduce the next (as before), we get the
sequence of Lucas numbers:

2;1;3;4;7;,11;18;29;47;76;123;199; 322; 521, 843; 13@072 3571; 5778;9349; 15127;:: (5.2)

The Lucas numbers are designatgqd starting withn D 0, sothat_o D 2,L1 D 1,L, D 3,L3 D 4, etc.
Like their cousins the Fibonacci numbers, the Lucas numhave a close connection with the golden
ratio' (Section 6.11).

5.5 Pell Numbers

Pell numberg are another interesting sequence of numbers, althougtswatlaknown as the Fibonacci and
Lucas numbers. For the Pell numbers, we start with the rstBell number$; D 1andP, D 2. The each
successive Pell number is twice the previous number, pistie before that. This gives the Pell number
sequence (starting froly ):

1;2;5;12;29;70;169;408; 985; 2378;5741; 13860; 3346782)195025; 470832; 1136689; :(5.3)

5.6 Pell-Lucas Numbers

ThePell-Lucasnumbers are cousins of the Pell numbers, and are calculatedimilar fashion. We start of
with the rst two Pell-Lucas number€); D 1andQ, D 3. Then each successive Pell-Lucas number is
computed the same way as the Pell numbers; twice the preniouber, plus the one before that. This gives
the Pell-Lucas number sequence (starting fi@m):

1;3;7,17;41;99;239;577; 1393; 3363; 8119; 19601; 47324243; 275807; 665857; 1607621; :(5.4)

The Pell and Pell-Lucas numbers have a number of intereptiogerties. For example, for bgth se-
guences, the ratio of one number to the previous nuniheri (=P, andQ,c1=Qy) is approximatey1 C 2,
the approxirﬁgtion being better for larger Also, the ratio of numbers in the two sequend®s £P,) is ap-
proximately 2, again the approximation being progressively better fryden.

5.7 Perfect Numbers

A perfect numbers an integer that is equal to the sum of its proper divisonggdrs excluding the number
itself). For example, 6 is a perfect number because 6 isitlleiby 1, 2, and 3,and C 2C 3 D 6. The
following table shows the rst few known perfect numbers.

4Named for the French mathematician who studied them, Iéiaé‘s;iouard Anatole Lucas (1842-91).
SMistakenly attributed by Leonhard Euler to the English neatlatician John Pell (1611-85).
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Table 5-1. The rst ten perfect numbers.

137,438,691,328

2,305,843,008,139,952,128
2,658,455,991,569,831,744,654,692,615,953,842,176
191,561,942,608,236,107,294,793,378,084,303,86/997,321,548,169,216

n Pn
1 6

2 28

3 496

4 8128

5 33,550,336

6 8,589,869,056
7

8

9

10

There are many questions about perfect numbers for whichewe o answers. For example:
 Are there an in nite number of perfect numbers? The answehis remains unknown.

* Are all perfect numbers even? This seems to be the casedse ttliscovered so far, but is it true in
general? It is not known if there are any odd perfect numbers.

» Do all perfect numbers end in 6 or 8? Again, this is true fbkabwn perfect numbers, but it's not
known whether this is always true.

Perhaps you will go on to study advanced mathematics and nswars to some of these questions.

5.8 The Collatz Conjecture

The following problem was posed by German mathematiciamawoCollatz in 1937. It is called the Collatz
conjecture, and is very easy to explain, yet its analysisisde elude the very best efforts of the world's top
mathematicians.

Here's how it goes: begin with any positive integér Then apply the following rules to get the next
integer in the sequence:

 If N iseven then comput&=2.
 If N isodd then comput&N C 1.

The result gives the next integir, which you then feed back into these rules to get the nexgéni¢hen the
next, etc.

For example, begin withl D 7. Then running through the rules, we get:
* N D 7isodd,so nd3N C 1D 22as the newN .

* N D 22is even, so divide by 2: 11 is the né\w.

* N D 1lisodd,so nd3N C 1D 34as the newN.

N D 34is even, so divide by 2: 17 is the né\w.

N D 17isodd, so nd3N C 1D 52as the newN .
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Continuing like this, we subsequently geétD 26, 13, 40, 20, 10,5, 16,8,4,2,1,4,2,1,4,2,1...

No matter what number you start with, you always seem to erid the cycle 4,2, 1,4, 2,1, .... Isthis
true ofeverypositive integer? That's the Collatz conjecture, and ngtlatbws the answer. It's easy enough
to program this on a computer or even a programmable catrubatd you may wish to try it.

As of 2020, the conjecture has been found to hold for allisigstalues up t@%8, or 295 quintillion. But
this doesn't mean that it holds feweryinteger. To solve this problem, one must either prove thgaobure is
true for all positive integers, or else disprove it by ndiagounterexampl® So far, nobody knows whether
the conjecture is true or false. Maybe one day you will be theto nd an answer.

The famous Hungarian mathematician Paul Erdos once saidtabe Collatz conjecture: “Mathematics
is not yet ready for such problems.”

5.9 Kaprekar's Constant

The integer 6174 is calledeprekar's constantafter the Indian mathematician D.R. Kaprekar. It appears i
the following iterative process:

Begin with any four-digitinteger that has at least two didfiet digits (leading zeros allowed). Now create
two new four-digit numbers by arranging the digits in (a)esting order, and (b) descending order. Subtract
the smaller of these from the larger. Repeat this procest@ulifference. You will eventually reach the
number 6174, which will give 6174 back again.

For example, begin with the number 7382. Arrange the digiescending order (2378) and descending
order (8732). Subtract the smaller from the larg@#32 2378D 6354 Now repeat this process, and you get
3087, 8352, 6174, 6174, 6174, 6174, This process is guaranteed to reach 6174 for any startindpau
in no more than 7 iterations. (Two different digits are regdiin the starting number, since if all the digits
are the same, we get eSp55 5555D 000Q 0000 0000D 000Q etc.)

5.10 Encyclopedia of Integer Sequences

Mathematicians working in number theory are often inter@#h sequences of number such as the Fibonacci
sequence. Many such sequences of integers have been edtal@gbook called’he Encyclopedia of Integer
Sequenceby N. J.A. Sloane and Simon Plouffe. A mathematician whoaliscs an integer sequence in his
work may look for it in this catalog and see if someone elsefbaad the same sequence. A much more
extensive catalog of integer sequences is found in the @iimcyclopedia of Integer Sequences (OEIS),
found on the Internet atttps://oeis.org/ . In the on-line version, one may search sequences by
name or by giving the rst few integers in the sequence.

61t might seem like nding the conjecture true for the rst 2@fuintillion starting values might be “good enough” to prahe
conjecture, but it isn't. Mathematicians demand rigorotef. And in one famous case, the so-called Polya conjectars disproved
by nding a counterexample equal 10845 10361 . Counterexamples can be very large numbers indeed.
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5.11 Problems

1. Based on the Arecibo radio message (Fig. 5.1), what do yjeece would be the representation of the
decimal numbers 11, 12, and 13?
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5.12 Projects

1. Write a computer program (in the language of your choiogjriplement the sieve of Eratosthenes.
Use it to produce a list of all prime numbers less than 1 millifHint: Test your program by having
it nd all primes less than 10 rst. Then all primes less thab0l Once you're sure it's working, then
you can try all primes less than 1 million.)

2. Write a computer program to implement the Collatz probléad a counter to count how many passes
through the rules it takes before reaching 1 and stoppingn Tiake a plot of number of passes vs. the
number. Do you see any patterns?
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Chapter 6

Algebra

6.1 Why Algebra?

Lorem ipsum...

6.2 Overview

Suppose you are given the following problem:
7C2D10

What number goes in the box? It's not a dif cult problem: whaimber, when added to 7, gives 10?
Practically anyone can tell you the answer: 3. This problemerry simple because we memorized our
addition tables in elementary school, and can solve thisibgection.

This is algebra— nding what number goes in the box. There's really nothingmato it than that. We'll
see a systematic way to solve problems like this, and howlte snore complicated equations, but algebra
is really all about nding what number goes in the box.

Think about what the equation means: the equals €igmfeans that the number on the left-hand side
of theD is the same as the number on the right-hand side. The equstioalanced”, with the numbers on
both sides being the same numb&he goal of algebra is to isolate the box, by itself, on thelaihd side.
Our goal is to change the original equation into somethirad ltioks like

2D :::

and that will tell us the number that goes in the box.

Rather than solving the problem by inspection, theresgstematiavay to solve this equation: it is wo
the same operation to both sides of the equatidmt will change the numbers on both sides of the equation,
but that's perfectly ne. The important thing is that tiie sign is still true — that you still have the same
number on both sides of the equation. In the equation abb@e2( D 10), the number on the right-hand side
is 10, and so the number on the left-hand side must also bedtGhis equation, in order to isolate the box
on the left-hand side, we will subtract 7 from both sides efelquation:

7C2 7D10 7

Now we've changed the number on both sides (both sides are3fpotwut that's ne — it's still the same
number on both sides. Simplifying, we get

2D3
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which is what we want: the box isolated on the left-hand sides solution is that a 3 goes in the box. We've
just solved the problem systematically, rather than byeéoctpn.

6.3 Variables

In real life, people don't use boxes like this in equationastéad, we use letters of the alphabet. Most
common is to use letters of the Roman (English) alphabetywbgin we run out of those we begin using
letters from the Greek alphabet for more symbols (which ig wdu're being asked to memorize the Greek
alphabet). These letters are calkatiables Very rarely, some mathematicians even start dipping iméo t
Hebrew alphabet for even more symbols.

There are a few conventions and guidelines we follow wherosimg variable names:

» Almost always, onlyoneletter is used for a variable name.

» We often (but not always) choose letters near the begirmiitie alphabet for constants (whose values
are xed), and letters near the end of the alphabet for unkrsow

* Unless there's some reason to choose otherwise, most@ebpbse the lettex as their “default”
variable name.

» We avoid the letter O (uppercase) and o (lowercase) bedaisgeo easily confused with the number
zero (0)!

 Likewise, take care if using the lettdrsi, or| to make sure they don't look like the number 1 (which,
in the United States, is drawn as a single vertical strokema&imes the letter lowercasemay be
written in cursive as to avoid confusion.

* We may sometimes add a subscript to a variable name if theoghe reason to do so. For example:
to indicate the-th x value.

» Often (but not always) the lettersj , k, I, m, andn are used for integers.
* Intype, variables are set in an italic typeface.

. Therﬁoman lettere andi, and the Greek letter, stand for speci c numberse(D 2:71828::;

i D 1, D 3:14159::), and so we often avoid using them for other purpdses.

» We generally avoid using Greek letters that look identiodRoman letters: A, B, E, Z, H, |, K, M, N,
0,0, P, T,Y, X. The Greek letter omicron (O, 0) is avoided fue same reason we avoid the letter O,
o in the English alphabet: it looks too much like zero0).

* In handwriting, it is a common practice to put a small honitad dash through the letter Z so that it
isn't confused with the number 2;, Z

With these guidelines in mind, you are generally free to deowhatever variable names suit your fancy.
But physics has some conventional variable names you wititwa follow. For exampley is the name
conventionally chosen for velocity for accelerationf for force; m for mass; ang for momentum (for
some reason). Although not mathematically wrong, it wowddbyond confusing to usefor velocity, v for

lWhen working with computer programs, we often have no chbiteo use the letter O. In that case, programmers distihgDis
(the letter oh) from O (zero) in handwriting by drawing a sltisrough the zero: the letter oh is O, and the number zeto is

2Electrical engineers had already reﬁerved the letterstand for electric current, so they instead use the Iptfer the imaginary
unittj D 1.EveryoneelseusésD 1.

30ne exception is thbeta functiorB.x;y/ used in higher mathematics, which is written with a capitabb
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mass, andn for force. The goal is to be able to communicate your ideagherghysicists — not to drive
them insane with unconventional variable names. You wiinteduced to the conventional variable names
in this text as the ideas are introduced.

Re-working the problem above using the letteas the variable name:

7Cx D 10
7Cx 7D10 7
xD 3

6.4 Numbers to Powers

Let's review a few things we learned in arithmetic regardingnbers to powers (Figure 6.1):

« When multiplying like bases, we add the exponeafs: a® D aPc¢.

b
s a
» When dividing like bases, we subtract the exponegtgsD ab ¢

» Product to a powerab/" D a"b"
. . n n
* Quotientto a power:2 " D &

+ When taking the power of a number to a power, we multiply equds:.a’/¢ D aP°
Do notconfuse this with a tower of exponenss, :
.aP/® D aP° (a raised to the powebc), butaP® meansa raised to the power df¢. Remember to
evaluate a tower of exponents from the top downward.

. 1 1
* Reciprocals-=Da ', —-Da?"
a a

P R

» Roots: aD al™?, H aD al™, "aD al™"

. 1 _ 1 _ 1 _
+ Reciprocal roots1a—a D a 72, = Da 3, L Da ¥n

» Product of roots!:J x P y D P Xy (doesnotwork if x andy are both negative); R xR y D R Xy
p s ' x IfnJY r—

e Quotientofrootsp— D —; — D n —
TTOy Ry oy

6.5 Some Simple Problems

Let's now look at a few more examples.

Example.Suppose we're given the problem
x 3D 14

What can we do to both sides the equation to isataten the left-hand side? It should be pretty clear that
what we need to do is add 3 to both sides:

x 3C3D 14C3
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The 9 Exponents Rules

Descriptions Rules Examples
>t —
’h Exponent Sty
\'_I of Zero ifx=0
ﬁ \
Exponent s A
‘zl- of One X —K B —15

'Q? Power of a Product

Exponent M, et — R 3 2 =55
X f\) Product s L
'ﬁ Exponent T S
\4; ' Quotient X 52 eSS
@) Tt e
b
Exponent

(e.y)m = 2.y

Exponent (f). a2
" Power of a Quotient y) Y™
’ Exponent it L
Negative * x"
.,!\ Exponent a
"91 ' Fractional xb = VX2
% O &

Figure 6.1: Exponent rules.
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Again, we have changed the numbers on both sides, but whggsrtant is that the equals sign ) still holds
— the equation is still balanced. Simplifying,

x D 17

We've now isolatedc on the left-hand side, and this is the solutionis 17. If we replacex by 17 in the
original equation, we get7 3 D 14, which is true, so we have veri ed thatD 17is indeed the solution.

Example.Suppose we're given the problem
5x D 30

What can we do to both sides the equation to isotade the left-hand side? In this case, we can isolaby
dividingboth sides by 5:

5x 30
= p =
5 5

Once again, we have changed the numbers on both sides, bt imfgortant is that the equals sigD | still
holds — the equation is still balanced. Simplifying,

xD 6

We've now isolated on the left-hand side, and this is the solutiaris 6. If we replace by 6 in the original
equation, we geb 6 D 30, which is true, so we have veri ed thatD 6 is indeed the solution.

Example.Suppose we're given the problem

X
-D38
7

What can we do to both sides the equation to isotade the left-hand side? In this case, we can isolaby
multiplyingboth sides by 7:

X 7ps8 7
7

And once again, we have changed the numbers on both sideghati important is that the equals sign
still holds — the equation is still balanced. Simplifying,

x D 56
We've now isolatedk on the left-hand side, and this is the solutionis 56. If we replacex by 56 in the
original equation, we ge'i,ﬁ D 8, which is true, so we have veri ed thatD 56is indeed the solution.
Example Here's a tricky one. Suppose we're given the problem
x?D 16

What can we do to both sides the equation to isakatmn the left-hand side? Since the inverse operation
to squaring is taking the square root, it seems like we woustl jeed to take the square root of both sides
of the equation. But be careful! Whenever we do take the sgrant of both sides, we need to introduce
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a plus-or-minus sign in front of the square root sign, because the square of edtiparsitive or negative
number will be positive.

x D pED 4:

So in this case, there at@o possible solutions fox: 4 and 4. To see that this is so, try pluggingD 4
andx D 4 back into the original equation:

4D 16

4/ D 16
both of which are true, so indeed we two have two solution® 4. It is very important to remember
to include this when taking the square root of both sides of an equation. Rémaethat the result of the

square root signp( —) is alwaysnon-negative, so we explicitly have to introduce thesign so that we get
both the positive and the negative root.

Example Here's another tricky one. Suppose we're given the problem
x*D 81

What can we do to both sides the equation to isotab@ the left-hand side? Again, to isolatewe need to
take the square root of both sides (with asign):

x D IO_81D IO8_1|0_1D 9i

wherei D P ~ 1lis the imaginary unit. In this case, there & possible solutions fax, and both solutions
areimaginary 9i and 9i. To see that this is so, try pluggimgD 9i andx D 9i back into the original
equation:

9i/?°D9 D81 1D 81

9i/°D. 9/* i’D81 1D 81

both of which are true, so indeed we two have two soluticn®: 9i.

Example.Now let's try a problem that's a little more complicated. $oge we're given the problem
3xC8D 20

We need to come up with a strategy to isobatdn this case, it will take a couple of steps to isolateTwo
possibilities suggest themselves for the rst step: sudiing 8 from both sides, or maybe dividing both sides
by 3. Actually either way will work, but the easiest — and theagnost algebraists would choose — is to do
additions and subtractions rst of both sides, then muitigions and divisions second. That's because this
is the reverse of the order of operations, and we're tryintpszk that out” to isolatex. So in this case, let's
look at the additiorC 8 and un-do it by subtracting 8 from both sides:

3xC 8D 20
3xC8 8D 20 8
3x D 12
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Where in the last step we have just simpli ed. Now it shouldcchesar what we need to do to isolatedivide
both sides by 3:

3x D 12

3x 12

> p =
3 3

x D 4:
And we have our solutiorx D 4. If we wish, we can check this by settingD 4 in the original problem:
3.4/C8D 12C 8D 20

sox D 4 satis es the original problem.
It actuallyis possible to start by dividing both sides of the original dtgpraby 3, but it turns out to be a
little harder:

3xC 8D 20
3x _ 8
- Cc->-D @
3 3 3
8
xC=D @
3 3
Now to isolatex, we would subtracgi from both sides:
< C 8 8 b 20 8
3 3 3 3
12
xD —
3
xD 4

and we get the same result we got before, although this wayaw#e more dif cult arithmetic. Both
methods of solution are valid, though: either subtract &ftmwth sides then divide both sides by 3, or else
divide both sides by 3 then subtr%:from both sides.

Example.Let's try another more complicated problem:
3x2 4xDO

What can we do to both sides the equation to isclata the left-hand side? One thing that might occur to
you is to divide both sides by, giving

3x> 4xDO
3x2 4x _ 0
D

X X X
3x 4DO

Now to isolatex, add 4 to both sides, then divide both sides by 3:

3x 4DO0
3xD 4

xD4
3
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But surprisingly, this actually this isot the correct procedure. The problem is tHatou divide both sides
by a variable, you may lose rogtso dividing both sides by is not the proper way to solve this.
Instead, wdactor anx from the left-hand side:

3x2 4xDO
x.3x 4/DO

Now if the product of two numbers is equal to zero, then onéeftivo numbers must itself be zero. In this
case, eithex D Oorelse3x 4D 0. The latter possibility gives D %, so the solutionig D Oor x D %.
If we wish, we can substitute both solutions into the origgtpation to check:

OW 3.07 40/DO

4 4 ? 4 16 16 _ 16 16
W 3 - 4 - D3>- “D— —DO
3 3 3 9 3 3 3

so both solutions do indeed solve the original equation.
Note that by dividing both sides by, we lose thex D 0 solution. Again, the proper procedure is to factor
out anx on the left-hand side.

6.6 Algebraic Manipulations

Here are some examples of valid algebraic manipulationsatishoperations you can do to both sides of an
equation in order to isolate the unknowt) on the left-hand side.

» Add the same number to both sides.

* Subtract the same number from both sides.

* Multiply both sides by the same non-zero number. (Thistides multiplying both sides by1.)
* Divide both sides by the same non-zero number.

» Add and subtract the same number froneside. (Since this is just adding zero.)

» Multiply and divideoneside by the same non-zero number. (Since this is just myitiglby 1.)
» Multiply both the numerator and denominator of a fractigrtiie same (nonzero) number.

« Divide both the numerator and denominator of a fractionH®/dgame (nonzero) number.

» Take the reciprocal of both sides. (Make sure both sidegatreero.)

» Take the square of both sides. (That is, multiply each sydiésklf.)

» Take the square root of both sides. (Remember that you mustuce a plus-or-minus sign § on
one side when you do this.)

» Take both sides to the power.
» Take then-th root of both sides. (Beware of multiple roots.)
* Take the logarithm of both sides. (Both logarithms mustdthe same base.)

» Take the anti-logarithm of both sides (using the same base)
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6.7 Invalid Algebraic Manipulations

Here are some examplesiafalid algebraic manipulations. You anet allowed to do these!

« Divide both sides by zero. Division by zero is not allowedamy fallacious “proofs” you nd in the
literature have this as their erroneous step, and it's afteverly hidden. For example, there may be a
step early in the derivation where you're to assuanB b, then later on a step divides both sides by
.a b/ — but that's dividing by zero.

« Multiply both sides by zero. This just leaves you with thettdogy* 0 D 0 and erases all information
about the original problem.

» Take both sides to the power 0. Since anything to the powerjQst 1, this leaves you with the
tautologyl D 1, and erases all information about the original problem.

» Take 1 to the power of both sides. Since latyy power is 1, that will leave you with the tautology
1D 1, and erases all information about the original problem.

+ Take 0 to the power of both sides. Since Gty power is 0 (excep®® D 1), this will leave you with
the tautologyd D 0, and erases all information about the original problem.

+ Take the base 0 logarithm of both sides. There's no suclyth$na “base 0 logarithm”, lgg</ . That
would be a function that asks, “To what power must | raise Cefictige given number?” — yet O &my
power can only give 0 (except f@P D 1).

» Take the base 1 logarithm of both sides. There's no suclythéna “base 1 logarithm”, lgg«/ . That
would be a function that asks, “To what power must | raise lefdtige given number?” — yet 1 &my
power can only give 1.

» Take the square root of both sides of an equation withotdhicing a sign. It may be that the the
following step in your derivation is only valid for the minggn, which you've implicitly discarded.

It can be an interesting exercise in algebra to be presentttdanfallacious “proof” that reaches an
absurd conclusion (such a9 2), and the goal is to nd where the “proof” made invalid stép@ome such
exercises can be found at the end of this chapter, in Sect8in 6

6.8 The Quadratic Equation

Now we're going to look at a problem that's yet a bit more coexplSuppose, b, andc are known constants
(witha & 0), and that we have the problem

ax?CbxCcDO (6.1)

This is called the genergjuadratic equation We could go through a series of operations (doing the same
operations on both sides) to solve this, but someone hasdglsolved the general case for us, long ago. The
result is given by the well-knowguadratic formula

p——

b b2 4ac

D 6.2
X 2a (6.2)

(See Appendix 9 for the derivation.) This equation is so camat it is worth committing to memory.
The quantity under the square root sign (calditD D b? 4ac) is called thediscriminant The nature
of the solutions depends on the sign of the discriminant:

4A tautologyis a logical statement that is always true.
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* If D >0, we have two real roots.
« If D D 0O, we have one real root.

» If D <0, we have two complex conjugate roots.

In general, the quadratic equation will hawveo roots unless the discriminabt D 0, in which case we
will have one (duplicate) real root. In physics, it may bettheth roots are physical and of interest; or it
may be that we can eliminate one of the two roots on physicalms (i.e. one root may not be of any real
interest in the physical world). Whether or not both rootH g of interest will depend on the problem, but
you should remember to retain both roots unless you have ggasn to eliminate one.

Of course, naneasuredjuantity in physics can ever be complex or imaginary. Complembers are a
helpful tool that often simpli es the mathematics, but whea calculated a measureable quantity, it must be
a real number.

Factoring

Besides employing the quadratic formula (Eg. 6.2), you magliie to nd the roots of a quadratic equation
“by inspection” — that is, by simply looking at the equationdacorrectly guessing the two roots. The
following facts are very helpful in this regard: for any quatic equatiorax? C bx C ¢ D 0,

* The sum of the roots ish=a

» The product of the roots is=a

These are known agieta's formulas named for the French mathematician Francois Viete (33803). If
you can determine the two roots (call themandr,), then you can re-write the original quadratic equation
as

X rix /DO

Examples
Example.Suppose we have the problem
2x? 18xC 28D 0
The solutionX) is given by the quadratic formula, Eq. (6.2), where hei2 2,b D 18, andc D 28:

18 P . 182 4.2/.28/
x D
2.2/
18 P 324 224
D
4
p___
18 100
D —M
4
Since the discriminant (100) is positive, we will have twalmoots. Continuing,
18 10
x D
28 8
D—; -
4° 4
D72
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The solutionsare D 7 andx D 2, as can be veri ed by substituting these values back intootiiginal
problem.

Example.Suppose we have the problem
x2C2xC1DO

The solution X) is given by the quadratic formula, Eq. (6.2), where hei@ 1,b D 2, andc D 1:

< D 2 IO22 4.11.1
2.1/
b 2 IO4 4
2
b 2 "5
2
Since the discriminant is zero, we will have one real room@wing,
2 0
x D
2
D 1

There is one solutiox, D 1, as can be veri ed by substituting these values back intetiginal problem.

Example.Suppose we have the problem
x?2C 6xC 45D 0

The solution X) is given by the quadratic formula, Eq. (6.2), where hei2 1,b D 6, andc D 45

<D 6 P 62 4.1/.45/
2.1/
p__—
6 36 180
D ——W
2
b 6 P 144
2
Since the discriminant is negative, we will have two complerjugate roots. Continuing,
6 12i
D — M
X 2
D 3 6i

D 3C6iand 3 6i

The solutionsareg D 3C 6i andx D 3 6i, as can be veri ed by substituting these values back into
the original problem.
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Example.Suppose we have the problem
x? 12xC35D 0

We can solve this one simply by inspection. This is a quadiedjuation (Eq. 6.1) witaa D 1, b D 12,
andc D 35. We know the sum of the solutionsid=aD 12, and the product of the solutionsdisaD 35.
What numbers have a sum of 12 and a product of 35? After a ménbatght, you nd the two numbers
are 7 and 5, so those are the two solutions. You can write igaatequation as

X 7lx 5/DO (6.3)

If the product of two numbers is 0, then one of the two numbeustrbe zero. Here that means either
X 7/ D 0(givingx D 7),orelsex 5/D 0(givingx D 5).

An Alternative Quadratic Formula
An alternative form of the quadratic formula (Eq. 6.2) is {R81]):
2c

x D < M 6.4
b " b2 4ac 64)

This is equivalent to the standard formula given by Eq. (&) is not nearly as well known.

6.9 Cubic and Higher Equations
Suppose we have the problem
ax>Cbx?CcxCdDO

for known constanta & 0O, b, ¢, andd. This is called the generalbic equationThere is a general solution
to this, analogous to the quadratic equation, but more deatpl (Figure 6.2). There will generally be three
solutions forx (some of which may be complex).

The problem

ax*Cbx®Ccx?CdxCeDO

for known constanta & 0, b, c, d, ande, is called the generajuartic equation There is also a general
solution to this, but it is extremely complicated (Figur8)6.In practice, a numerical method would be more
useful for nding its solutions. There will generally be fosolutions forx (some of which may be complex).

What about the fth-order (quintic) equation? Interestingt turns out we can prove that there is no
formula for the solution to fth-order and higher equatioriBhese equations can generally only be solved
using some iterative numerical method.

When we say that there is no formula for the solution to fttder (quintic) equations and higher, we
mean there is no solution to tlyeneralequation, but certain special cases can certainly havediftsm
solutions. For example, take the quintic equation

x> ¢cDO
This special case obvioustipeshave a closed-form solution,

XDQE

78



Prince George's Community College College Mathematics Simpson

1t {2.53 — 9abc + 27a%d + \/ (263 — 9abe + 27a2d)* — 4 (B2 — 3[1(:)3]

3a\l?

1
~ A% {253 — 9abe + 27a2d — \/ (2b% — 9abe + 27a%d)’ — 4 (B2 — 3a.c)3}

b
dipg = r— 0

3a
L 1+ iv3
ba
1-14/3 3
T ba
b
g = — %
1 —iv3 .
™ ba

14 i3
ba

\'3/ 1 {2:’33 — 9abe + 27a2d + \/ (263 — 9abc + 27a2d)* — 4 (b2 — 3a,c)3}

L {253 — 9abe + 27a%d — \/(26° — 9abe + 27a2d) — 4 (¥ — 3a.c)3]

L {253 — 9abc + 27a?d + \/ (26% — 9abe + 27a2d)* — 4 (b2 — 3[1.0)3]

EF NES {2&3 — 9abc + 27a2d — \/ (26° — 9abe + 27a2d)” — 4 (B? — 3&0)3]

Figure 6.2: Solutions to the general cubic equation.
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i {22 9bedszrad + 27 0 Race- V4 (G- 3bd- 12a0)° s (20~ 9bcd 212+ 27W 8- Racel? | |
B BT S (20 -%bcd.21adi« 21D 0- Zace)’ | il
j2e-spca.znad. 2w 3bd:1220)+ (209-9bcds 2 2ae
o

d:21aF 275 o-T2ace)’ |

[22-9bcde2Tad <271 0-T2aces | -4 (G- 3bd-12a0)%+ (28 - 9bcd 27ad - 210 6= R2ace)? | |

= - 3283a
acer? |
[2e-obca. ad' - 276 s-R2ace V-4 (@ -3ba- 12a8)7+ (2 -9bcd-27ad - 2T 0- 2acw)? |
N 3B,

f2c-9bca- 2128+ 270 o~ 2ace+ /-4 (- 3ba-1220) - 20 - 9bcd: Z1ad 2T 8- Race)? | “|
|

Tad 270 8- T2ace)’ | el

|2c'-9bca-27ad + 27000 - Zace+/ -4 (F - 3bd+

1. 120 -9bcd: Zad - 2T 8- Race? | ‘

=

|2 -9bcd: 2Tad s 27K e-T2ace s | 4 (G- 3nd: 1220+ (207 -Sbed+ 2T W e-Race)’ |

375

|26 -9bcds 21ad e 271 - T2ace+ V-4 (G- 3bde1220)7 + (28 - Sbcdr DTadt s 2T 0-Racel? | |
: - I

adi 210 e-12ace) |

|2 - 9pcds27ad 275 0- T2ace: V-4 - 3bd+ 12a0)%+ (2°-9bcd: 21ad s 2T 8- R2acel’ | |

T EFER
acer?|
|26 -9bed: 7ad - 27K o-Race+V -4 (¢ -3bd: 1229+ (2¢)-9bed- Vad + T e-Race)’ |

j2¢-9bed-27ad - 27 o- 2ace -V 4 (- 3bd- 1220, - (20 - Sbed: 27 - 21 0-T2ace)? | “|
|

ad.2Tp 8-72a09)" | gae

Figure 6.3: Solutions to the general quartic equation.

Or consider the special-case sixth-order equation
x°Cx3C1DO

There's a closed-form solution for this special case as:\iek change variables toD x3 to get
v Cu 1DO

which can be solved far by the quadratic formula, Eq. (6.2); then knowingve can ndx fromx D R u.

6.10 A Few Tricks

As you become more experienced with algebra, you learndtiickt help you solve problems. Here are a
few.

1. One is so obvious that algebraists do it regularly withbirking about it: you can exchange the left-
and right-hand sides of an equation:

aDb ) bD a (6.5)

2. Cancellation.One very common trick is calledancellation if the same factor appears in both the
numerator and denominator of a fraction, then you can “datitem (cross them out) from both. For
example:

6a _ 6
25 2pe (6.6)
a a
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Since you're essentially dividing both the numerator andageinator by the cancelled factor, be sure
that factor cannot be zero.

Likewise, if you have a common factor on both sides of an éqoayou can cancel the common factor.

For example:
abCc/DadCel (6.7)
abCc/DadCel (6.8)
bCc/D.dCel (6.9)

Aslong asa @ 0we may cancel it on both sides.

3. Here's a little trick that will save you some time. If yowesa difference in front of an expression, you
can move the minuend over to the other side:

a bDc ) bDa c (6.10)

You can think of this as moving th&“minus” from the left-hand side over to the right-hand side.

4. Another trick is when you have a fraction on the right-haitt®, you can exchange the left-hand side
with the denominator on the right-hand side. For example:
b b

abD - cD — 6.11
=) S (611)

5. A common trick when working with fractions goss-multiplying This is where we make use of the

identity
a_c
—D — ad D bc 6.12
50 g ) (6.12)
2
For example, solve fox: g D < Cross-multiplying, we have? D 4,orx D 2.

6. You can un-do numbers to powers by taking the number teettiprocal of the power. For example,
if x37® D ¢ then we can solve for by taking both sides to the powbra

b=a

X3 D ¢ ) X3 D cP= ) x D cP=@ (6.13)

7. Note that gquaring a number always returns a positivétressidoes the square-root functigri.
Therefore, x2 D jxj for anyx.

8. Changing variablesSometimes it helps to de ne a new variable. For example: &fdvx:
x* Cx*D 20
Let's introduce a new variable, de ned byu D x*. Then we just have a quadratic equation

u’CuDbD 20

whose solutionsare D 4andu D 5. We now need solva D x* for both values ofi. Nowu D 4
givesx* D 4, whose solutionig D 2 by inspectionu D 5givesx* D 5, which has no solution.
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6.11 The Golden Ratio

What number has that property that its reciprocal is the sasrtbe number minus 1? Let's write that out as
an equation. We're looking for the value »fthat satis es

1
~Dx 1 (6.14)

Multiply through byx, and we have a quadratic equation:

2 x 1DO (6.15)

X

We can solve this using the quadratic formula. The result is

p_
x D ! ° (6.16)
2
The solutiorx that uses th€ sign is called thgolden ratiq and is denoted by:
1c”s
"D D 1:61803 39887 49894 84820 45868 34365 63811 77203 0917828621 35448 : : :

(6.17)

The numbet does indeed have the desired property:

1
— D' 1D 0:61803 3988749894 8482045868 3436563811 77203 0917828621 35448 ::16.18)

Using the sign in the quadratic formula above gives the other (corig)gsolution, which is denoted as:
1
D -~ D 0:61803398874989484820458683436563811772030917828621 35448::1(6.19)

The golden ratio appears from time to time in both matheraaticd in Nature. It was believed by
the ancient Greeks that a rectangle whose sides are in ibe radl (called agolden rectanglghas the
most pleasing proportions to the eye, and can be found in manks of art. The golden ratio has a close
association with the Fibonacci numbers (Section 5.3).

For example, one nds that the ratio of successive termsarFibonacci sequencg{c1=F,) approaches
the golden ratio . The largem is, the closer the ratio is to. For example:

Fq 3 Fio - 55 Fso 12586269025D 1-6180339887 : - -

— D - D 15 — D — D 1:6176470588: I — D ———
Fs 2 Fo 34 Fag 7778742049

The same relationship holds for the ratio of successive $ ncanbersl(,c1=Lp).

Miles to Kilometers

Interestingly, the property can be used to convert distafren miles to kilometers. Since 1 mile equals
1.609344 kilometers, and this number is near the goldeo rata distancd-, miles is approximately equal
to Fnc1 kilometers. In other words, if the number of miles is a Fibmsiaaumber, then the next Fibonacci
number is approximately the same distance in kilometeigu¢g 6.4.)

If the number of miles does not happen to be a Fibonacci numbaican write it as theumof Fibonacci
numbers’. For example, to convert 17 miles to kilometet§:D 13C 3C 1, so the same distance in kilometers
is the sum of the following Fibonacci numbe21 C 5C 2 D 28 kilometers. (The actual distance is 27.4
km.)

SEvery positive integer can be written uniquely as a sum ofammaore non-consecutive Fibonacci numbers; this resuhisia as
Zeckendorf's theorem
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Fibonacci Sequence and distarnce conversion

Fi:1 1 2 3 5 8 13 21 34 55 ... Miles
Ferl 1 2 3 3 8 13 21 34 3O Kms
1.6 32 48 80 128 209 337 547 Actual

Figure 6.4: Converting miles to kilometers using Fibonaxanbers.

Binet's Formula

As another example of the relationship between the goldeo aad the Fibonacci numbers, it has been
shown that the-th Fibonacci numbeF,, may be written as

'n n 'n n

Fn D D—p—:; (6.20)

a relation known aBinet's formula The analogous formula for Lucas numbers is

L,D'"Cc " (6.21)

Base' Numbers

Recall the discussion of number bases in Section 4.25.rstout that number bases need not necessarily be
integers, nor is 2 the smallest possible number base. I§sipke to write numbers usingmn-integer base
one example of this is to use the golden ratias a base. This system is calleglse' , or phinarynumbers.
For example, sincdD '2C'°C "' 2, we may writed;o D 101:01 .
The following table shows the rst few integers written indga notation.

Base 10 Base
1

10.01

100.01

101.01
1000.1001
1010.0001
10000.0001
10001.0001
10010.0101
10100.0101

'SLOCD\IG)U'I-wa\)I—\
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6.12 Summation Notation

On occasion, we may need to add together a number of simiantijies — when accumulating statistics on
data, for example. We can write such additions compactlygsimmation notatian

X
aaCaCazCayC:::Cay D ay

kD1

Here the Greek capital letter sigm#a)(indicates a summation, arkdis a summation index that identi es
each term in the summation; in this cakeuns betweerk D 1 andk D N. The general term being added
is ax. (Any otherwise unused letter may be used as the summatitex;our choice ok is arbitrary.)

For example:

X
1C2C3C4C5C6CT7D k D 28
kD1

As another example:

x°
2CFRCHCHCHCT’CCH¥D k? D 284
kD2

Sometimes the upper limit can be in nityL (), indicating an in nite number of terms. For example,

1
rkD s Jri<a/

6.13 Product Notation

A similar notation may be used for products, although it imewhat less common than summation notation:

W
aDa; a a3 ::: an
kD1
Here the Greek capital letter pi.() indicates a product, aridis the product index that indenti es each factor
in the product; in this casé, runs betweek D 1 andk D N. The general product being multipliedag.
For example:
Y
1 2 3 45 6 7D k D 5040
kD1

Note that this is just the de nition of the factorial:

R
nSD k

kD1

As another example,

\%]
2 F 42 5 6 7?7 8 9D k? D 131;681:894:400
kD2
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6.14 Polynomials
Let's look at the expression
6xy2C5x 8

Such an expression is callegpalynomial The parts that are added or subtracted togeter, 5x, and 8)
are calledtermsof the polynomial. Within each term, the parts that are rplitd are calledactors This
expression has three terms. The rst term has three fadBors @ndy?).

6.15 Binomials
A polynomial with just two terms is calledi@nomial For example,
3x C by

is a binomial expression: the two terms &seandby.
To multiply two binomials together, we multiply togethet @mbinations of terms, and end up with a
four-term product. For example:

.aChbh/cCd/DacCadCbcC bd
As another example,

3x C b5yldx 2yl D .3x/.4x/ C .3x/. 2yl C .5yl.4x/ C .5yl. 2yl
D 12x> 6xy C 20xy 10y?
D 12x2C 14xy 10y?

A special case of binomial multiplication is sguarea binomial (i.e., multiply it by itself). Here's how it
works out:

aACb”D.aCblacChb/
D a’CabCbaChb?
D a°C 2abC b?

so the square of a binomial is the square of the rst term, plise the product of the two terms, plus the
square of the last term.

Example.Let's nd the square o8x C 5y:

.3x C 5y/?2 D .3x/% C 2.3x/.5y/ C .5y/?
D 9x2 C 30xy C 25y?

6.16 Completing the Square
If we have a binomial of the form

x2 C bx
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we may occasionally want to turn this into something thakfolike
xC2/?
We know that
X C2/°D x?>C22xC 22
so if the coef cient ofx isb D 22, then we can get what we want by adding and subtra@h® .b=2/2.
To complete the square on the expressiérC bx, we add and subtrach=2/2.
Starting with our original expression,
x2 C bx
we can turn this into something of the form C 2 /2 by adding and subtracting=2/?:

b2 b?
x2CbxC = =
2 2

(Because we've added and subtracted the same term, thear&ipression is unchanged.) We can now
re-write the rst three terms to get

2 b 2

xCE
2 2

This procedure is calledompleting the square

In summary, we add and subtralot=2/?:

x2 C bx D x C (6.22)

NI T
NI T

Example.Let's see if we can complete the square in the following esgign:

x? C 6x
2
Hereb D 6. We add and subtracl% D 32DO9:

x2C6xC9 9
Which we can now write as

x2C6xC9 9D xC37 9

Example.Solve the quadratic equation

3x2C4x 15D 0
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by completing the square.
Solution.First, divide through by the coef cient of?, which is 3:
4
x2C 3X 5DO

Now we have the coef cient ok (which isb) equal to%. We complete the square by adding and subtracting

b 2 22
- D =
2 3
4 22 22
2C-=x 5C = Z DO
XX 3 3
or
2 2 2 2
xC = 5 = DO
3 3
or
2 2 2 2
C= Ds5C =
Xt 3 3
D5c:4
9
45 4
D—C-
9 "9
49
D_
9
Taking the square root of both sides,
2 7
C=D =
X3P 3
7 2
D _ _
P 3 3
5
D= 3
X 30I’

6.17 Binomials to Higher Powers
We can also raise binomials to higher powers by extendingrtheedure we just did for squares. For example,
the cube of the binomial C b is found to be
aCbPD.aChbiracCb/
D .a?C 2abC b%/.a C b/
D .a%/.a/ C .a%/.b/ C .2abl.a/ C .2abl.b/ C .b%/.al C .b%/.b/

Notice in this last step that we multiply togethersik combinations of terms in thiginomial.a? C 2abC b?/
and the binomiala C b/. Simplifying, we get

aCblPDa®Ca’bC 2a’bC 2ab?C ab?C b?
D a®C 3a?bC 3ab? C b®

where we have arranged the terms in order of decreasing pafarand increasing powers bf
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Pascal's Triangle

By a similar procedure (left to the student as an exercise)may nd the fourth power of a polynomial to
be given by

.aCbh/*D a*C 4a%b C 6a%b? C 4ab’ C b*

The coef cients in the result on the right-hand side form #gra: 1-2-1 for the square, 1-3-3-1 for the
cube, 1-4-6-4-1 for the fourth power, etc. These coef ciemtay be found through a device calledscal's
triangle.® One creates a table, starting with 1 in the rst row, and twanlthe second row, so that all three
1s form a triangle. Then each row after that is formed by diin thesumof the two terms above it.

A short Pascal's triangle is shown below. A larger versioshiswn in Appendix 10.

nDO: 1

nD 1 1 1

nD 2 1 2 1

nD 3: 1 3 3 1

nD 4 1 4 6 4 1

nD 5: 1 5 10 10 5 1
nD6 1 6 15 20 15 6 1

Using Pascal's triangle, we may nd the coef cients to theparsion of, for examplea C b/°, and
immediately write down (using the D 5 row)

.aCb/®°D a®C5a*bC 10a°h? C 1022b® C 5ab* C b°

Note again the order of terms: in order of decreasing powkeasamd increasing powers bf

The Binomial Theorem

There is an explicit formula for generating the expansiom @inomial to then-th power: it is called the

binomial theoremlt states:
!

X n
aChb/"D ‘ a" kpk (6.23)
kDO
where
!
n nS
K D ,.C:D PR (6.24)

is a symbol called thbinary coef cient Itis borrowed from the eld of combinatorics, and gives tiember
of possible sets ofi items, takerk at a time. The capital sigmd | is a summation symbol, and indicates
that its argument (theummanilis one term of a sum that adds frdaD 0; 1;2;:::tok D n.

6Named for Blaise Pascal, the 17th century French matheiamatishysicist, inventor, philosopher, and Catholic write
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Let's take, for examplen D 3. Then by the binomial theorem,
!

3

X
aCblPD ad Kpk

kDO
!
D)@ 3 ad Kpk
k
kDO

3 3 3 3
D 3p0 C ’blC p?C Ops
0@ 1 & o @ 3@
D a®C 3a?bC 3ab? C b®

6.18 The Factor Theorem

Another important theorem in algebra is ttaetor theorem It states that if .x/ is a polynomial of degree
n 1, andais any real number, thew a/ is a factor off x/ if f.a/ D 0. In other words, ifa is a zero
of f.x/ ,thenx ais a factor off .x/ .

For example, Suppodex/ D 2x? C 7x 15. Then if we substitutex D 5, we nd f. 5/ D
2. 52C7. 5 15D 50 35 15D 0, andsax C 5/ must be a factor of f(x). In fact,

fx/ D .x Cb5/l2x 3

as can be veri ed by multiplying the two factors on the rigtand side.

6.19 Difference of Squares

A very important algebraic identity involves the differenaf two squares:
a2 b’D.aChbla b/ (6.25)
This identity can be easily veri ed by multiplying togethidse two factors on the right-hand side.

6.20 Difference of Cubes

What about the difference of two cub@s, b3? We can nd an expression for that as well.
First, supposa D b. Then clearlya® b® D 0. By the factor theorem, this means tlat b must be a
factor ofa® b3. Polynomial division can then be used to nd the result:

a® b®D.a bla’CabC b’ (6.26)

6.21 Functions

In algebra, dunctionis a relationship that takes a number as input, and produneker number as output,
according to a certain formula. Often functions are lab&lét a notation likef .x/ or g.x/. For example,
the square function

fx/ D x?

“Taken from a YouTube video in the seriesarning Math with Howie Hua
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takes as its input some numberand its output will be the square of its input. Thus:

f.0/ DO
f1/ D1
f. 1/D1
f.5/ D 25
f.2:3/ D 5:29

A function is required to have singlevalue as its output. Therefore a relation IikéJ X is nota function.

Inverses

A function may or may not have anverse— a relation that “undoes” the operation of the function. The
inverse of a functiofi.x/ is indicated by the notatioih '.x/. For example, the cube function

fx/ Dx3
has an inverse, the cube root function:
f 1x/DP%x
Even and Odd Functions
An even functiotnas the property
f. x/Dfx/ . ever (6.27)
while anodd functiorhas the property

f. x/D fx/ . odd (6.28)

Continuous Functions

A continuousfunction may be intuitively and informally thought of as owéere you can draw a plot of
the function without ever lifting your pencil from the pap&dore rigorously, it may be de ned in terms of
“limits” — a concept a bit outside the bounds of this course st Which essentially says that a function
f.x/ iscontinuousat a pointxg if: (a) f.x o/ is de ned; (b)f.x/ exists at points neaty; and (c) the closer
a pointx gets toxg, the closerf.x/ gets tof .x o/.

Examples.
» The functionf.x/ D x2 is continuous for alk.

» The functionf.x/ D jxj is continuous for alk.

* The functionf.x/ D % is discontinuougtx D 0.
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Graphs of Functions

A graphis a diagram that gives a visual representation of a funaiarlation — it shows how one variable
changes as another is changed.
The word “versus” has a speci ¢ meaning when applied to gsafths all of these:

* Vertical axis vs. horizontal axis.

* y vs.x (foranx-y plotofy.x/).

» Ordinate vs. abscissa.

» Dependent variable vs. independent variable.

For example, if we are asked to plot temperature vs. time tb@perature goes on the vertical axis and
time on the horizontal axis.

6.22 Geometric Series

A seriesis a sum with an in nite number of terms. Series nm@ynverge(the sum has some nite value) or
diverge(the sum goes to in nity).

A geometric seriess an in nite sum of powers of some number— in other words, we add together
x C x2 C x3C x* C :::. Such a series will converge as longjag< 1.

One can derive formulas for what the in nite sum is equal the Fesult is (if we start witkk® D 1

1 .
x*D1CxCx?Cx3C D T x Jxj <1/ (6.29)
kDO

Or, if we start withx! D x, it's the same as multiplying the series throughxdy

x“DxCx2Cx3Cx‘C Dlx—x ixj <1 (6.30)
kD1

Does 0.9999.D 17

Do you think the numbed:9999 : : ; with anin nite number of 9s, igxactlyequal to 1? Some say yes; some

I &

say no; some say it's “a little bit less that 1”; some say itgegaches” 1. What's the truth about this? Let's
take a look.
The numbe:9999 : : iis place-value notation that's really just shorthand for

0:9999:::D 3C iC iC L
10 100 1000 10000

or
0:9999:::D.9 10YC.9 10%C.9 10°%C.9 10%4C:::
D910'c10?c103c104C
or, in summation notation,

X X g
0:9999::: D9 10KDO9 — D9 01
kD1 kD1 kD1
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This is a geometric series. Using Eq. (6.30), witD 0:1, we have

s
0:9999:::D9 0:1XD9
kD1

1 01 09

And there you have it. Indeed, the numiBe®999 : : iis exactlyequal to 1.

6.23 The Method of Quarter Squares: The Details

In Section 4.23, we saw how to multiply two numbers using threthod of quarter squares and a table of
guarter squares. Now that we have some experience withralgeb can see how that method works. We
start with two numbersg andy, that we wish to multiply. We start by nding their sumnC y and their
differencex vy, and look those both up in the table, which gives valued &4 for different values oN .
We then take the difference of those table entries.

What we're actually computing, then, is

X Cyl? X y/2Dx202xyCy2 x2 2xy Cy?
4 4 4 4

2 2 2 2
D1x°C2xyCy? x*C2xy y?/
D Z.4xy/

D xy

which is what we want: the produxy .

You may well wonder: but what ifl in the table is such thad ? is not divisible by 4? Thel ?=4is not
an integer, but there are only integers in the table. The anmithat the table actually shows values of only
the integer partof N 2=4 for eachN , but the table will still work OK in that case. Suppose, fonmple,
we wish to comput® 10 by the method of quarter squares. Their sum is 19, and thiéérelnce is 1.
ComputingN ?=4for both these numbers giv@@% and %, whose difference is 90 (the product®f 10).
If we had discarded the extlﬁafrom both table entries, their difference would still be #ane. FoN even,
N 2=4will be an integer, and foN odd,N 2=4will have an extra}T. So we have the following possibilities:

+ x andy both even, or both odd: then their sum and difference are &ath,N =4 will be even for
both, and both results will be integers, so the method works.

+ One ofx;y is even and one is odd: then their sum and difference are liottNo*=4will have an extra
% for both the sum and difference, and when we take the diftereiN 2=4 values, the extr% will
cancel out, and the method still works.

That's why we don't bother including the ext%ain the table: because of the way the table is used, the extra
% would cancel out anyway. It simpli es matters to just talialthe integer part dfl 2=4.

6.24 The Candido Identity

The Italian mathematician Giacomo Candido (1871-194-adisred the following relations among the Fi-
bonacci numbers:

F2CF%,CF%,/?D2F*CF%,  CF,/ (6.31)

92



Prince George's Community College College Mathematics Simpson

This was later found to be true not just for Fibonacci numpausforall real numbers. This is now called
the generaCandido identity

EXC y?> C x Cy/?? D 2EXC y* C x Cy/*e (6.32)

Veri cation of this identity is left to the student as a profe

6.25 Numerical Methods

Occasionally we nd an algebraic equation that cannot beegblin closed form” — meaning we cannot
explicitly solve for the variable in the equation by isofegiit on the left-hand side. For example,

x> xC1DO

cannot be solved fox using the techniques of algebra we've studied here. Suclyaatien can only be
solvednumerically— that is, we can only nd numerical approximations of thelg@n. There are many
techniques for solving such equations, and they are covardéte branch of mathematics calledmerical
analysis Many of these methods require some knowledge of the cacblut as a very primitive technique,
you might try solving the above equation by trial and erroy:dubstituting different numbers faron your
calculator and see if you can zero in on the valug tifiat will make the left-hand side (LHS) equal to zero:

xD 1 ) LHSD 1
xD 2 ) LHSD 29
xD 15 ) LHSD 5:0938
xD 1.2 ) LHSD 0:2883
xD 11 ) LHS D 0:4895
xD 115 ) LHSD 0:1386
xD 116 ) LHSD 0:0597

In a case like this, it will probably help to plot the functibex/ D x° x C 1to see where it crosses the
X axis to get a good initial guess for the solution. This “gimgsmethod is very inef cient; much more
ef cient methods are available to produce the correct sotux D 1:167303978 but this example should
give you a rough idea of what numerical methods are all about.

6.26 The LambertW Function

Another approach to solving dif cult problems is sometim@sit rarely) employed: simply de ne a new
function to be the solution, then tabulate, plot, and writivgare to calculate values of the new function. In
this section, we'll look at an example of this approach, thenbertwW function.

Suppose we have an equation of the form

yeY D x (6.33)

wherex is known, and we wish to solve fgr. That can't be done using ordinary algebraic techniquesnSo
the eighteenth century, a new functidhx/ wasde nedto be the solution:

y D W.x/ (6.34)
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1,
0
— W
-1} 0
— W,
-2t
-3}
-4 i i i i i
-1 0 1 2 3 4 5 6

Figure 6.5: LambertV function.W is the principal branch Gredit: Wikimedia Commoris.

whereW is called thd_ambert W functioff
This is a very unusual way to approach solving problems ialaig, and it's really only helpful if the same
type of problem appears over and over again, to the extenit thecomes useful to de ne a new function.
The LamberWV function can be useful in solving equations that requirgisgl.In x/=x for x, as shown
in the example below.

Plot
A plot of the LambertW function is shown in Figure 6.5. Notice that it is doublened forx < 0, and

has a minimum atx;y/ D . 1=e; 1/. When it's necessary to distinguish between the two brasdine
principal branch is calletlp.x/ , and the other branch is call&d ;.x/, as shown in the gure.
Properties

The LamberW function has the following properties:

W xe*/ D x (6.35)
|

w % D Inx x>0/ (6.36)

p—
Wo. In 2/D In2 (6.37)
W . In P3D Ina (6.38)
W.0/D 0 (6.39)

1
w - D1 (6.40)

8Named for the Swiss/French polymath Johann Heinrich Latmi@28-77). The functioW .x/ is also sometimes called the
productlogfunction.
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Computing W .x/

One way to compute the Lambaff function is using the Mathematica software, or its on-lieesion at
Wolfram Alpha (www.wolframalpha.com). There the functisrcalledProductLog]]

» To compute the primary branch @f .x/ (denoted/\g.x/), use eitheProductLog[ x] or
ProductLog[0, X].

» To compute the secondary branchgfx/ (denotedV ;.x/), useProductLog[-1, x] .

For example,
W. 0:12/D ProductLog[0.12] D 0:1077429981622769541092028233904076346: : :
Wp. 0:12/D ProductLog[0,0.12] D 0:1077429981622769541092028233904076346 : : :
W ;. 0:12/D ProductLog[-1,0.12] D 3:82353869439092797450072060483160253: ::

Further Reading

A more extensive discussion of the Lamb¥rtfunction is given inThe Lambert W Function: Its General-
izations and ApplicationBy Istvan Mezo (Reference [29]).

Example

Example.Solve forx:
x?D2* xu&©0f

Solution. You can probably nd two solutions by inspectior: D 2 andx D 4. But if you plot the
functionsx? and 2* on the same plot, you see that they intersedhsate places, so there must be three
solutions. Let's try to nd all three solutions.

Take the natural logarithm of both sides:

2InjxjD x1In2

When we take the natural logarithmxf, we must introduce the absolute value bars, becausaht have
been either positive or negative and produced the same kg but the natural logarithm is only de ned
for positive arguments.

Next, divide both sides b2x to isolatex on the left, and constants on the right:

Injxj D In2

X 2
Now because of the absolute value sign, we must considerdasasx > 0 andx < 0.
Caselx >0. ThenInjxj D Inx, so we have

Inx In2
D —

X 2
Multiply through by 1:
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Take the Lamber¥V function of both sides:

X 2

InxDW %In2

InxD W In2'%?

D W. |np§/

And so, solving foix by taking the antilogarithm of both sides,

X D expEW. n® 2

Case ll.x <0. ThenInjxj D In. x/, so we have

In. x/ In2
D -

X 2
In. x/ In2
x/ 2

Take the Lamber¥V function of both sides:

In. x/ In2
DW —

w
x/ 2

In. x/ DW %In2

In. x/ D W In2%?

D w.mp 2/

And so, solving foix by taking the antilogaritm of both sides,
X D expEW.In P 3

x D expEW.In P 3

Summarizing, the nal resultis:

8 p_
< expEW. In 2/ X >0/

xD p_
expEW.In " 2/ X <0/

which we could also write as

xD expEW. In Por x>0l

where it's understood that the top signs are one case, arizbttem signs another case.
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f(x) = x*

=XX
[¢)]
\

f(x)

0.0 0.5 1.0 1.5 20 25

Figure 6.6: The functioh.x/ D x*.

There are indeed three solutions. One ofstire0 solutions works out to be D 2, which you probably
found by inspection2? D 22:

X D expEW,. n 21 D exp.In2/ D 2

using the principal branchp) of the Lambert function. Using the non-principal branet ¢) we have the
other solution you may have found by inspectidh:D 2

X D expEW 1. n” 2D expln4/D 4

Thex < 0 solution requires some softwdrt calculateW .x/, and it givesx 0:7666647 Hence
x D 2,x D 4,o0rx 0:7666647

6.27 The Functionx*

An interesting function that appears from time to time is
f.x/ D x* (6.41)

(See Figure 6.6). The function is de ned for all real 0. Forx < 0, the function has real values for
negative integers only.
For negative integers, we have:

f. /D 1
1
f. 2/D 1
1
f. 33D %
1
f. 4/D 5
f. 5/D L

3125

9Such as Mathematica, Wolfram Alpha (described above),aatir Maple. They giv&V. In P 2/ 0:26570573622 .
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and so forth.
The functionf.x/ D x* has avalué.0/ D 1, and a minimum at % D e T,

The equationx* D c (for some constart) may be solved fox using the LambertV function:

x*Dc
xInx D Inc

Inx/e™ D Inc

Inx D W.Inc/

x D eW.Inc/

6.28 A Really Weird Function
Consider the really weird function

.

fx/ Dx* (6.42)

A stack of exponents like this is called@ver of exponent¥ In this case, the tower of exponents is in nitely
high. A plot off .x/ is shown in Figure 6.7.
Now suppose we have the equation

x X

x* D2 (6.43)

and we wish to solve fax. At rst this seems impossible, until you realize that theperent of thex o the

very bottom is an in nite tower ok's , which we're told is 2. Therefore this reducest®6D 2, 0orx D = 2.
As you can see from Figure 6.7, the function is de neddof x  e'™®.

6.29 Simultaneous Equations

Itis fairly common in mathematics to nd situationsin whiohe must solve more than one equatianulta-
neously meaning that the solution(s) must satiaflof the given equations. A detailed study of simultaneous
equations is beyond the scope of this course; you would reesitly linear algebra just to see how to solve
simultaneoudinear equations. In general, in these situations you will be s@j\d number of equations sim-
ulateously for several unknowns. Generally you must havaars/ equations as you have unknowns in order
to arrive at a solution. Here we'll show some very simple teghes for solving simultaneous equations.

Adding or Subtracting the Equations

In some simple cases, you can just add or subtract the eqaatkor example, suppose we have the two
simultaneous equations

xCyDS8
x yD12

4
10Recall that by convention, a tower of exponentsis evalufated the top down, so thate.83" D 23" D 23 D 8.
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Infinite tower of x's

(E 1/6,6)

02 00 02 04 06 08 1.0 1.2 1.4 1.6

Figure 6.7: Plot of an in nite tower ok's.

The idea is to solvdoth equations at the same time for the two unknowrendy — in other words, we
wantto nd anx andy that simultaneously satisfy both equations. In this cagecan nd a solution just by
addingthe two equations: set the sum of the left-hand sides equhétsum of the right-hand sides:

XCy/Cx y/D8C12
When we simplify, we see that tlyes cancel out on the left:

2x D 20
x D 10

Now that we've foundk, we can plug thix value into either of the two original equations to rd Using
the rst equation:

yD8 xD8 10D 2
We could just as easily used thecondequation and gotten the same solutionyor

yDx 12D 10 12D 2

A generalization of this method is to add or subtraot@tipleof one equation to or from the other. For
example, suppose we have the two simultaneous equations

xCyDS8
3xC4y D 10

Again, we must solve both equations at the same time for tbautvknownsx andy. Let's try multiplying
the rst equation through by 3 so that tiecoef cients of both equations are the same:

3xC 3y D 24
3x C 4y D 10
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Now we can subtract the second equation from the rst (setlifierence in the left-hand sides equal to the
difference in the right-hand sides) to eliminate

y D 14
yD 14

Now that we knowy, we can substitute into either of the original equationsnidx. Let's use the rst one,
because it looks easier:

xC. 14/D 8
xD 8C 14D 22

and we have our solutiom: D 22,y D 14.

Substitution

Another technique for solving systems of simultaneous ggusis bysubstitution we substitute one equa-
tion into another to eliminate one of the variables. For gxaysuppose we have the simultaneous equations

xCyD 36
3xCy D12

We can solve this system farandy by rst solving the second equation fgr.
y D12 3x

Now substitute this expression fgrinto the rst equation:
xC .12 3x/ D 36

Simplifying, we nd

2x D 24
xD 12

Now substitute thig into eitherof the original two equations to ng:

12Cy D 36
y D 48

We could have also solved the second equationt fand substituted into the rst; or solved the rst equation
for eitherx ory and substituted into the second. Once a value of eklwgty is found, you can nd the other
using either of the original two equations. Proceed in thg that seems easiest and most natural for you.
There's more than one way to solve the problem, and all smistgive the same results:D 12;y D 48.

6.30 Balancing Chemical Reaction Equations

While studying chemistry in junior high school, the auth@staught to balance chemical reaction equations
using an awkward and time-consuming trial-and-error mettfmm doubt still taught in schools today). He
developed a much faster, systematic, algebraic methofeing these equations, which has undoubtedly
been independently discovered by others.
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The idea is to treat each reactant coef cient as an unknoneh samply write down the set of algebraic
equations that must be satis ed in order for the equatiormsatance. You will end up with one less equation
than there are unknown coef cients, because chemicalimraeguations can always be multiplied through
by a constant that still yields a valid equation. This is bidsstrated with some examples.

ExampleBalance the following chemical equation:
H,CO;! H,O

There are 2 hydrogen atoms on both sides (so hydrogen isdealprbut the left side has 2 oxygen atoms
while the right side has only one. If we put a coef cient of Ziont on the right-hand side, then the oxygens
will balance, but hydrogen will now be unbalanced.

Solution.The algebraic method is to write unknown coef cients in frofieach reactant:

aH, C b02 I cH,O

Now to balance the hydrogen atoms, we must [2a® 2c, and to balance the oxygen atoms we must have
2bD c:

HW 2aD 2c
OW2bDc

As expected, there are two simultaneous equations in tiee tinmknown coef cientsa, b, andc. In the
author's original method, one then just tries setting onthefcoef cients to an integer with many divisors,
like 12. Let'stryb D 12; thenc D 24 by the second equation. By the rst equati@mandc are the same, so
a D 24. Substituting these trail coef cients into the originaluzgion,

24H, C 120, ! 24H,0

In chemistry we like to divide through by the greatest commdavisor to get the terms to be the smallest
integers possible. In this case, we divide through by 12 to ge

2H, C Oy ! 2H,0

The equation is now balanced: we have 4 hydrogen atoms orshieth, and 2 oxygen atoms on both sides.

ExampleBalance the following chemical equation:
KCIO; ! KCIC O,
Solution.Write in coef cientsa, b, andc — one coef cient for each term in the equation:
aKClO3 ! bKCIC cO,
In order for the potassium, chlorine, and oxygen to balamckath sides, we require

KWaDb
ClwabDb
OW3aDb 2c

Each element will give one equation. The rst two equatidre@ncing potassium and chlorine) are identical,
so we have two simultaneous equations in the three unknoeficemnts a, b, andc. Choose (arbitrarily)
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a D 12 thenb D 12 by the rst two equations, and by the last equatmmi %a D % 12D 18 The
reaction then becomes

12KCIO3 ! 12KCI C 180,
Dividing through by 6 to get smallest possible integers, aeech
2KCIO3 ! 2KCIC 30,

and the equations is now balanced: 2 potassium atoms on elgtP<chlorine atoms on each side, and 6
oxygen atoms on each side.

ExampleBalance the following chemical equation:
HCIC Zn! 2ZnCl, C H;

Solution.Write in coef cientsa, b, ¢, andd:
aHCIC bzZzn! c¢zZnCl C dH,

We will need to balance this reaction equation so that we Havesame number of hydrogen, chlorine, and
zinc atoms on both sides. This gives the coef cient equation

HW aD 2d
CIWaDb 2c
ZnWbDc

Now let's arbitrarily seto D 12, Then by the last equation,D 12. By the second equation,D 2c D 24,
and by the rst equatio D %a D 12 Then our reaction equation becomes

24HCIC 12Zn! 12ZnCh C 12H,
Dividing through by 12 to get lowest possible integer co@rits, we are nally left with
2HCIC Zn! ZnCl, C H;

The equation is now balanced, with 2 hydrogen atoms on edeh Bichlorine atoms on each side, and one
zinc atom on each side.

ExampleBalance the following chemical equation:
Mgl, C Mn.SQOs/, ! MgSO; C Mnly

Solution.We assign a coef cient to each term of the equation:
aMgl, C bMn.SG;/> ! ¢cMgSGO; C dMnly

We must balance this so that each side has the same numbegoésinam, iodine, manganese, sulfur, and
oxygen atoms. Each atom to be balanced will have its own exquatr the coef cients:
MgW aD c
| W2aD 4d
MnWbDd
SW2bDc
OW®6bD 3c
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Let's arbitrarily choosd D 12. Then by the third equatiomnl, D 12, by the fourth equation D 24, and by
the rst equationa D 24. The equation then becomes

24Mgl, C 12Mn.S05/, ! 24MgSO; C 12Mnly4
Dividing through by 12 to get lowest integer coef cients,
2Mgl, C Mn.SGs/2 | 2MgSO; C Mnly

The equation is now balanced: each side has 2 magnesium,ataodine, 1 manganese, 2 sulfur, and 6
oxygen.

It's a good idea to substitute your solutions for the coedmisa, b, c, ... back into your original equations
to check that the equations are properly satis ed by youutsmh.

Notice in these example that we arbitrarily pick one of thefaients and set it equal to 12, then nd the
values of the other coef cients from that. There's nothipgsial about the number 12 (except that it has a
lot of divisors) — the examples shown here would probably bela simpler choosing 6. Or one could just
choose one of the coef cients to be equal to 1, then at the artpty the whole equation through by some
integer that would eliminate any fractions. You will alwasgtsd up with one more unknown than you have
independent simultaneous equations, because the solsitiohunique: by chemical convention, we choose
the solution that has the smallest possible integer coefits.
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6.31 Some Fallacious “Proofs”

1. Examine the following “proof” tha? D 1. Where are the error(s) in this fallacious “proof”?

Leta D b.

Thena? D ab.
a’Ca’Da’Cab
2a°D a?C ab

2a2 2abD a? ab
2.a2 ab/D 1l.a? ab/
2D 1

ONoORrLONE

2a2 2abD a?Cab 2ab

Premise (valid).

Multiply both sides bya.

Add a? to both sides.

Simplify left-hand side.
Subtract2ab from both sides.
Simplify right-hand side.
Factor.

Cancela? ab/on both sides.

2. Examine the following mathematical derivation. Are theps shown correct? If not, explain in detail
exactly where the error is, and what was done wrong. (Hehas the usual mathematical meaning:

D 3:14159265::2)

1. xD. C3/F2 De nition of x (valid).

2. 2xbD C3 Multiply both sides by 2.

3. 2x. 3/b. Ca3l. 3/ Multiply both sides by 3.

4. 2x 6xD 2 9 Expand multiplications.

5. 9 6xD 2 2x Add.9 2 x/ to both sides.

6. 9 6XxCx?2D 2 2x Cx? Add x? to both sides.

7. 3 x/°D. x/? Simplify completed squares.

8. 3 xD X Take the square root of both sides.
9. D3 Add x to both sides.

3. What is wrong with the following “derivation”? We begin tiEuler's identity, and falsely conclude
that D 1. Where did we go off the rails? (Note that it's perfectly OKtaie the natural logarithm of
1: it just gives an imaginary number as the result.)

e C1DO0

e D 1

i DIn. 1/

1i D 1In. 1/

1/ D1 Y

1i D 1In. 1/

log,.1'/ D log, @1 Ve
i DIn. 1/

iDi

0. D1

BoOooNOORM~WNE

Euler's identity (valid).

Subtract 1 from both sides.

Take the natural logarithm of both sides.
Take 1 to the power of both sides.
Re-group left-hand side.

On the LHS: 1 to any poweris 1,40 D 1.
Take the base 1 logarithm of both sides.

Simplify.
Bystep3,In 1/D i
Divide both sides by.
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6.32 Problems

1. Solveforx: (@x 5DO0 (b)xC9DO (c)x 4D 12 (dxC9D 11

2. Solveforx: (a)3x 7D 2 (b)5x 2D 8

3. Solveforx: (a)x?D 16 (b)x?> 25D 0 (c)x2C 36D O

4. Solve forx: (a)x?> 7xC 10D 0 (b)x?> 14xC33DO0 (c)3x> 5xC2DO

5. Solve forx: x2C6x 27D 0

6. Solve forx: . 8 3xID 21 x/C6x

7. Multiply out.a C b/* by explicit multiplication. Verify that your result is coissent with Pascal's

triangle.

8. Abat and a ball cost $1.10 in total. The bat cost $1.00 niare the ball. How much does the ball cost?
9. Solve forx (be very careful): P xC4D 5
10. Solve forx: x?D 100

. . p—;
11. See if you can solve this one for(be careful): 3x D 92C 3

12. Solvefob: bCbCbDb b b

13. Simplify:
3 15
X 2y
6
Xy
14. If 2 D then what is’— ?
‘ ’ " C42 2

15. Solve forx:

x 1
xC1

D a

wherex & 1 and we assuma is known. Are there any restrictions on the valuaaf

16. Solve forx: x* D 12
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17.
18.
19.

20.

21.

22.

23.
24.

25.
26.

27.

Use Binet's formula to nd the 30th Fibonacci numbiesg .

Find the 30th Lucas numbérgg, using Eq. (6.21).

Solve{orx:
0= — b 243
X
rt
X
X
Solve forx:

p_ x 1
xD1C —
1c°x
What does your result mean?

Solve forx:

R Ron R

6C 9D " 4
Solve forx:

22X C 22X C 2% C 2% D 100

p—
Solveforx: 2D 8 *
Solve forx:

215
» D&

Solve forx:  x* D x°. (Be sure to providell real solutions.)

Tom haﬁ4 as many sticks as Jim. Tom gave Jg"rthe number of his (Tom's) sticks. Jim then gave
Tom % the number of his (Jim's) sticks. Jim had 78 fewer sticks tham in the end. How many more
sticks did Jim have than Tom at the beginning?

Cauchy in the 1830s gave an empirical formula betweeinttex of refractiom and the wavelength
of light for a material as

n/ DACB=2CC="C:::
where is wavelength and\, B, C are coef cients. For practical calculations, two terms emeugh:
n/ DACB=?

If we measure the index of refraction of borosilicate glasdé¢ 1.50883 at D 0:6563 m, and
1.51534 at D 0:5086 m, then nd the coef cientsA andB.
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28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.
39.
40.
41.

Equation (6.43) once appeared on an American High Sé#latiiematics Examination in the 1960s.
[44] One student pointed out that by the same logic givenénaticial solution (as presented here in
these notes), the equation

X"

x> D4

would red e_t(x"' D 4,orx D R 4D P 2 —the same answer as if 2 were on the right-hand side. But
if you take 2 to the power of itself an in nite number of times, you can'ttd®mth2 and 4. What's
gone wrong here? How would you answer the student's obje®tio

Balance the following chemical reaction equation:

CHi12, COy! CO, C HO

Balance the following chemical reaction equation:

H2SO; C NaCN! HCNC Na SOy

Balance the following chemical reaction equation:

BaChL C KIO3 ! BalO;/, C KCI

Solve forx:

27"Dl
X

Giveny D 3, which of these is different? (A)Y 3 (B)5% © (C).2y 6/°
Solveforx: € 12e* 1DO.
Solve forx:  3¥ D x9. (This is more dif cult than it appears.)

Solve forx:

Solve forx:  log, x? C log, 8x D 2
Solve forx:  logs .x2 2xC 65/D 2
Prove that the sum of the two solutions of a quadraticttguéEq. 6.1) is always b=a

Prove that the product of the two solutions of a quadegji@tion (Eq. 6.1) is always=a
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42

43.

44,
45.

46.

47.

48.

49.

50.

Solve forx:  .x*/* D x**

Solve forx:
£
X7 po
2
Solve fom: .n%/" 2n"C1DO

Solve forx:
! D 64
32X C3xC32C3x
Simplify:

x3 x?y ax? axy ax? ay?
X2Cy2  2x3C2xy2 x4 x2y2
(This is easier than it looks.)

Solve forx:

s
s 512c5x D 5
5% C 52

The equation for the peridd of a pendulum of length is given by
s

L

g

whereg is the acceleration due to gravity, 9.8 f/ you measure the length with a meter stick and
use a stopwatch to measure the perfadhen you could use the pendulum to meagyréolve this
equation forg. That is, manipulate this so that you have jgisin the left-hand side, and some function
of L andT on the right-hand side.

TD?2

The equation for the peridd of a massm on a spring of spring constaktis given by
r

m

k

If the spring constark is known, you can use this formula as a way to measure the masg using

a stopwatch to measure the peribd Solve this equation fom. That is, manipulate this so that you
have jusim on the left-hand side, and some functiorkadnd T on the right-hand side.

TD?2

Interestingly, you can even do a laboratory experimerdetermine the value of . Suppose you
construct a pendulum and measure its lerigtand periodT. The equation for the perio@ of a

pendulum of length. is given by
s

L
Tb2 —

g

whereg is the acceleration due to gravity, and is known tagb® 9:80052m/s” at the college. (a)
Solve this equation for. That is, manipulate this equation so that you have just the left-hand side,
and some function df , T, andg on the right-hand side. (b) If you were to build such a penaudd
lengthL D 1:000m and measured its period to be 2.007 seconds, then what Wweyldur measured
value of ? (Give your answer to six decimal places.)

108



Prince George's Community College College Mathematics Simpson

51. If 1is a root of the equation
5xCkx 3DO

then nd the other root. (Here the variablexsandk is considered a known constant.)

52. Solve forx:

log, x D x> 10

53. One painter can paint the entire house in twelve hous aasecond painter takes eight hours. How
long would it take the two painters together to paint the leGus

54. Solve forx:
1

22:Iogsx D —
16

55. Solve foth:  x? yh yIO w2 C h2

56. Solve forx:

57. Solve forx:
g 2
2X

D 15

58. Solve forx (be careful):
XCxCx _pP—
—pi— D x

59. Solveforx: 6S 73D xS

60. Solve forx:
x4 16

— DO

X2 4

61. Solve forx:

log, 2> D xC7

62. Solve forx: 16D 2IO 2

63. Solve forx:

2
XX 10xC21 D1

64. Prove that

aCh/?2 .a b/?

bD
a 2
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65. Solve forx:

(Hints: x is an integer. Make a guess about whahight be, based on the right-hand side, and see if
your guess works.)

66. Solve forbothx andy:
xCyD®6
xy D7

67. Solve forx:

68. Solve form (a little tricky; be careful):

4mC m
m

D5
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6.33 Harder Problems

1. Solve forx: x*X D 7%¢4®  (This one is quite tricky.)

2. Solve forx:
log,2.10/ C log,q.x/ D log,, .10/

At some pointyou will nd an algebraic equation, which cav&using a numerical method you write
yourself, or just using something like Wolfram Alpha, MdtJar Mathematica.

3. Findf.1/ , given:

f.’/ Da ’2024c’2023 Cb’2022

o_ !

1c" 3i _
f TI D 2052¢ 2024 3i

wherea andb are real.

4. Solve forx:

pxiDp3_5 X
x2 1

5. Findpositive integers, b, andc that satisfy

a b c
bCc aCc acChb

D4

This is quite dif cult. There is more than one solution, ahe solutions are surprising.

6. Solve forx:

7. Solve forx:

8

x*" D 8
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6.34 Projects

1. Verify the general Candido identity, Eq. (6.32).

2. Many students have trouble with logarithms, and it mayéeabse the notation is a bit awkward. Can
you think of a better way that exponents and logarithms thaildsmake it more clear? Or with a
broader scope: mathematical notation has been handed d@wnthe centuries without much change.
If you could start all over again from scratch, could you depe clearer, more consistent mathematical
notation than what we currently use?

This has been attempted before. For example, the Polistidmgian ukasiewicz developed a mathe-
matical notation that does not require parentheses.
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Chapter 7

Applied Algebra

A common complaint among algebra students is that they renveiup using algebra in “real life.” In this
chapter, we'll look at some occasions where algaarabe useful in real-life situations.

7.1 The Mary Tyler Moore Show

The 1970s TV showwrhe Mary Tyler Moore Showvas about a TV newsroom (WJM-TV) in Minneapolis.
In one episodk producer Mary Richards and executive producer Lou Gramizahe a raise from the station
manager. After considerable reluctance, the station nergiges in, and offers Mary and Lou a combined
raise of $5000 per year, and leaves it up to them to decide badwtde the raise money between them
(probably a psychological trick by the manager to get therght between themselves over the money.)

One simple solution would be to divide the money equally,had ach gets $2500. But suppose they
decide it makes more sense to divide the money so that bothgygeameercentagéncrease in salary. How
should they divide the raise money? Mary and Lou can guré thé by using algebra.

Let Mary's current annual salary bé , let Lou's current annual salary lhe and let the multiplier on their
salaries bea, so that their new salaries will M andal, respectively. Then from the given information,
their combined salaries after the raise willée C aL, and it will also be their combined current salaries
plus $5000:

aM CaL DM CL C5000:
We want to solve for the multipliea:

aM CL/ DM CL C5000
M C L C 5000
MCL
In other words, the multiplier on their current salariesiddde the ratio of the sum of their new salaries to
the sum of their current salaries. To raj we need to know their current salaries. Suppose Mary's\séda
$11,000 per year, and Lou's is $16,000 per year. Then
M C L C 5000 _ 11;000C 16;000C 5000
MCL 11;000C 16;000

To nd the percent increase in their salaries, subtract inftbe multiplier and multiply by 100:

aD

D 1:185

percentincrD .1:185 1/ 100D 18:5%

1S7E13, “Look at Us, We're Walking.”

113



Prince George's Community College College Mathematics Simpson

So each of them will get a raise of 18.5%. Their new salarididwi

Mary W$11;000 1:185D $13;037
Lou W$16;000 1:185D $18;963

The $5000 raise money should then be divided as follows (aéavysminus current salary):

Mary W$13;037 $11,000D $2037
Lou W$18;963 $16;000D $2963

To double-check the result, we not2@B7C $2963D $5000(the total raise money), as it should be.

2In the TV show, Mary decides that getting $2000 of the $5000ld/be fair, and Lou gets the remaining $3000.
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Chapter 8

Mathematics of Finance

8.1 Simple Interest
8.2 Compound Interest
8.3 Mortgages

8.4 Amortization Tables
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Chapter 9

Linear Algebra

Linear algebra has to do with the mathematicsnaftrices A matrixis an array of numbers (usually a two-
dimensional array) that is treated as a single entity. ladiralgebra, one learns how to add and subtract
matrices; how to multiply them and invert them, and so fokihear algebra has techniques that can be very
helpful in solving systems of simultaneous equations, taiaitopic that is beyond the scope of this course.
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Chapter 10

Abstract Algebra

If you take more advanced algebra in college, you may end kipgacourses in what is calledbstract
algebraor modern algebra The wordalgebramay mean basic algebra as described in these notes, or it
might refer to abstract algebra. Abstract algebra is theystifi algebraic structures, and includes such topics
as groups, rings, elds, modules, vector spaces, Galoisrthend so forth. Abstract algebra is a very
interesting topic, but it is beyond the scope of this course.
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Chapter 11

Geometry

11.1 Length

The lengthof a (straight or curved) line is a measure of how much oneedsional space it occupies. In
everyday life, we measure lengths in units like inches,, fgatds, and miles. In metric units, we often use
millimeters (mm), centimeters (cm), meters (m), and kileene (km). The distance around the border of
a plane (two-dimensional) gure is called iperimeter In the case of a circle, the perimeter is called the
circumference

Usually, it's only necessary to add up the lengths of theuiallial sides of the gure. We do have one
special formula for the circumferen€ of a circle of radiug (diameterd D 2r):

cCD2r D d (11.1)

Here isthe Greek lettepi, and is a mathematical constant equal to 3.1415926. ...

112 Pi()

The constant that appears in the formula for the circumference of a cirglactuallyde ned by that
equation: it is the ratio of the circumference of any cirdét$ diameter:

C
D Fl D 3:14159 2653589793 23846 26433 8327950288 41971 6939938209 74944 :: (11.2)

The number is a transcendental number, and its decimal digits contmund on without end and without
any pattern — just a seemingly random string of digits. Thenber appears over and over again in
mathematics and physics, and is the most famous constahbimaathematics. As of mid-2022 it has been

computed to 100 trillion digits, and it even has its own “daly”*. You will nd a key on any scienti c
calculator; it allows you to enter the value ofdirectly from the keyboard without typing in all its digits.
There are two famous fractional approximations of

22
- D 3:142857 142857 142857 142857 142857 142857 142857 14228b1 142857 : ::

(11.3)

355
113 D 3:1415929203 53982 30088 4955752212 38938 05309 7345838283 :::  (11.4)

1«pj Day” is March 14 (3/14) of every year, by act of Congress.
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It is important to realize that these are omlgproximation®f that can be useful in some circumstances.
The fraction355=113s a better approximation th&?=7 In most instances, you will just want to use your

calculator's| |key. Do noteverwrite © D 22=7 — that's false. It's only approximate: 22=7

And frankly, with modern scienti ¢ calculators having a htin  key, there is not much use for these
approximations anymore. These are more of a relic from ideslle era.
A more extended discussion of the numbetan be found in References [11] and [2].

Tau ()

One nds that appears in many, many formulas in mathematics and theargtiysics. It often appears
as the combinatio2 , and that has led a few in the mathematics community to adeaealacing with

a new constant D 2 . Using this constant, the circumference of a circlerisand its area i§r2. It's an
interesting idea, but not one that's likely to gain much matnen?

11.3 Area

Theareaof a plane (two-dimensional) gure is a measure of how much-tlimensional space it occupies.
In everyday life, we measure areas in units like square scguare feet, acres, and square miles. In metric
units, we often use square centimetersq{graquare meters (f), and hectares.

Here for formulae involving a radius (circle, cylinder, spde we will give formulae both in terms of the
radiusr and in terms of the diametdr D 2r. The radius formulee are better know, but the diameter foanul
are often quite useful, since it is often easier to measu@s'®diameter than to measure its radius.

There are some important formulee for the ateaf some two-dimensional gures:
+ Square of sida: A D a?

 Triangle of basd and altituden: A D %bh

» Circle of radius: AD r 2D d?

* Ellipse of semi-axes andb: A D ab

Another way to compute the area of a triangle is ugitegon's formula* If the triangle has sides of
lengtha, b, andc, then the area of the triangle is given by

ADps.s als bls cl (11.5)

wheres D .a C b C c/=2is the semi-perimeter of the triangle.

For the surface area of some three-dimensional gures:

+ Cube of sidea: A D 6a°

 Right circular cylinder (radius, lengthL , curved sideonly)AD 2 rL D dL
 Sphere of radius: AD 4r 2D d ?

2For a discussion by the founder of the thovement”, seehttps://www.math.utah.edu/ palais/pi.pdf
3A very old joke about the circle area formula goes: “Pi aregtiared — pie are round!”
4Named for Hero of Alexandria (A.D. 10-70).
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11.4 Volume

Thevolumeof a solid body is a measure of how much three-dimensionaespaccupies. In everyday life,
we measure volumes in units like teaspoons, tablespoops, pints, quarts, and gallons. In metric units, we
often use liters (L), cubic centimeters (&nand cubic meters ().

There are some important formulee for the voluvhef some three-dimensional gures:

+ Cube of sidea: V D a®
* Rightcircular cylinder (radius, lengthL): V D r 2L D 4d2L

« Sphereof radius: V D 5 r 3D zd?

11.5 Triangles
A triangleis a gure formed front he intersection of three straightlin They are of several types:
+ Acute triangleThree acute anglés.

+ Obtuse triangleHas an obtuse angfe.

Right triangle.Has a right anglé.

» Scalene triangleNo two sides equal.

Isosceles triangleAt least two sides equal.

Equilateral triangle.All three sides equal. Also sometimes calledeguiangular trianglebecause all
angles are equab ).

A detailed study of triangles is a whole subject in itseligbdnometry).

The Triangle Inequality

You might think of a triangle as the plane gure formed by centing three line segments. But not
every set of three line segments can be made into a triangéesdgments must satisfy tireangle
inequality. Given three line segments of lengthd, andc, witha b ¢, then the segments can be
connected to form a triangle if and only if

aChb ¢ (11.6)

This is the triangle inequality.

5An acuteangle is less tha@0 .
6An obtuseangle is greater tha®0 .
A right angle is equal t®0 , forming two perpendicular lines.
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11.6 The Pythagorean Theorem

Given a right triangle as shown here.

.

b

The two sides that make up the right angle are calleddfygof the triangle, and the side opposite the
right angle is called théypotenuse The Pythagorean theorem (due to the ancient Greek phiesand
mathematician Pythagoras of Samos, c. 570-495 B.C.) staiethe sum of the squares of the legs is equal
to the square of the hypotenuse:

a’?C b2 D c? (11.7)

There have been hundreds of different proofs of the Pytleagotheorem. One such proof was devised by
the 20th president of the United States, James A. Gar eldemgerving as a member of Congress. Gar eld's
proof was published in a mathematical journal and is comsitleo be quite original.

An extension of the Pythagorean theorem was investigatetid¥rench mathematician Pierre de Fer-
mat?

a"Cb"Dc" (11.8)

Fermat claimed that this equation cannot be satis ed foriatggersa, b, ¢ for n > 2 — a conjecture that has
been called-ermat's last theoremFermat had written in the margin of a mathematics book, “lehavruly
marvelous demonstration of this proposition which thisgirais too narrow to contain.” Mathematicians
have spent centuries searching for Fermat's claimed prabbwt any luck. The theorem was nally proved
in 1995 by mathematician Andrew Wiles (with Richard Tayld#?2, 43] But Wiles' proof is hundreds of
pages long and uses the latest cutting-edge ideas in nuhwEyt it could not possibly be the proof Fermat
claims to have had. It is still unknown what proof Fermat r@dyhether he even had a valid proof.

11.7 Polygons

The sum of the interior angles of a polygon witlsides is given by
sbD.n 2/D180.n 2/ (11.9)

so that in a regular polygon, the angle at each vertex will be

2 2
p 2 < pig " (11.10)
The number of diagonals than can be drawn in a convex polygghmasides is given by
. 3/
d D ””2 (11.11)

8Pronounceder-MAH.
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The following table summarizes the angle properties of lsagaolygons up through the decagon.

Regular polygon properties.
sides name sum of angles angle per vertex # diagonals

3 triangle 180 60 0
4 square 360 90 2
5 pentagon 540 108 5
6 hexagon 720 120 9
7 septagon 900 128:57 14
8 octagon 1080 135 20
9 nonagon 1260 140 27
10 decagon 1440 144 35
11.8 Circles

A circle is the locus of points in a plane equidistant from a given paialled thecenterof the circle. The
distance from the center to any point on the circle is calkextddius and twice the radius is thdiameter
The distance around the circle is called tieumference An angle that has its vertex at the center of a
circle of radiug cuts the circle in an arc of arc length

sDr (11.12)

where isin radians.
Circles have a number of interesting properties. One istierg problem is the problem of Apollonius,
described below.

The Problem of Apollonius

The Greek philosopher Apollonius of Perga (c. 262—190 B&eddand solved) this famous problem in his
book E * (“Tangenci€y: given three circles in a plane, construct a circle tarigerall three given
circles. There are eight possible cases; the solution wishoFigure 11.1.

11.9 Euclid

Euclid (. 300 B.C.) was an ancient Greek mathematician. He is aiergd the “father of geometry” and
did a great deal of work forming the foundation of geometririch he presented in his famous worke

Elementgin 13 books).
Euclid proposed vepostulates— ideas which are taken to be true without proof — upon whitbthler
geometric theorems are built. The following are taken todsble and true:

1. To draw a straight line from any point to any point.
2. To construct a straight line from a nite straight line.
3. To describe a circle with with any center and radius.

4. Allright angles are equal to one another.
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0. 0.0 0,
o: 0l e;e;

Figure 11.1: Solutions to the problem of Apolloniu€rédit: Wikipedia.)

5. If a straight line falling on two straight lines makes thé&erior angles on the same side less than two
right angles, then the straight lines, if produced indeehjt will meet on that side on which the angles
are less than two right angles.

Much of the remainder of he Elementsonsists of statements and proofs of many interesting gemme
theorems that may be deduced from these postulates.

If you think the fth postulate seems verbose and differeotf the rest, you're correct. The fth postu-
late, called theparallel postulatede nes normal Euclidean geometry. One may replace thdlphpastulate
with other postulates to construct alternatives, catlen-Euclidean geometries.

11.10 Geometrical Constructions

Since the time of the ancient Greeks, mathematicians hareib&erested in nding what geometrical gures
can be constructed usimply a straightedge and a compass. (One may not use markings ter a+wnly

a straightedge and compass are permitted.) Euclid discmsany of these constructionsTine Elements
Some famous geometrical constructions are:

» Constructing the perpendicular bisector from a segment.
 Finding the midpoint of a line segment.

» Drawing a perpendicular line from a point to a line.
 Bisecting an angle.

» Mirroring a pointin a line.

» Constructing a line through a point tangent to a circle.

» Constructing a circle through 3 noncollinear points.
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» Drawing a line through a given point parallel to a given line
» Drawing regular polygons of 3, 4, 5, 6, 8, 10, 12, 15, 16, 175ides

Note that there are some regular polygons gagnotbe constructed using only a straightedge and compass:
the septagon (7 sides), nonogon (9 sides), etc.

Some famous problems have been proved to be impossiblendt gossible to construct the following
using only a straightedge and compass:

» Squaring the circle. That is, constructing a square wighsiime area as a given circle.

» Doubling the cube. That is, constructing the edge of a cubese& volume is twice the volume of a
cube with a given edge.

 Trisecting an angle. That is, dividing a given angle inteethequal parts, each 1/3 of the given angle.

11.11 The Four-Color Theorem

Another interesting problem that has engaged mathemasidiar many years is the so-calléour-color
theorem It goes like this: given a map of the United States, suppasewanted to color each state a
different color so that no two states that share a commondbevduld have the same color. Or likewise for
a map of the world, coloring each country a different colottsat no two countries with a common border
would be the same color. Or likewise with any other map. Whahéminimumnumber of different colors
you would need?

It was proved some time ago that ve different colors will sef It was strongly suspected thé&tur
colors would be enough, since no one had been able to thinkngpathat wouldequire ve colors. For
many years nobody was ablegmvethat four colors is suf cient — until 1977, when some mathéigians
nally proved the theorem is true, using an unorthodox (andewhat controversial) computer-assisted
proof. It is now known that any map can be colored using only ftifferent colors.

11.12 Polyhedra

A solid whose faces are polygons is calledadyhedron(plural polyhedrg.
Since ancient times, it has been know that there are onlyregeilar polyhedra — that is, polyhedra
whose faces are all identical regular polygons. These aendgi the following table.

Name Faces F V E
Tetrahedron triangles 4 4 6
Cube squares 6 8 12

Octahedron triangles 8 6 12
Dodecahedron pentagons 12 20 30
Icosahedron triangles 20 12 30

HereF is the number of faced/ is the number of vertices, aril is the number of edges.

These ve regular polyhedra are called fRkatonic solids Amazingly, there are no more regular polyhe-
dra— only these ve.

Also of great interest is a formula (due to Euler) relatihgV, andE :

V ECFD2 (11.13)

This holds forany convex polyhedron, including the Platonic solids shownvabo
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. . cuemath
Platonic Solids f THE WATH EXPERT

Tetrahedron Cube Octahedron

Dodecahedron  Icosahedron

Figure 11.2: The Platonic solid<Cfedit: cuemath.com)

11.13 Summary of Area and Volume Formulee

125



Prince George's Community College College Mathematics Simpson

Curved Total

Name Figure Surface | surface | Volume
area area
h
Cuboid p | 2h(*+DB) | 2(b+bh| Ibh
| + |h)
| a
Cube : 4a? 6a? a’
Right
circular 2mnrh 2nr(r+h) | nr*h
cylinder
Right 1
circular nrl nr(l+ 1) §m'2h
cone
= 2 4
Sphere 4rr = e
Hemi- 3 5 2
sphere @ cxl s (EJ Rra

Figure 11.3: Area and Volume Formulas.
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Figure 11.4: The coin rotation paradox. The radius of ciBl&s three times the radius of cirche. Starting
from the position shown in the gure, circla rolls around circleB. When circleA returns to its starting
point, how many rotations will it have complete@@redit: Amanda Montafez, Scienti c American, 2023.)

11.14 The Coin Rotation Paradox

The 1982 Scholastic Aptitude Test (SAT) included the follogyroblem in geometry: Given two circlés
andB, where the radius dB is three times the radius &. Starting from the position shown in the gure,
circle A rolls around circleB. When circleA returns to its starting point, how many rotations will it lkav
completed? (Figure 11.4.)

As shown inthe gure, the SAT problem offered ve possibldigions—yet none of the offered solutions
is correct. Three students pointed this out to the Educalidesting Service that administers the SAT, who
were forced to acknowledge that they had made an error.

What is the solution to the problem? The obvious solutiomiadtice that the smaller outer circle has
circumference r , while the larger inner circle has radis3r/ D 6 r . Therefore, when the inner circle
rotates around the outer circle, the number of rotationk@friner circle shouldb& r/=2r/ D 3.

However, this “obvious” solution is incorrect, as you canifyefor yourself by making cardboard circles
with radii of 1 inch and 3 inches. You will nd that, in fact, ghsmaller circle makefour rotations around
the larger — not three. An extra rotation is introduced bseaie smaller circle is moving along a curved
circular path, not a straight line.

In general, the number of rotations made by the smallerewtladiusr; around the larger of radiug
will be

Cz

)
—~C1Db —=C1 11.14
) 0 ( )

whereC D 2 r is the circle circumference.
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11.15 Higher Dimensions

One of the most fascinating ideas in geometry is the ideagifdridimensions — geometry beyond the three
dimensions we have in the real world. It's dif cult or impaske for us to visualize these other dimensions,
but it is possible to use mathematics to determine the ptiegasf geometric gures in higher dimensions.
We can even use computers to get some idea of what highendiomal geometric gures would look like.

An excellent place to begin learning about higher dimersisnthe classic short science ction book
Flatland by Edwin A. Abbott [1]. First published in 1884, describesaional two-dimensional world, and
what happens when its inhabitants are visited by a being thenthird dimension.

Hyperspheres

A hyperspherén n dimensions is the locus of points equidistant from a xedmdthe center of the hy-
persphere). In two dimensions, it's a circle. In three disiens, it's an ordinary sphere. We can extend
the concept to higher dimensions, as shown in this tablewfédse areas” and “volumes” for hyperspheres
through 10 dimensions.

Areas and volumes of hyperspheres. [41]

Dim. “Area” “Volume”
1 2 2r
2 2r r2
3 412 ar3
2
4 2 %3 —r?
8 2,4 8 2.5
5 3 r 15 r
3
6 3¢5 —rb
16 3,6 16 3,7
7 15 r 105 r
7 4.8
8 r 7l
32 4,8 32 4,9
9 05 T gis T
5.9 5 10
10 o' 0"
2 =2 no1 n=2 n
n €3/ ' €.%(:1/r

Here by “area” we mean the space occupied by the surface bfhersphere, and by “volume” we mean
the amount of space occupied by the interior.

Hypercubes

We can likewise imaginkypercubes— in two dimensions, it's a square, and in three dimensidiss icube.
In n dimensions, a hypercube with sides of lengtias a “volume™a".

A four-dimensional hypercube is calledesseract It's dif cult to visualize a tesseract, but we can make
some drawings. Just as it's possible to make a two-dimeankiyawing of a three-dimensional cube, it's also
possible to construct a three-dimensional model of a tasséFigure 11.5). For even more insight, you can
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Figure 11.5: Three-dimensional view of a tesseract.

nd videos of arotating tesseract on Internet sites like YouTube. You'll see thahasesseract rotates, the
inner cube in Figure 11.5 passes through one of the facesexmiries the outer cube.
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11.16 Problems

n

© ® N o U M W

10.

Find the area of a triangle with base 8 cm and altitude 5 cm.

(a) Find the circumference and area of a circle of radiusi6(b) Find the circumference and area of
a circle of diameter 15 cm.

Find the volume of a right circular cylinder of radius 7 cnddength 11 cm.
Find the area and volume of a sphere of radius 3.4 centimete

Derive a formula for the area of a ring of outer radiuand inner radius < R .

. Derive a formula for the volume of a spherical shell of ousgliusR and inner radius <R .
. What is the radius of a sphere of volume 22¢@m
. What is the length of a cylinder of radius 1 cm and volume G99?

. Find the volume of a 9-dimensional hypersphere of radid€8ntimeters.

Suppose the Earth is a perfect sphere and a belt is tigghemound the equator. The belt is loosened
by adding 1 meter to its length, and now sits the same amofitih@fyround all the way around. Is
there enough room to slip a credit card underneath the BE{? [
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11.17 Projects

1. Afamous fallacious “proof” in geometry is due to ProfesSonald Bentley of Pomona College (Cali-
fornia). Professor Bentley's “proof”, from 1964, purpottsshow that all numbers are equal to 47. See
if you can nd Professor Bentley's “proof” on the Internetowk through it, and nd where its aw(s)
are. And theranustbe aws, since every number ot equal to 47. (Professor Bentley's “proof” is
the source of an inside joke in many episodes of the TV sBtav Trekafter the original series — that
is, Star Trek: The Next Generati@nd later series. The number 47 is shown on computer screens a
is mentioned in dialog quite a few times.)
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Chapter 12

Trigonometry

Trigonometry is the branch of mathematics that studiesgis, their sides and angles, and functions of the
angles.

12.1 Units for Angle Measurement

By default, we measure angles in trigonometry in unitsagfians In this system, a complete circle 2s
radians, a semicircle is radians, and a right angle isradians. If no units are indicated, you should assume
the units are radians.

More common in everyday use is to measure anglekegrees Degrees are indicated by a small raised
circle () to the right of the number. In this system, a complete ciicB60 , a semicircle i180 , and a right
angle is90 .

There are two systems for indicating angles between whaohebeus of degrees. In one system, one
simply speci es degrees as a real number, sucBa844. In another (somewhat older) system, degrees
are subdivided into minutes and seconds the same way an hoiuneois: one degree is divided into 60
minutes, and 1 minute into 60 seconds. Sometimes theseavaitalled “minutes of arc” (or “arcminutes”),
and “seconds of arc” (or “arcseconds”) to distinguish theamf units of time. The symbdlis used for
minutes of arc, an8®or seconds of arc. For exampl@s:5 D 36 30°, and20:75 D 20 45°. Fractions of
an arcsecond are indicated by decimals; for exaniie34° 11:36%°

Converting between degrees, minutes, and seconds andalelggrees is done the same way it was done
for hours, minutes, and seconds, described in Section 4.20.

In a third system, angles are measuredrads In this system, a complete circle is 400 grads, a semicircle
is 200 grads, and a right angle is 100 grads. Grads appearria gery old literature and may sometimes
be used in surveying, but are otherwise very seldom usdthath calculators often include a “grads” angle
mode.

Since a semicircle is radians and.80 , we can covert between degrees and radians as follows:

180
degD rad — | radD deg 180 (12.1)
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It's worth memorizing the following angles:

& radD 30 (12.2)
7 fadD 45 (12.3)
5 radD 60 (12.4)
5 fadD 90 (12.5)

12.2 Some Odds and Ends

Quadrants

Thex-y plane is divided into four quadrants, conventionally nureldd through IV (in Roman numerals).
The rst quadrant (Quadrant I) is the one where bothandy are positive. The other quadrants are numbered
I, 111, IV (the second, third, and fourth quadrants), goiogunterclockwise from the rst quadrant (Figure
12.1). The table below shows the details and angle rangesafir quadrant.

Quadrant x 'y Angles (rad)
I C C .0; 5/

I Cc p—

/

. 3
11 S
121

3
v  C 2

Complementary and Supplementary Angles

Two angles that add up to a right angle (adians) are said to l®mplementargngles.
Two angles that add up to radians are said to Imipplementargangles.

Multiples of 2

You are always free to add or subtract any number of multipfes radD 360 to or from any angle,
and the result will be the same angle, but called by a diffen@ame. This is becaus#60 is a complete
circle. For example, the following are all equivalentl{®:

» Adding multiples 0f360 : 370,730, 1090, 1450, ...
» Subtracting multipleso360: 350, 710, 1070, 1430,...

To reduce an angle to an equivalent angle in the ra&@360 /, simply divide the angle b860 . The
remainder will be the equivalent angle.

Example.Reduce the angl#46;870 to the equivalent angle in the ran@eQ 360 /.
Solution.If we divide 146;810by 360, we get 407 with a remainder of 290. Therefa#;810 D 290 ;
they are the same angle.
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+y axis

A

2nd Quadrant Tst Quadrant

1
-4 -5 4 3 -2 -1
—X axis |- 1 1 T > +x axis
0 1 4
-t

E ) /

Q L, +

Ird Quadrant 5 t

Figure 12.1: Quadrants in they plane.

12.3 Trigonometric Functions

Consider theunit circle (a circle of radius 1, centered at the origh), as shown here (Fig. 12.2).

o) sinf

0,sinf) tand = ——
(cosB,sinf) tan 00

180 (_1,0)K 1‘0) 0 7’ 360
©,

-1)

270°
Figure 12.2: The unit circle.

By convention, angles are measured counterclockwise, fn@@ x axis. Note the line segme@P that
makes an angle anglewith respect to th€ x axis. This because the circle has radiu®P, has length 1.
The projection ofOP onto thex axis is called theosineof angle , and is denoted cos The projection of
OP onto they axis is called thesineof angle , and is denoted sin.

The slopeof line OP is its “rise” (change iry) divided by its “run” (corresponding change x). The
slope is the same thing as ttemngentof angle (denoted tan):

rise _ sin

slopeD — D —— D tan
run -~ cos
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These are the three basic functions of trigonometry: soos , and tan .
Somewhat less common are the reciprocals of these thregdnsc

1
SecanW  sec —_—
cos
1
CosecanWW csc —_—
sin
1 cos
CotangentV  cot —_— =
tan sin

(The symbol means “identically equal to” — that is, true for all values of

Even and Odd Trigonometric Functions

The sine function is odd, and the cosine function is evenré&fbee:

sin / D sin (12.6)
cos / DC cos (22.7)

For the other functions: the tangent, cosecant, and cotdrfigiections are all odd; the secant function is
even.

tan / D tan (12.8)
csc / D csc (12.9)
cot / D cot (12.10)
sec / DC sec (12.11)

Functions of Complementary Angles

The pre x co-in the function names indicates their relationship to canpntary angles: the cosine of an
angle is the same as the sine of its complement. Likewise:

» The cotangent of an angle is the same as the tangent of ifsleomant.

» The cosecant of an angle is the same as the secant of its e

In equations:
cos Dsiny / (12.12)
cot Dtan5 / (12.13)
csc Dsecy / (12.14)
and similarly,
sin Dcosy / (12.15)

tan Dcot5 / (12.16)
sec D cscy (12.17)

~
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Powers of Trigonometric Functions

There is a notational convention used to indicate powerdggdnometric functions:
.sin /" is written sif :

And similarly with the other trigonometric functions:
.cos /" D cos' | .tan /" D ta ; etc

But we only do this fom > 0, to avoid a notational con ict with inverse trigonometriarfctions (Section
12.5).

Exact Values

Some trigonometric functions have exact values that canxpeessed in terms of rational numbers and
radicals. The more important values are shown in the tabitewband should be committed to memory. A
more extensive table is given in Appendix 12.

sinOD O cosOD 1 tanOD O

sing D % cosg D %p 3 tang D %p 3
sing D %p 2 cosz D %p 2 tan; D1

sing D %pﬁ cosz D tan D p§
sini D1 cosy D O tans D undef.
sin DO cos D 1 tan DO
sins-D 1 cos3DO tan3- D undef.

Some Lesser-Used Trigonometric Functions

There are a few trigopnometric functions that have been d& aed used in the past, but which are seldom
used today. But you may run across them from time to time:

ExsecanWW exsec D sec 1 (12.18)

VersineW vers D1 cos (12.19)
CoversineVN covers D 1 sin (12.20)
Haversinew hav D % vers (12.21)

12.4 The Right Triangle

Consider the right triangle shown here (Fig. 12.3). The lpgasite the angle is called theopposite side
and the other leg is thedjacent sideThe hypotenuse is opposite the right angle.

If we divide all sides by the length of the hypotenuse, thenge&ta similar triangle with all the same
angles, but with a hypotenuse equal to 1, just like the righhgle in Figure 12.2. It follows that we can
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<
fe)
Of@

/7
&
c Se

opposite

m| b_ 29

adjacent

Figure 12.3: Aright triangle.

compute the trigonometric functions of the angles of thgia&l triangle as follows:

it
sin D —PPOSE (12.22)
hypotenuse
dj t
cos D —acent (12.23)
hypotenuse
it
tan opp05| © (12.24)
adjacent

Example.Suppose we have a right triangle as in Figure 12.3, whosesiigpside has length 3, whose
adjacent side is length 4, and whose hypotenuse is lengt®,4,%] being a Pythagorean triple). Then we
have

3

sin D £ D 0:6 (12.25)
4

cos D 3 D 0:8 (12.26)
3

tan D i D 0:75 (12.27)

12.5 Inverse Trigonometric Functions

Look again at the unit circle in Figure 12.2. A line segmenteaigth 1 runs from the origin to the circle, and
that line segment makes an angl&ith respect to th€ x axis (measuring counterclockwise). When we ask
for the cosine of angle, we're asking for therojectionof that line segment onto theaxis.

Now consider the reverse question: given the projectiamto thex axis, what is the angle that has
that projection? That angle is given by tiwerse cosin®f x, sometimes called tha&rc cosineof x. The
inverse cosine is denoted cdsor as arccos:

D cos xlI D arccosx
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Note that this doesot mean the reciprocal¢os / ' & 1=cos D sec )! The 1 superscriptindicates an
inverse functiopnot a power.

There is a bit of a complication regarding inverse trigontrinéunctions. They're not really “functions”
at all — they're double-valued. Even if we restrict anglethmrange oD to 360, the inverse trigonometric
relations will generally returtwo different angles for a different argument. If we think for &ote about
what the inverse trigonometric functions do, it should bEachwhy that is. Consider the inverse cosine, for
example. We give the inverse cosine function a projectido timex axis, and ask it to tell us what angle
has that projection. After a few moments' thought, you mathat for any angle the inverse cosine gives
us, the angle will alsohave that same projection onto thexis.

When you enter a number into your calculator and ask it foiinkierse cosine, it will return to you an
angle between 0 and (radians). This is called thgrincipal value(P.V.) of the arccosine function. The
principal value is sometimes indicated with a capital lette

D Cos 1xl D Arccosx .principal valué

The same is true of the other inverse trigonometric funetidior the inverseinefunction, your calculator
will return you the principal value, which in this case is arge between - andC . The other, non-
principal value that your calculator doesn't tell you abauthesupplemento the principal value: that is,
minus the principal value.

For the inverseangentfunction, your calculator will return you the principal u&, which again an angle
between - andC . The other, non-principal value that your calculator ddesii you aboutis plus the
principal value.

This is all summarized in the table below.

Function P.V. P.V. Quadrants Other value
arcsin 2 E5; 5 I, IV
arccos 2 EO; - I,
arctan 2. 5 E/ I, IV C

arcsec 2 GEOZL/ I, 1
arccsc 2 .0; 5°® I, Il

arccot 2.0;/ 1,1l C

It's important to keep this multi-value nature of the inwetsigonometric functions in mind whenever
using them: your calculator tells you the principal valuglanbut there's a second angle that your calculator
is nottelling you; that's the one given by the table above.

12.6 Trigonometry on the Calculator

First of all, whenever doing trigonometry on your calcufatoe certain that the calculator is set for the
appropriate angle mode — degrees or radians, dependingich asgle units are being used.
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[.'I
Figure 12.4: A general triangleCfedit: http://hyperphysics.phy-astr.gsu.edu)

12.7 Trigonometric Identities

One may derive a number of important relations among thernogetric functions. One immediately comes
from applying the Pythagorean theorem to the triangle iruttiecircle (Fig. 12.2). We get

sif C cos 1: (12.28)
Dividing this equation through by cos or by sin , gives the following additional identities:

1C tarf sed (12.29)
1C cof cs@ (12.30)

Space will not allow us to present derivations of other int@atrtrigonometric identities, but a number of
them are given in Appendix 12. The interested reader isnedetio a standard trigonometry textbook, such
as Ref. [38}

12.8 Law of Sines

Consider a general triangle (Figure 12.4).
Thelaw of siness a mathematical relation between the angle8, C and the sides, b, c:

a b c
sinA sinB sinC

(12.31)

1In the author's opinion, modern textbooks have become favrbose and bloated, often over-explaining conceptsadint of
making them appear more complicated than they really anethfadreason, | generally recommend textbooks publishétEi970s or
earlier. The best seem to be from the 1950s and 1960s. (Aotvesteps down from his soap box.)
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12.9 Law of Cosines

Once again refer to the diagram of a general triangle, Figl.Ithelaw of cosiness a sort of generalization
of the Pythagorean theorem for triangles that are not nadbseght triangles:

c?D a?Cb? 2abcosC (12.32)

Note that if angleC is a right angle, then coB 0 and the law of cosines reduces to the Pythagorean
theorem, with hypotenuseand legsa andb.

12.10 The Cosine Formula

The so-calledcosine formuldets you determine the angle between two points on the Eaith the vertex
at the center of the Earth. From that, you can determinaistancebetween the two points, simply by
multiplying by the radius of the Earth.

Suppose we have two points on the surface of a spherical.Hadint 1 is at latitude ; and longitude
L1, and Point 2 is at latitude, and longitudd_,. Then the angle subtended by the two points, as seen
from the center of the Earth (the location of the angle vgritegiven by the cosine formula,

cos Dcos 1cos ocosLy Lo/ Csin 1sin » (12.33)

Under some conditions for whichis small, this equation may not be numerically well behavedhat case,
we may instead employ theaversine formula

hav D hav. ; 2/ Ccos 1cos ohavl, Lo/ (12.34)

Finding distances between two points on the Earth's surféte this formula follows what's called a
great circle path: the shortest distance between two points is alongckeairhose center is at the center of
the Earth.

This analysis assumes the Earth is a sphere. For a more tcoafaulation of the distance between
two points on the Earth's surface, you would want to take axdoount that the Earth is actually an oblate
ellipsoid. To do that, you would use Vincenty's formulse.]39

12.11 The Sine ofl

Appendix 12 includes a table of exact values of trigonorodtrctions at intervals 08 . Not included in
the table is sil , which turns out to be a complicated matter to work out. Biis been done in a recent
paper by Travis Kowalski of the South Dakota School of Mineg @&echology. [23] The result is:

0S r
. c?3gs » 9—p= pd—p=9—p= P 9—p= pd—pt—p=2
sinl D 5 1/ 2c' 3 "2 5C 52 ' 3cC 5 1/ 2¢ 3 "2 5C 5 2 64
S r 1
s 9—p= p A—7="—7= - == pA—p A —p=>
1 "5 2c 3c 25C 52 ' 3cC 5 1/ 2c 3 '25C 52 3 64§ (1235
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12.12 Applications

Example.Suppose (on a level eld) that you are 300 feet from the laupath of a model rocket. The model
is launched, rises vertically, then reachesapp@gegmaximum altitude) when you read, using a theodolite,
that makes an angle of 8@om the horizontal. What altitude did the rocket reach?
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12.13 Problems

1.

Compute the following with your calculator:  (a) sin  (b) cosz  (c) sing  (d) tany  (e)
cos% (Hsin37 (g)tan77 (h)cosll (i)sind5 (j)cot67 (k)sec34 (I) csc8l

. Compute the following. Givall angles betwee® and360 (or 0 to2 radians). Return your

answer in the angular units indicated.  (a) cb8:775 in degrees  (b) sint 0:224 in degrees  (c)
tan 1 1:4578in degrees  (d) sin 0:6644 in radians  (e) cos' 0:5555 in radians.

18 18
. Compute the following. Return the result in degrees.  &a)% 23 (bytant —— (c)

23
18

18 18
1 1 1 _
tan 23 (d) tan 23 (e) tan 73

. Convert the following from degrees, minutes, secondseimndal degrees: (a3 45°18° (b)

71 09559

. Convert the following from decimal degrees to degreesiutais, and seconds. Give your answers to

the nearest second of arc.  (&):45567 (b) 88:24405

. Suppose you are on level ground, 800 meters from the babe @iffel Tower. From your position,

you use a protractor to measure the angle from the base tophe the Tower to b0 . From this
information, estimate the height of the Eiffel Tower.

. Suppose you wish to measure the height of ChesapeakeYdalpace off 30 feet from the base of the

building (on level ground), then use a protractor to measiveeangle between the horizontal and the
top of the building. If you measure that angle to3%, then what is the height of Chesapeake Hall?

. Lovesick sailor Oscar Odysseus dwells on the island aftdinida Cunha3f 03°S, 12 18°W), and

his sweetheart, Penelope, lives on the nearest island Utfjrtunately for the course of true love,
however, Tristan da Cunha is the most isolated inhabitetispbe world. If Penelope lives on the
island of St. Helenals 55°S,5 43°W), use the following formula to calculate the great cirdistance
that Odysseus must sail in order to court her. (By conventiorth latitude is positive and south latitude
is negative; east longitude is positive, and west longiiadregative.)

DistanceD cos '@in ssin 4 Ccos scos qcosLy Lg/» 60

where ¢ andL s are the latitude and longitude (respectively) of the so(ffestan da Cunha); and
4 andL g4 are the latitude and longitude (respectively) of the desitom. This formula will give the
distance imauticalmiles, where 1 nautical mile = 1.150779 statute miles, océxd 852 meters.
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12.14 Projects

1. Write a calculator or computer program to compute the afrie using Eq. (12.35).
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Chapter 13

Analytic Geometry

13.1 Graphs

We can plot points, curves, and functions on what is callectyhplane: a diagram that hasCax axis pointed
to the right, and £y axis pointed upward. The axes are perpendicular, and theyahéheorigin. To plot a
point on thexy -plane, we indicate the point as ardered pair.x; y/ , wherex indicates the number of units
to go from the origin “over”, ang indicates the number of units to go “up”.

A graphof an equation is a drawing that shows all points that satiefyequation. For example, the graph
ofy D x?is a drawing that shows all points; y/ that satisfy this equation. In other words, the graph shows
all ordered pairsx; x 2/ for all values ofx. Of course, we can't really showall values — a graph can only
show a certain nite range of values overand ovely.

13.2 Rectangular (Cartesian) Coordinates

13.3 Distance Formula

The distance between two poiRg D .x1;y1/ andP, D .X»;y>/ is given by

p
jplpzj D X2 X;|_/2 C Yo y]_/2 (131)

13.4 The Line

There are many ways to write the equation of a straight linem@only used parameters are: glepe
(“the rise over the run”), th&-intercept (the value of when the line crosses theaxis aty D 0), and the
y-intercept (the value of when the line crosses theaxis atx D 0). These three parameters are related

through
m D b (13.2)
a
so that they are not independent of each other. Normallyltieesn andy -interceptb are chosen as the two

independent standard parameters.

Thestandard fornfor the equation of a straight line is
AXCByCCDO (13.3)
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In this form, the slopen D A=B, thex-interceptisa D C=A, and they-intercept isb D C=B.
Inversely, standard form can be written in terms of the slopndy-interceptb via

A D km (13.4)
BD k (13.5)
CDkb (13.6)

wherek is any nonzero constant.

Theslope-intercept forns a very common way of writing the equation of a straight lihés used when
both the slopen and they-interceptb are known:

yDmxCb (13.7)

In this form, thex-interceptisaD b=m
A less common version of the slope-intercept form invohresxt-intercepta instead of they-intercept
b:

y Dmx a/ (13.8)

In this form, they-interceptish D ma.

The point-slope formis used when we know the slope of the line and one p@inD .x;;y1/ lying on
the line:

y yiDmx Xxqf (13.9)

In this form, thex-interceptisa D b.x; y;=m/, and they-interceptiso D mx; C y;.

Theintercept formis used when we know both theintercepta and they -interceptb:

XY
~Cc=<D1 13.10
A (13.10)

Thetwo-point formis used when we know the coordinates of two points lying oritteeP; D .X1;y1/
andP,; D X2;Yy2!:

Y2 Y1 N

y leX2 Xt X1/ (13.11)

The parametric formdescribes the line in terms of a varying paraméteslong with a starting point
Po D Xo;Yo/:

x D xo C at (13.12)
y D yo C bt (13.13)

Perpendicular to a line

If a line has slopen, then a line perpendicular to it has slopg=m
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Distance from a Point to a Line
If a line has equatiodx C By C C D 0 and a pointPyg D .Xg;Yo/, then the perpendicular distande
between poinPy and the line is given by

B (13.14)

In terms of the slope-intercept form of the lipgeD mx C b, this distancel is given by

dp ™pCb Yo (13.15)

13.5 The Circle
Center at the origin; radius
x2Cy2Dr? (13.16)
Center atxo; yo/; radiusr:

X Xo/?’Cly yol?Dr? (13.17)

13.6 The Conic Sections

The Parabola

A parabolais the locus of all points whose distances from a xed poinédgial to their distances from a
xed line. The xed point is called thdocusand the xed line thedirectrix. The line through the focus and
parallel to the directrix is called tHatus rectunmt

y D %xz .p >0/ (13.18)

The focusis at p=2;0/, and the liney D p=2is the directrix. The lingg D p=2is the latus rectum.
In standard form, a parabola generally has the form

yDax?CbxCc (13.19)

Here the parameter determines the overall shape of the parabola: a lj@jgs a “narrower” parabola, while
asmalljaj is a “wide” parabola. Alsoa > 0 is a parabola opening upward, while< 0 is a parabola opening
downward. Changing causes the parabola to move left and right (inxtdirection); and changing causes

the parabola to move up and down (in thelirection).

The Ellipse

An ellipseis the locus of all points the sum of whose distances from twed points is a constant. The two
xed points are called théoci.?

1The plural oflatus rectunis latera recta
2Fociis the plural offocus and is pronounceBOHS-eygrhymes with “goat's eye”).
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X2 y2
ZCm D1 (13.20)

The semi-major axis ia, and the semi-minor axis [ Theeccentricityis

C
D - 13.21
eD — (13.21)

wherec D P a2z b2 isthe distance from the center of the ellipse to either ottieefoci.

The Hyperbola

A hyperbolais the locus of all points the difference of whose distancemftwo xed points is a positive
constant. The two xed points are called tfoei.

The line passing through the foci of the hyperbola is calfedransverse axisThe perpendicular bisector
of the segment connecting the foci is called tdomjugate axis The intersection of these axes is called the
centerof the hyperbola.

X2 y2

% @Dl (13.22)

The length of the transverse axis2ig, and the length of the conjugate axis axi®isThe eccentricityis

C
eD — 13.23
- (13.23)

wherec D P a2 C b? is the distance from the center of the hyperbola to eithenettvo foci.

13.7 Polar Coordinates

13.8 Solid Analytic Geometry

The Line
The Plane

Standard form:

axChyCc ' CdDO (13.24)

The Sphere

A sphere of radius has the equation

x2Cy2C’ '2Dr? (13.25)
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The Ellipsoid

The Elliptic Cone

The Paraboloid

The Elliptic Paraboloid

The Hyperboloid of One Sheet
The Hyperboloid of Two Sheets
Hyperbolic Paraboloid
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13.9 Problems
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Chapter 14

Interpolation
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Chapter 15

Probabllity

Probabilityis the study of random events, and how likely certain outcowid be. Probability and random-
ness play a central role iguantum mechanicsvhich is the theory that describes the motion of matter at
subatomic distance scales.

15.1 Some Simple Problems

For many simple problems, we may nd probabilities just kstilag the total number of outcomes, and seeing
how many of those satisfy the given conditions.

Example.When you roll a single six-sided die, that is the probabitityolling a 5?
Solution.There are six possible outcomes: 1, 2, 3, 4, 5, 6. Only oneasftlis a 5, so the probability of
rollinga 5 isz.

Example.When you roll a single six-sided die, that is the probabiityolling something other than 2 or
3?

Solution.There are six possible outcomes: 1, 2, 3, 4, 5, 6. Four of tAmsaeither 2 nor 3: 1, 4,5, 6. So
the probability of rolling something other than 2 or ﬁéisor %

Example.If you roll a pair of dice, what is the probability of rolling&?
Solution. There are 36 possible outcomes: six for for the rst die, aixdar the second. The possible
outcomes are:

oOUMWNR
PR R R RER
OURNWNRE
NNNNNN
OUNWNR
WwWwwWwwoww
oOUNWNR
ADMDMDMMDMD
OURNWNRE
g gl gl ol al
oOUMWNR
[ N el e Mo We))

Of all these possible outcomes, six of them add to 7: (6,12)(%,3), (3,4), (2,5), (1,6). Therefore, the
probability of rollinga 7 is>- D £.
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Example.If you roll a pair of dice, what is the probability of rollingnal 1?
Solution. There are 36 possible outcomes: six for for the rst die, aixdar the second. The possible
outcomes are:

o wWNR
PR R RRR
OUNWNE
NNNNNN
OO wWNR
WWwWwwww
o wNR
ADMDMDMDMD
OUAWNE
g aaaaa
oOUbhwWNR
[ N el e W e e e

Of all these possible outcomes, only two of them add to 115)(§5,6). Therefore, the probability of
rollingan 11isZ D .

Another way to think of this kind or problem is as follows: pgse we throw a pair of dice, and want
the probability of rolling a 7. The rst die could be any nunmpleut then there is only one possible value for
the second die. For example, if the rst die is a 5, then th@sdaiemustbe 2; therefore the probability of
rollinga 7 ist.

Or look again a rolling an 11. The rst die must be either a 5 @; she probability of rollinga 5 or 6 is
2 out of 6, or% D % In either case, there's only one number that will give anitthe rst die is a 5, the
second must be 6; and if the rstis 6, the second must be 5. dhs of rolling the correct “complement” to
the rstdieis %. Therefore, the probability of rolling an 11 is the probdkibf rolling a 5 or 6, followed by
the probability of rolling its complement for the given refe: £ D 7.

15.2 Combinations and Permutations

Combinations and permutations have to do with the numbeiffefent ways we can arrange a set of objects.
Combinationsthe number of ways of choosirigthings from a set of, where order doesot matter.
This is found to be:
!

D nCk Dz (15.1)

Permutationsthe number of ways of choosirkgthings from a set ofi, where orderingloesmatter.

(15.2)

Example. Suppose our objects are the ve letters A, B, C, D, E. Now s@ggporeach into this set and
grab two letters. How many different ways are there of grabltivo letters from a set of ve? The answer

is: it is the number oEombination®f 5 things taken 2 at a time:
!

5S
<D 10

D sC2D 555 275

There are 10 ways of grabbing a pair of letters: AB, AC, AD, B&;, BD, BE; CD, CE; and DE. Note that
order doesn't matter in this case: we just grabbed “a pailetiérs, so AB and BA are the same choice.

152



Prince George's Community College College Mathematics Simpson

Example. Suppose again that our objects are the same ve letters: &A,HB), and E. This time we'll
reach into the set and grab one letter, then reach in and ggatomd one. In this case, we will consider that
the order of selectiodoesmatter: AB (choosing A, then B) will be a different choice thBA (choosing B
rst, then A). In this case, the answer is the numbepefmutation®f 5 things taken 2 at a time:

5S

sP2 D £——=D 20: (15.3)

There are 20 ways of selecting one letter, then second,|stte that ordering is important:

AB BA AC CA AD DA AE EA
BC CB BD DB AE ED

CD DC CE EC

DE ED

As a special case, the consider the case where we seladailgkcts. In that case, the number of combina-
tions (order does not matter) is clearly just 1. To nd the rnemof permutations, we reason that the number
of different ways of selecting the rst object ig the number of different ways of selecting the second object
isn 1, etc., until we get down to the last letter remaining, whilelre will be only one way of choosing.

Then the number of permutations (ordieresmatter)isn .n 1/ .n 2/ ::: 1D nSingeneral,
!

S S S
D WCaD =2 pp™pg (15.4)

nS.n n/S nSOS nS

nS nS_ .

P, D -D —DnS 15.5
""" n nS S n ( )

Example.In the previous examples, we were choosing from the settafrtef, B, C, D, E. Suppose now
that we select all ve letters. The number of combinationsléy doesn't matter) of letter selections is then
just1: A, B, C, D, E. But if ordedoesmatter, then the number of possible letter selectio8Si3 120.

15.3 Flipping Coins

Suppose you have ve fair coins, and ip all ve so that eachedlands either heads-up (H) or tails-up (T).
What is the probability of getting two heads?

The answer is: you need to re-phrase the question. The goesistated is ambiguous. What do you
want to know, exactly? The probability of gettiegactlytwo heads, or the probability of gettirag leasttwo
heads? The original question could be interpreted eithgr arad this can be a major dif culty in working
with probability questions. Questions must be posed veegipely, so that it's clear what we're trying to
nd. In either case, there are a number of ways to approachkind of problem.

Counting

This is the most basic and straightforward way to attack kirisl of probability problem: simply list all
possible outcomes, and count how many satisfy the giveeriitin this case, there are ve coins, and each
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one could land either heads or tails. How many possible owtsoare there? The rst coin could come up
either heads or tails (two possibilities). Independentat tthe second coin has two possible outcomes, so
the rst two coins together hav2 2 D 22 D 4 possible outcomes: HH, HT, TH, TT. Independentiudt,

the third coin likewise has two possible outcomes, so thethisee coins togetherhaz 2 2D 22D 8
possible outcomes: HHH, HHT, HTH, HTT, THH, THT, TTH, TTT. @tinuing in this way, it's clear that
the ve coins have2® D 32 possible outcomes:

HHHHH HTHHH THHHH TTHHH
HHHHT HTHHT THHHT TTHHT
HHHTH HTHTH THHTH TTHTH
HHHTT HTHTT THHTT TTHTT
HHTHH HTTHH THTHH TTTHH
HHTHT HTTHT THTHT TTTHT
HHTTH HTTTH THTTH TTTTH
HHTTT HTTTT THTTT TTTTT

Now let's count how many of these possible outcomes have addjeexactly one head, exactly two
heads, etc:

Exactly O heads: 1
Exactly 1 head: 5
Exactly 2 heads: 10
Exactly 3 heads: 10
Exactly 4 heads: 5
Exactly 5 heads: 1

These numbers add up to 32 (as they must) — the total numbeossilpe outcomes. The number of
outcomes that havat leasttwo heads is the sum of the numbers for exactly 2, exactly &ctéx 4, and

exactly 5 heads10OC 10C 5C 1D 26.
From these numbers, it's clear that:

10
» The probability of gettingexactlytwo heads i53—2 D 0:3125

26
» The probability of gettingt leasttwo heads i53—2 D 0:8125

Now if you look closely at the list of outcomes above for ekact heads, you may notice something: the
numbers listed are from a row in Pascal's triangle — the tabtoef cients for the expansion of a binomial
to then-th power (the 5th power in this case). The ipping of coinsults in what's called &inomial

distribution
!

PxDWDE pX1 p/n (15.6)

fora coin,p D % and this reduces to
!

1
Px Dk D E o (15.7)
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where

nS
D G D —— 15.8
"E SN kIS (15.8)

15.4 Pizza Toppings

Question:Suppose Pizza Palace restaurants offer 35 different tgpfor their pizza. How mangifferent
pizzas can Pizza Palace make?

There's a nice way to solve this kind of problem, uslrigary (base 2) arithmetic. In binary, the digits
can only by 0 or 1. Counting in binary goes like this:

0 DO
1 D1
10 D2
11 D3
100 D 4
101 D5
110 D6
111 D7
1000 D 8
1001 D 9

and so forth. Binary arithmetic is used by electronic corepaitbecause the binary digits (calleits) can
each represent an “on” or “off” stat@:D “off”, 1 D “on".

Now consider a binary integer that is 35 bits long. We assigizaa topping to each bit: a 0 bit means
that topping is missing, and a 1 bit indicates that toppingrésent. Then all the numbers we can represent
with 35 bits is equal to the number of different pizzas we catken

00000000000000000000000000000000000 represents awithwao toppings
1111111122111212111211111111111111111  represents awithzaverything (all toppings)

The binary number 11111111111111111111111111111111144se 10 (decimal) &3 1, so the total
number of integers from 0 t2°® 1 (inclusive) is23¢. Thus the total number of different pizzas that Pizza
Palace can make with 35 different toppings is

236 D 68:719;476:736

or about 68.7 billion.

15.5 The Birthday Problem

Question:How many people would you have to have in a room in order foreth@be at least a 50% chance
that at least two people in the room have the same birthday?

You intuition might tell you the answer is something like 3®8it it's very different. We'll attack this
problem by calculating the probability ofo matches, then subtract that from 1 to nd the probability bf a
least one match. In a room df people, the rst person can have any of 365 days for his bayfidThe

IFor simplicity, we'll ignore leap years.
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second person may have his birthday on any of the remainithg&gs; the third person may have his birthday
on any of the remaining 363 days, and so forth. The probgifilithat at least two have the same birthday is
then

365 364 363 ::: .365 NC1/

PD1 e (15.9)

Where the denominatdg5" , is the total number of possible combinations of birthd&@egging in speci ¢
values ofN, we nd the numbers shown in Figure 15.1 Surprisingly, onedseonly 23 people in the room
to have a 50.7% chance of at least one pair of matching biythdas you can see from the plot, any room
with more than about 60 people is almost guaranteed to hdeasitone pair of matching birthdays.

The Birthday Problem
100% e

90%

80%

70%

60%

50%

40%
30% /
20%

10%

Probability of matching birthdays

0% 1
0 10 20 30 40 50 60 70 80 90 100

Number of people in room, N

Figure 15.1: Probability of nding at least one pair of mataipbirthdays in a room ol people.

15.6 The Golden Grahams Cereal Problem

Years ago, the author spotted boxes of Golden Grahams dertba supermarket. The boxes were marked,
“Free digital watch in every 15th box!” In other words, onexbmut of 15 had a digital watch inside. That
raises the question: how many boxes of cereal would you leelwaytin order to be certain of getting a watch?

Your intuitive response might be: 15 boxes. But it's not aspe as that. There are many thousands of
boxes, and you could very easily buy 15 boxes andaticdbf them to be “watchless”; 15 would only be the
correct answer if there were exactly 15 boxes and you kneiettectly one of them contained a watch.

Actually, the question we asked is not well posed. Taceeain of getting a watch, you would have to
know the total number of boxes made. Then 85% of them woulda@chless”, and you would have to
buy one more than that number to be absolutely certain oifingest watch. For example, suppose 900,000
boxes were produced. Then 15% of those (135,000) would icoatevatch, and 85% (765,000) would be
watchless. In order to beertain of getting at least one watch, you would have to buy at leaS{008. boxes
of cereal.

But this is not a particularly useful result — nobody is golmgy $5 million in boxes of cereal in order
to get a $5 watch. The probleshouldbe phrased as: how many boxes of cereal would you have to buy in
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order to have a (50%, 90%, 95%) chance of getting at least ateh®

The way to think about this kind of problem is to think in term&“success” (getting a watch) and
“failure” (not getting a watch). In buying any one box, the@pability of success i§1—, and the probability of
failure (no watch) is}—g. Now supposed | butwoboxes. The probability of nding a watch in the rst oneis

1
5, and so

1 1 1 2

— ~— D =

15 15 15
is the probability oftwo successes: that is, the probability tbathboxes contain a watch. Similarly,

1 3

15
is the probability othreesuccesses: that is, the probability thithreeboxes contain a watch (about 0.03%
— avery small chance). Butthis isn't what we're after. Whatwant is actually the probability of successive

failures because the rst time wdon't have a failure, then we have at least one watch.

Since the probability of a failure (no Watch)%é, then buying one box will have a probability % of

no watch, which means a probability bf % that wedo nd a watch. Likewise, if we buy two boxes, then

14 14 14 z
15 15 15
is the probability of two failures — the probability thageitherbox has a watch, and so
14 *
15
is the probability of getting at least one watch if we buy tvaxés. Continuing with this same reasoning, the
probability of getting at least one watch b boxes of cereal is

14 N

PD1 —
15

(15.10)

Figure 15.2 shows a plot of this probabilRyas a function of the number of boxes bought.
As you can see from the gure, we would need to buy the follayuiumber of boxes to get at least one
watch:

* 50% chance: 11 boxes
* 90% chance: 34 boxes

» 959% chance: 44 boxes

As this analysis shows, buying 15 boxes would give you a iibaof only 1~ 2 D 64:3% of

15
getting at least one watch.

15.7 Benford's Law

It's not unusual for probability theory to produce resultattare quite counterintuitive.

Table 15-1 shows data for per capita energy use for 33 casntiiwo columns of data are shown in the
table: one of the columns is real data, and one columns isdatee Which column shows the real data, A or
B?
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Probability of Finding a Watch in Golden Grahams
100 A
90 -
80
70 4
60 -
50

40

Probability (%)

30

20

0 T T T T T T T T T T
0 10 20 30 40 50 60 70 80 90 100

Number of boxes, N

Figure 15.2: Probability of getting at least one digital ebatfter buyindN boxes of Golden Grahams cereal.

At rst glance, it appears that there is no possible way tbwélich column contains the real data—we
simply aren't given enough information. But it turns outttlizere is a way to distinguish the real data from
the fake data, without knowing anything about the countrgtsd.

In the 1880s, astronomer Simon Newcomb noticed that whendm to the library to use their table
of logarithms, the pages near the front of the book were muaterworn than those toward the end. After
doing some investigating, he discovered that in many cageienental data has the property that the leading
number is 1 most often, the leading digit is 2 somewhat leenphind so on—uwith the leading digit being
9 least often. This principle was re-discovered by physieiank Benford in the 1930s, and is known as
Benford's law It states that in many situations, real-world data hasehdihg digitd with probability

1
P.d/Dlogo 1C 3 : (15.11)

Computing this for each of the digils :: 9, we nd

o

P.d/
0.3010
0.1761
0.1249
0.0969
0.0792
0.0669
0.0580
0.0512
0.0458

O©CoOoO~NOULA~, WNPE

so that the leading digit should be 1 about 30% of the timeittsliould be 9 less than 5% of the time.
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Table 15-1. Per capita energy usage by country (in GJ/year).

| Country | Column A | ColumnB |
Albania 28.29 67.02
Belgium 239.54 199.75
Brazil 44.84 86.27
Bulgaria 105.34 61.62
Canada 348.63 342.93
China 47.81 64.78
Columbia 26.75 56.43
Egypt 31.97 47.61
France 189.77 255.96
Ghana 16.81 30.54
Greece 113.34 151.54
Guatemala 25.53 36.29
Iceland 492.16 697.20
India 21.52 47.37
Italy 131.34 85.57
Jamaica 64.89 99.71
Japan 169.70 76.41
Kenya 20.21 55.64
Luxembourg 395.17 509.80
Nepal 14.11 47.56
Norway 249.21 369.28
Portugal 104.24 74.87
Qatar 898.62 754.22
Russia 185.77 84.29
South Africa 109.07 80.44
Tajikistan 21.05 50.74
Togo 18.70 36.16
Turkey 46.44 47.39
United Kingdom 164.56 75.92
United States 327.38 530.31
Yemen 12.38 37.21
Zambia 25.23 10.11
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Now let's look back at the data in Table 15-1. If we count up tluenber of times the leading digit in

column Aiis1; 2;:::;9 then do the same for column B, we nd:
d ColumnA ColumnB
1 13 3
2 9 1
3 4 6
4 4 4
5 0 5
6 1 4
7 0 4
8 1 4
9 0 1

Dividing each of these by the number of countries (32) givesftequency distributions of the leading
digits:

d ColumnA ColumnB
1 0.4063 0.0938
2 0.2813 0.0313
3 0.1250 0.1875
4 0.1250 0.1250
5
6
7
8

0.0000 0.1563
0.0313 0.1250
0.0000 0.1250
0.0313 0.1250
9 0.0000 0.0313

These frequencies are plotted in Figure 15.3, along withfiteguencies predicted by Benford's law.
Clearly column A follows Benford's law more closely; the tallata is column B.

The same situations applies in many other cases. For exaggquecan check the leading digits in the
tables of physical constants in Appendix 29. The resultshosvn in Figure 15.4. There is better agreement
with Benford's law in this case because there are more nusnbed therefore better statistics.

Benford's law is quite counter-intuitive, since you wouldpably expect the leading digit of numbers in
a data set to be each of the digits 1 through 9 with equal piltityahe reason most numbers begin with 1
has to do with the way the data is distributed: if the datasriiuted by arexponential distributiorthen the
leading digits will be equally distributed logarithmicglko that the leading digit 1 occurs most frequently.
Not all data is distributed this way, though. You could net, &xample, apply Benford's law to data on the
heights of human adults. If the heights are measured intfese will be a lot of numbers whose leading digit
is 5, a smaller number beginning with 4 or 6, and few or no nusbéiose leading digitis 1, 2, 3, 8, or 9.
This is because adult human heights are distributedrixyranal distribution not an exponential distribution.

Benford's law can be used in many practical circumstancehéak for fraudulent data. For example, it
can be used by the IRS to check tax returns for tax cheatesgibgce instructors looking for “invented” lab
data, or by economists checking for fraudulent data in ecoatransactions.

(For more on Benford's law, see e.@rainteaser Physicby Goran Grimvall [18], which inspired the
energy use example.)
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Figure 15.3: Benford's law applied to energy use for 32 cdest
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Figure 15.4: Benford's law applied to physical constants.
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15.8 The Monty Hall Problem

TheMonty Hall Problemis named after the host of the 1960s game shetis Make a Deal The problem
caught the attention of the public when it appeareBarademagazine (a Sunday newspaper supplement) in
1990, in Marilyn vos Savant's “Ask Marilyn” column. One resacasked Marilyn the following question:

Suppose you're on a game show, and you're given the choidereétdoors: Behind one door
is a car; behind the others, goats. You pick a door, say Nond tlae host, who knows what's
behind the doors, opens another door, say No. 3, which haatalde then says to you, “Do you
want to pick door No. 2?” Is it to your advantage to switch yohioice?

Marilyn's answer was “yes” — yoghouldswitch. Switching to door No. 2 willloublethe odds of winning
the car, froms to 2.

Marilyn received some 10,000 letters from readers (incigdiearly 1000 PhDs), telling her she was
wrong. Marilyn wrote a follow-up column explaining her arewin detail, and even that failed to convince
many people. Even the prominent mathematician Paul Erdhssed to believe it until he was shown a
computer simulation that supported Marilyn's result.

Here is Marilyn vos Savant's original answerfarademagazine: [40]

Dear Craig:
Yes; you should switch. The rst door ha? chance of winning, but the second door @s
chance. Here's a good way to visualize what happened. Saghese are aillion doors, and
you pick door #1. Then the host, who knows what's behind thersland will always avoid
the one with the prize, opens them all except #777,777. Yewidch to that door pretty fast,
wouldn't you?

Quite a few people wrote in to Marilyn (including prominenathematicians), telling her why she was
wrong. (She wasn't wrong.) Here are some example letters femders.

Dear Marilyn:

Since you seem to enjoy coming straight to the point, I'll He same. In the following question
and answer, you blew it!

“Suppose you're on a game show, and you're given a choiceretttloors. Behind one is a
car; behind the others, goats. You pick door #1, and the dgi,knows what's behind them,
opens #3, which has a goat. He then asks if you want to pick #2t tb your advantage to
switch?” You answered, “Yes, you should switch. The rst dbas a% chance of winning, but
the second has?chance.”

Let me explain. If one door is shown to be a loser, that infaiomechanges the probability of
either remaining choiceeither of which has any reason to be more Iikedry%. As a professional
mathematician, I'm very concerned with the general publiatk of mathematical skills. Please
help by confessing your error and in the future being morefar
Robert Sachs, Ph.D.

George Mason University

You blew it, and you blew it big! Since you seem to have dif tubrasping the basic
principle at work here, I'll explain. After the host reveasgoat, you now have a one-in-two
chance of being correct. Whether you change your selectiantpthe odds are the same. There
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is enough mathematical illiteracy in this country, and wa'tineed the holder of the world's
highest I.Q. propagating more! Shame!

S.S., Ph.D.

University of Florida

Your answer to the question is in error. But if it is any comasian, many of my academic
colleagues have also been stumped by this problem.
Barry Pasternack, Ph.D.
California Faculty Association

Marilyn followed up in heParadecolumn the following week:

Dear Readers:

Good heavens! With so much learned opposition, I'll bet thig is going to keep math classes
all over the country busy on Monday.

My original answer is correct. But rst, let me explain why yoanswer is wrong. The
winning odds of% on the rst choice can't go up té just because the host opens a losing door.
To illustrate this, let's say we play a shell game. You loolagyand | put a pea under one of the
three shells. Then | ask you to put your nger on a shell. Thdthat your choice contains a
pea ar%, agreed? Then | simply lift up an empty shell from the remandther two. As | can
(and will) do this regardless of what you've chosen, we'varteed nothing to allow us to revise
the odds on the shell under your nger.

The bene ts of switching are readily proven by playing thgbuhe six games that exhaust all
the possibilities For the rst three games, you choose #1'amitch” each time; for the second
three games, you choose #1 and “stay” each time; and the lstsaopens a loser. Here are
the results.

DOOR 1 DOOR 2 DOOR 3

Game 1l AUTO GOAT GOAT Switch and you lose.

Game?2 GOAT AUTO GOAT Switch and you win.

Game 3 GOAT GOAT AUTO Switch and you win.
DOOR 1 DOOR 2 DOOR 3

Game4  AUTO GOAT GOAT Stay and you win.

Game5 GOAT AUTO GOAT Stay and you lose.

Game6 GOAT GOAT AUTO Stay and you lose.

When you switch, you Win} of the time and Ioséat, but when you don't switch, you only
win % of the time and Ios%. You can try it yourself and see.

Alternatively, you can actually play the game with anotherspn acting as the host with
three playing cards—two jokers for the goat and an ace fopttze. However, doing this a few
hundred times to get statistically valid results can gettkeliedious, so perhaps you can assign
it as extra credit—or for punishmenfTijat'll get their goats!)

Even after this explanation, the debate continued. In Masinext column:
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Dear Readers: Gasp! If this controversy continues, evempadisemarnwon't be able to t
it into the mailroom. I'm receiving thousands of lettersarig all insisting that I'm wrong, in-
cluding the Deputy Director of the Center for Defense Infation and a Research Mathematical
Statistician from the National Institutes of Health! Buttimanswers aren't determined by votes.

Marilyn then goes on to explain her solution in even moreitatceives more letters telling her she's
wrong, etc.

Marilyn's answer is absolutely correct. If you'd like to anore about the letters she received and her
responses explaining her solution, you can nd it all in heokAsk Marilynby Marilyn vos Savant [40].
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15.9 Problems
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Chapter 16

Statistics

16.1 An Abundances of Averages
Given a set of data, there are many different ways to deterthia “average” of the data.

» Use the(arithmetic) mearwhen the data values are symmetrical and there are no cldarsu
» Use themediarwhen the data values are skewed or when there are clearrsutlie

» Use themodewhen the data values are nominal or ordinal, or when the meguént value is of
interest. Used for categorial data or histograms.

» Thegeometric meais best for reporting average in ation, percentage chaage, growth rates. Be-
cause these types of data are expressed as fractions, thetgieanean is more accurate for them than
the arithmetic mean.

» Theharmonic meatis applied in the nance to the average multiples like préggnings ratio. Itis also
used by the market technicians in order to determine thenpattike Fibonacci Sequences.

» Thearithmetic-geometric mean

16.2 The Mean

To nd the mean (also called tharithmetic meajy we add allN points together, then divide by :

1 X
ND = x, (16.1)

N
kD1

16.3 The Median

The medianof a set of data is found by arranging the data in numericatmttden taking the number in the
center of the list. If the number of data points is even, we thie mean of the two center pointsin the ordered
list.

166



Prince George's Community College College Mathematics Simpson

16.4 The Mode

Themodeof a set of data is the value that occurs most frequently.

16.5 The Geometric Mean
For two data pointg andy, the geometric mean is the square root of the product:
cpoPxy (16.2)

More generally, folN data points, we multiply alN points together, then take tié-th root of the
product:

Y]

GD © Xi (16.3)
kD1

16.6 The Harmonic Mean

The reciprocal of the mean of the reciprocals.

wp L1701 (16.4)

16.7 The Arithmetic-Geometric Mean

Thearithmetic-geometric meaagmx; y/ of two numbers< andy is found by computing the arithmetic and
geometric means of andy, then the arithmetic and geometric mean of those two mehas,iterating this
process over and over again until the two means converge:

AnC G
Anc1 D % (16.5)

P
Gnc1 D AnGy (16.6)

HereA, denotes an arithmetic mean, aBd a geometric mean.

16.8 Standard Deviation

The standard deviatiorof a set of data is the square root of the mean of the squaré afaviation of the
data from the mean:

Xk N/ (16.7)
kD1

The square of the standard deviatios)is called thevariance
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16.9 Linear Regression

Linear regressionis a method for calculating the equation of the “best” stnaigne that passes through a
set of points. By “best,” we mean the “best t” straight linghke one that passes as closely as possible to as
many points as possible.

To calculate the equation of this best t straight line, yagn with a set oN data points,x;;y;/, for

[
Sum ofx;: Xi

iD1

[
Sum ofy;: Yi

iD1

[
Sum of squares of; : x2

iD1

[
Sum of products;y; : Xi Vi
iD1

The equation of the “best t” straight ling D mx C b will then have slope

M M M
N Xy X Yi
iD1 iD1 iD1
mD R (16.8)
P, M
N X Xi
iD1 iD1
andy -intercept
I I I I
M P, M M
Yi X; Xi XiYi
iD1 iD1 iD1 iD1
bD ?2 (16.9)
R, r
N X Xi
iD1 iD1
Example

Suppose we're given the following data, and wish to nd thetbéstraight line through the points.
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We begin by calculating the squares of th& and the productg;y; for eachi:

X | i X2 | xiyi
1 3 15 9 45
2 1 1 1 1
3 5 17 25 85
4 8 29 64 | 232
51 12 45 | 144 | 540

We then nd the sums of each column:

[ Xi Yi X2 | xyi

1 3 15 9 45

2 1 1 1 1

3 5 17 25 85

4 8 29 64 | 232

5| 12 45 | 144 | 540
Sums| 23 77 | 243 | 903

So that we have

X

xi D 23
iD1
X

yi D 77
iD1
X

xZ2 D 243
iD1
X

XiYi D 903
iD1

(Note thatN D 5, since we have ve data points.) Substituting these intoE¢h) and (2), we get

5 903/ .23 77/

m D —5 o3 22 P4
77 243/ 23 903/
b D 5 243 22 D 3

The equation of the straight line that best ts these poisithius

yD4x 3 (16.10)

You should work through this example carefully to be certhit you understand how this works.
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Application to Nonlinear Fits

You can do quite a bit with linear regression beyond jusingtidata to a straight line. For example, if you
know your data should follow a relation of the foymD Ax 2, you can ploty vs.x?2; the slope will give you
straight line with slopé\. Or if you knowth$relation should be of the foynD A" X (as with the period of
a pendulum, for example), you can plot/s.” x; you should get a straight line whose slop&isOr even if
you only know that the data should follow something of therigr D Ax®, you can plot Iry vs. Inx. Since
Iny D InA C binx, the result should be a straight line with sldpandy-intercept InA. (You could use
logarithms to any convenient base here.)

16.10 The 2 Test

The 2testis used to determine whether variations in data arec@mtiom chance, or if there is some other
effect present causing the variations. To use theéest, we do the following steps:

1. Form anull hypothesisa statement of what you expect to be true of the data.

2. From the null hypothesis, you can compute the expectedt fes each possible outcome.

3. Find the number odegrees of freedonthis isone less thathe number of different outcomes.
4

. For the number of degrees of freedom, we will look updtitical valuein a 2 table (see Appendix
19). The nominal con dence level when using this table iSQ@6% con dence).

5. Compute the 2 value for the data, using this formula:

X0, E?
2D % (16.11)
iD1 !

where there ar8l data pointsQ; are the observed results (data), &dare the expected results.

6. If ?isless tharthe critical value, then we accept the null hypothesis as ifu 2 is greater tharthe
critical value, then we reject the null hypothesis.

Example.Suppose you ip a coin 50 times, and you get 28 heads and 22 taithe coin fair?

Solution. First we form a null hypothesis: the coin is fair. As a consate, we expect 25 heads and
25 tails. For each coin, there are two possible outcomesdshertails. Then the number of degrees of
freedom is2 1, or 1. Referring to the ? table (Appendix 19), we nd a critical value for the 0.05 I¢ve
(95% certainty) is 3.841.

Now compute 2 for the data:

X o E/P

_ E;

iD1

28 252 c 22 25/

25 25
9 9
%28
18

D —=DO0:72
25

’D

D
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The computed ? D 0:72is less than the critical value of 3.841, so we accept thehybthesis (with 95%
con dence), and conclude that the coin is fair.

Example.Suppose you roll 36 dice, and get the results shown in thie.téve the dice fair?

# dice

OO WNPRS
=
OUO@ODAI\J

Solution.First, we form a null hypothesis: the dice are fair. If thats then we expect to get each number
1-6 1/6 of the time. Since there are 36 dice, that means thahaeld expect six rolls of each number: the
expected number of dice showing each value is 6.

For this problem, the number of degrees of freedom is1 D 5. Referring to the 2 table (Appendix
19), we nd a critical value for the 0.05 level (95% certaipty 11.070.

Now compute 2 for the data:

ZDX“ 0, Ej/?
_ E;
iD1
2 62 4 62> _ 8 62 _9 62 3 62 .10 6/
D c c c c c
6 6 6 6 6 6

pPciciclcic®
6 6 6 6 6 6

D 5—5 D 9:667

The computed 2 D 9:667is less than the critical value of 11.070, so we accept thehyplothesis, and
conclude that the dice are fair (with 95% con dence).

16.11 The German Tank Problem

This problem has its origin in an historical applicationdddy the Allied forces during World War I, in
which the Allies wished to determine the rate of German tarddpction based on limited information. A
more modern formulation may be posed by this example: suppos observe a number of delivery trucks
from a certain company, and each truck is marked with a truckber. You know the trucks are numbered
starting with 1. Around town one day, you spot trucks numisr4D, 42, and 60. How many total trucks
does the company have?

Of course, it's impossible to answer this exactly withousetving every single truck, but yatan make
an estimate. The idea is that since you've seen truck #60 thast beat least60 trucks. But if the company
had, say, 1000 trucks, then it's unlikely that you would halserved such low numbers. So the most
probable number of total trucks must lie somewhere betw&amé 1000.

There are a couple of ways to attack this problem. In one theatled thefrequentist approachwe
estimate the total number of truckk using the largest truck number observeg) @nd the number of truck
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spotted k). The total number of trucks is estimated by

N mC % 1 (16.12)
In this examplem D 60is the largest truck number observed &b 4 is the number of trucks spotted, so
we estimateN 74 trucks total.
According to another approach, tBayesian approactihe estimate for theediartotal number of trucks
is given by

min.2/

Nmeda mMC K 1 (16.13)
while an estimate for themeantotal number of trucks is found from
k 1
Nmean .M 1/m (16.14)

The Bayesian approach in this example yidlisq 74, andNmean  89.

16.12 Bayesian Statistics
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16.13 Problems
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16.14 Projects

1. Investigate the details of how thé table in Appendix 19 is calculated. Then write a computegpam
(in the language of your choice) to compute your ovértable. Your table may contain more rows, or
more columns, or more signi cant digits for each criticaluea
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Chapter 17

Set Theory

Set theory (along with mathematical logic, presented inntésa chapter) form what are called the “founda-
tional” branches of mathematics. In principle, the entioely of mathematics can be derived starting with
these two elds as the basis. In this chapter, we'll preseirief overview of some of the concepts of elemen-
tary set theory, but these ideasmachdeeper than what is presented here. Research in set thediyues

to this day, and includes some cutting-edge mathematisahreh.

17.1 Sets

A set is a collection of objects. The objects (calledmbersr elementf the set) might be letters of the
alphabet, people, cars, dogs, horses, or anything elsedsitoften in mathematics the objects are numbers.
Sets can include a nite or an in nite number of members.

Sets can be speci ed by simply listing all their elementswsen braces. For example, the set of the rst
ve lowercase letters can be written as

ADfa;b;c;d; e

HereA is the name of the set containing the elements, c, d, ande. Similarly,
B Df1;2;3;4;5;6;7;8;9;10

de nes a set calle®® whose elements are the rst ten positive integers. Sets lsarnb& described in words:
C D fn W isan odd integey

There are also some special symbols used to indicate frégwacurring sets of numbers:
* N: The natural numbers (1, 2, 3,4, 5, ...).
» Z: The integers.
* Q: The rational numbers.

R: The real numbers.

C: The complex numbers.

A: The algebraic numbers.
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To indicate that an object is an element of a set, we use thbalZn For example, to show thatis an
integer, we may write

n2Z7z

meaning h is an element of the s&”, or (more simply) ‘h is an integer.” As you might guess, the idea of
an objecinot being a members of a set is shown with the syn@igiFor example% 62 means % is not an
integer.”

There is a special set that contains no elements. It is ctiledull set(or empty sét and is designated
by the symbok, . The null set may also be written as a set of braces listindemoents:

¢, Dfg (17.1)

Two sets are said to eualif they contain exactly the same elements; otherwise theyaequal The
notation is the same as with ordinary numbers. For examipbeD f 1;2; 3gandB D f 1; 2; 3g, then

ADB (17.2)
£8;10;12; 1% D 8;10; 12; 1% (17.3)
£8;10;12; 1% o f 8;10; 12 (17.4)
Aufl;2:3;4:5 (17.5)
Ag ¢ (17.6)

17.2 Union and Intersection

Supposeéd andB are two sets. Then thenionof setsA andB (designated\ [ B) is the set of all objects
belonging to eitheA or B, or both. If an object occurs in both sets, then itis listelyamce in the seA[ B.
For example, suppose

ADf1;2;3;4;5
B Df4;5;8;9;1@

then the set
A[ BDf1;2;3;4;5;8;9;19

The union of any set with the null set is the orginal #ef: ¢ D A for any setA.
In a like manner, théntersectionof setsA andB (designatedd \ B) is the set of all objects belonging
onlyto both set#\ andB. Using the above sets andB, their intersection is

A\ B Df4;5
If two sets have no elements in common, then their intersedsi the null set. For example,

f1;2;49\f 8;99D ¢

Note that
¢l ebDe (17.7)
¢V éeDe (17.8)
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17.3 Subsets

We say seA is asubsebf another seB if every elements of\ is an element oB . We distinguish two cases:
* A is aproper subsedf B if B contains at least one element that is noAinThis is writtenA  B.

* If Ais a subset oB and there is a possibility th#& D B, thenA is animproper subsetf B, which
we writeasA  B.

The null set;, is a subset of every nonempty set.

17.4 Set ldentities
17.5 Russell's Paradox

17.6 Axioms of Set Theory

» Axiom of ExtensionalityConsider you have two boxes containing exactly the sameb&gks. Ac-
cording to this axiom, we say both boxes are the same bechesebdntents match perfectly. This is
important because in math, we need to know that when we talutaivo sets being equal, we mean
they have the same elements, no more, no less.

» Axiom of Pairing.Lets say you picked two of your favorite comic books. Thisomxiallows you to
put them together to form a set with just those two. This iduldeecause we often need to combine
speci c objects into new sets in mathematics.

» Axiom of Union. If you own several different decks of cards, the axiom of arliets you combine
them into one big deck that contains all the cards from eadilendeck. This is like creating a master
collection from multiple sets, which is something we oftenid math.

» Axiom of In nity. Imagine having a bag of candy that never runs out, no matterrhoch you take
from it. In set theory, the Axiom of In nity says that there ésset like that it goes on forever. This
idea is crucial because it introduces the concept of in imtp mathematics.

» Axiom of Regularityalso known asAxiom of Foundation This rule is like having an organizer for
your comic book collection that stops you from storing a buside itself, preventing a confusing loop.
It ensures that sets are arranged in a well-de ned order.

17.7 The Axiom of Choice

17.8 Trans nite Numbers

Like @ is
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17.9 Problems
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Chapter 18

Mathematical Logic

18.1 First-Order Logic
18.2 Truth Tables

P 9 p*"q p_q p! p$
T T T T T T
T F F T F F
F T F T T F
F F F F T T

Exclusiveor: .p $ g/

Necessity and Suf ciency
The statemerp ! g means

* if p, thenqg

*qifp

e gonlyif p

* p is a suf cient condition forg

* (is a necessary condition fpr

For example, let the statements
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* p is‘“itis snowing”
* (is“itis cold”
The statemernp $ g means
» pifand onlyifq
* piffq
18.3 Inference Rules
Name of Rule Abbrev. Argument Form
modus ponens MP p! ¢ p ) g
modus tollens MT p! ¢ q ) p
conjunction Conj p a ) pn g
simpli cation Simp p~™q ) p
p"q ) ¢
disjunctive syllogism DS p_qg p ) g
pP_qd a )p
addition Add p ) p_qg
p ) a_p
biconditional modus ponens BMP p $ q p ) g
P3$ g q ) p
hypothetical syllogism HS p! ¢ gl r ) p! r
dilemma Dilm pl g/™rl s/ p_r )qg_s
18.4 Equivalence Rules
Name of Rule Abbrev. Form
double negation equivalence DNE p equiv p
DeMorgan's equivalences DeME .p ~ g/ equiv p_ q
p_ql equiv pr  q
commutation equivalences ComE p~ q equiv. g™ p
pP_q equiv. q_p
p$ q equiv g$ p
transposition equivalence TnE p! q equiv q' p
tautology equivalences TauE p equiv p_p
p equiv. p”™p
distribution equivalences Dste p_.q~r/ equiv. .p _g/™.p _rl
p™.q_r/ equiv. .p™ragl_.p~rl
regrouping equivalences RgrE p”™ .q”r/ equiv. .pr g/
p_.q_r/ equiv. .p_gqg/_r
PSS g%/ equv p$gdr
biconditional equivalence BicE p$ q equv. .p! g/~ .q! p/
conditional equivalence ConE p! q equiv p_qg
exportation equivalence Expe p~agl! r equiv p! .gq! r/
negated biconditional equivalence NBE p$ g equiv p$ ¢
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18.5 Conditional Statements

Statement Form
Conditional p! ¢
Converse q! p
Inverse p! q
Contrapositive  q'! p

By the transposition equivalence (TrnE), the conditiomal aontrapositive statements are equivalent to
each other. Also, the converse and inverse are equivaleatcto other.
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Chapter 19

Mathematical Analysis

19.1 Limits

19.2 In nite Series
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Chapter 20

The Calculus

20.1 In nitesimal Numbers

An in nitesimal numberis a number that igery, verytiny. It's smaller than any number you can imagine. In
fact, it's smaller than any real number, and yet it's lardeart zero. It's basically a number that is “in nitely
small”. It's a bizarre concept, and yet a very useful one.

An in nitesimal variable is designated with the pre x lettd. For example, an in nitesimal variable in
thex direction is calledix, one in they direction is calledly, etc. Such an in nitesimal variable is called a
differential

The calculuss the mathematics of such in nitesimal numbers. We lean tmdo basic algebra on them
and get useful results. There are two main branches of ekamyszalculus:

1. Differential calculusnvolves dividing one in nitesimal number by another, inder to nd slopesof
lines (which may include curved lines).

2. Integral calculusnvolves adding together an in nite number of in nitesimalmbers, in order to nd
areasunder curves.

20.2 Slopes (Derivatives)

Consider a straight line, such as shown in Figure 20.1. sSlbgeof the line is a number that characterizes
how “steep” the line is with respect to the horizontal. A Izorital line has a slope of zero, while a vertical
line has in nite slope. More speci cally, the slope is de deo be how much thg value changes per unit
change irx value. If we choose two points along the line (as shown in tipngre), then the difference i
coordinates is called threin, while the difference ity coordinates is called thése. The slope is de ned as
rise b sy
n

slopeD —
P ru

-~ (20.1)
wheresy is the change ily andex is the change ix. A positiveslope hasncreasingy for increasingx
(as shown in the gure), while aegativeslope haglecreasing/ for increasingx.

On highways, you may occasionally see signs waring somgtikie, “TRUCK WARNING: 6% GRADE
AHEAD". Here gradeis the same thing as slope — a 6% grade means a slope of 0.0&dg$are always
given as positive numbers — you can look though the winddh@ekee whether it's uphill or downhill. But
the warning is usually given for downhill slopes so that kultivers can shift to a lower gear and avoid
overtaxing their brakes.)
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Y rise  AY Y:—Vi

run AX  X2—Xi

Slope =

| (x1, yz)

Rise or AY

(xZ; y.?) y__? — yl

Run or AX

mathwarshnuses, com

Figure 20.1: Caption for slope-formula-adb_highlight

Now suppose we wish to nd the slope otarve such as a parabola. Clearly the slope will be different
depending on which two points we choose along the curve:itpohosen near the vertex of the parabola will
give a lower slope, while points chosen farther away willegivhigher slope. In fact, we de ne the slope of
a curved line at a point to be the slope of thagentline at that point. The slope of that tangent line will
change as we move along the parabola, away from the vertex.

How do we compute the slope at a point along a curved line3 saly we have a curdex/ , and let the
point at which you wish to calculate the slope have abscisgdso de ne a point we'll callxq (greater than
x), but we allowx, to move freely along the axis. Then for a given choice &, the “run”isex D Xp X
and the “rise”isy D f.x o/ fx/ Dfx Cex/ f.x/ . The slope between these two points is then

rise sy Df.x Cex/  fx/

| —D 20.2
siope run *X X C ox ( )

Now imaginexy moving closer and closer to, so thatx gets closer and closer to zero. Then the slope will
get closer and closer to a limiting value. We write the slope a

. fx Cex/  fx/ dy d
slopeD .Xllr!no " D ™ D &f.x/ (20.3)

This is the de nition of what we call thderivativeof f.x/ at pointx: the slope of the tangent line, which is
the slope between two points that are “in nitely close” tlather at the point of interest.
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Example.Suppose we have the parabbla/ D x?. Then the derivative of atx is

dy D lim fx Cex/ fx/ (20.4)
dx ~x'o X C X '
X Cex/ 2 x?
D lim X=X X (20.5)
x ! 0 X
X2 C 2xsx C .ox/ 2] x2
D lm X=X X X (20.6)
x ! 0 X
2xex C .ox/ 2
D lim XX =X (20.7)
x ! 0 X
D lim .2x C «x/ (20.8)
x ! 0
In the limit wheresx goes to zero, thex term disappears, and we have simply
dy
— D2 20.9
ax D 2% (20.9)
Example.Suppose we have the culfix/ D 4x3. Then the derivative of atx is
d fx Cex/  fx/
Yo fjm X X (20.10)
dx «xto X C ox
4x Coexl 3 4x3
D lim X% X (20.11)
x ! 0 X
4.x3 C 3x%2ex C 3x.ox/ 2C .ox/ 3/ 4x3
D lim 2XT% XX & 9XX X X (20.12)
x 1 0 X
4x3 C 12x2ex C 12x.ox/ 2C 4.ox/ 3 4x3
D ljm XXX B oA X X (20.13)
x 1 0 X
. 12xPex C 12x.ex/ 2C 4.sx/ 3
D Ilim (20.14)
x ! 0 X
D Iir|n00512?xC 12xex C 4.ex/ 2o (20.15)
X !

In the limit wheresx goes to zero, the last two terms (involving ) disappear, and we have simply

dy 2
— D 12 20.16
Ix X ( )

In general, we have the following derivative formulas:

d

—. tantD O 20.17

Ix constal ( )
d CEcf x/DcOI CEf x/ (20.18)
dx ' dx '

Using the binomial theorem, it is possible to derive thedaihg derivative formula:
9Dkt (20.19)
dx '
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Operations on Derivatives

d

&sz XIC g.x/» D f °x/ C ¢°x/ (20.20)
d 0 0

&GEf X/ gx/fe Df x/  g-x/ (20.21)
d 0 0

&GEf X/ gx/e Df “x/lgx/ Cfxlg “x/ (20.22)

d fx/ b gx/f Ox/ f.xlg °x/

— 20.23
dx g.x/ Eg.xk ( )

Derivative Notation

Historically, several different notations have been dedit indicate the derivative:

. dy
Leibniz: —
eibniz Ix

Lagrange: f Ox/
Newton: N
Euler: D, f.x/

The Leibniz and Lagrange notations are used today integeladoly. Newton's notation is common in
advanced classical mechanics, and today it is wsdgto indicate derivatives with respect tone ¥ D
dx=dt. The Euler notatio®  is attributed to Leonhard Euler, although he may not have iigemself.

20.3 Areas (Integrals)
20.4 Arc Length
20.5 Optimization Problems

Example.

20.6 Differential Equations
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20.7 Problems

1. You have 100 ft of fence available, and wish to construeicgdangular play area for your dog Scruffy
next to your house. You will use the side of the house as oreeddithe rectangle, and the fencing for
the other three sides. What must be the dimensions of thangalar play area that will maximize its
area? What will be its area in square feet?

2. There is a 50-boat shing eet, each boat of which can cainhaverage of 5000 Ib of sh. For each
additional boat there is a corresponding drop in the cat&0db of herring per (extra) boat. Find the
number of boats that should go out so that the entire eet edchcthe largest amount of sh. What is

the amount of sh?
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Graph Theory
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Chapter 22

Mathematical Lore

This history of mathematics is replete with lore and persanacdotes. A few are given here.

22.1 Gauss's Summation Shortcut

Once when Carl Friedrich Gauss was a young pupil (age 10)xdhisolteacher wanted to take a rest and
asked the students to sum the integers from 1 to 100 as busy wWdter a few seconds, the teacher saw
Gauss sitting idle. When asked why he was not franticallpdaiddition, Gauss quickly replied that the sum
was 5050. His classmates and teacher were astonished, asd &wded up being the only pupil to calculate
the correct answer.

Gauss had devised a shortcut. He recognized that if you agther the 1 at the beginning of the sequence
to the 100 at the end, you get 101. Likewise, if you add thersgoamber to the second-to-last, you get 101,
and so on. Re-arranging the numbers into pairs like thiss&&und the sum to be

.1C 100/C.2C99/C .3C98/C 4C97/C:::C.50C 51/

Gauss realized that there were 50 pairs of numbers and tblatpear added to 101, so the total must be
50 101D 505Q

22.2 Ramanujan and 1729

British mathematician G.H. Hardy once went to visit Indiaathematician Srinivasa Ramanujan when Ra-
manujan was in the hospital. Hardy writes this anecdoteilibgtrates Ramanujan's familiarity with num-
bers:

| remember once going to see him [Ramanujan] when he wasHluaiey. | had ridden in taxi
cab No. 1729 and remarked that the number seemed to me rathirane, and that | hoped
it was not an unfavourable omen. “No,” he replied, “it is ayanteresting number; it is the
smallest number expressible as the sum of two cubes in tierelift ways.”

(The numbed 729D 13 C 122 D 9° C 10°)
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22.3 Fermat's Last Theorem

Pierre de Fermat (1601-1665) was a lawyer and amateur maticean. Around the year 1637, he annotated
his copy (now lost) of Bachet's translation of Diophantésithmeticd with the following statement (in
Latin):

Cubum autem in duos cubos, aut quadratoquadratum in dudsajoquadratos, et generaliter
nullam in in nitum ultra quadratum potestatem in duos ejgisdnominis fas est dividere: cujus
rei demonstrationem mirabilem sane detexi. Hanc margkigiéas non caperet.

In English, and using modern terminology, the paragraplvabeads as:

There are no positive integers such tk&tC y" D “" forn > 2. I've found a remarkable proof
of this fact, but there is not enough space in the margin [efithok] to write it.

(See Reference [35].)

This theorem has since been calleermat's last theorem Fermat's lost proof has since become one
of the greatest mysteries in all of the history of mathensatidid Fermat really have a valid proof of this
theorem? If so, what happened to it? Fermat's missing prasfiever been found.

However, in 1994, English mathematician Andrew Wiles wyalid prove the theorem, after many years
of work and using the very latest cutting-edge techniquessknto number theory. [42,43] Wiles's proof is
hundreds of pages long, and involves mathematics far ma@nadd than anything Fermat had available in
his time. It may well be that Fermat never did have a valid prioat some mathematicians still hold out hope
that one day Fermat's mysterious proof will one day be foumgherhaps independently re-discovefed.

22.4 Ramanujan's Amicable Numbers

Mathematician Ramanujan didn't have any close friends anagesne asked him the reason. He replied that
although he wanted to have close friends but nobody was ujs txpectations.

When pressed how he expected his friend to be, he repliéa, Hlimbers 220 and 284"

The person got confused and asked, “What is the connectioreba friendship and these numbers?”

Ramanujan asked him to nd the divisors of each number. Wititindif culty, the person derived and
listed them as,

220! 1;2:;4:;5;10;11;20;22;44;55;110; 220
284! 1;2:4;71;142;284

Ramanujan then asked the person to exclude the numbers @284mand asked the sum of the remaining
divisors. The person was astonished to nd

220! 1C2C4C5C10C11C20C 22C 44C 55C 110D 284
284! 1C2C4C71C 142D 220

Ramanujan explained that an ideal friendship should betlikse numbers, to complement each other.
Even when one is absent, the other should represent thel frien

1Arithmeticais an Ancient Greek text on mathematics written by the matitisian Diophantus of Alexandria (c. 200/214 A.D. - c.
284/298 A.D.).

2Fermat's last theorem is mentioned in the TV sef®ar Trek: The Next Generatiorin the series episodEhe RoyaleCaptain
Picard is in his Ready Room, working on trying to prove theotleen — apparently unaware that the theorem had been prowedal
400 years earlier. The Season 2 episode aired in 1989, jestears before Wiles proved the theorem in real life.

SNumbers related in this way are callahicable numbers.
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22.5 The “Unsolvable Problems”

One day in 1939, George Bernard Dantzig, a doctoral caraligtathe University of California, Berkeley,
arrived late for a graduate-level statistics class. He weky he was late for class that day, because it led to
some important results.

Dantzig recounted the story in a 1986 interview for @alege Mathematics Journal

It happened because during my rst year at Berkeley | arriade one day at one of [Jerzy]
Neyman's classes. On the blackboard there were two prokleahsassumed had been assigned
for homework. | copied them down. A few days later | apolodize Neyman for taking so long
to do the homework — the problems seemed to be a little hahderdsual. | asked him if he still
wanted it. He told me to throw it on his desk. | did so reludyabecause his desk was covered
with such a heap of papers that | feared my homework would sethere forever. About six
weeks later, one Sunday morning about eight o'clock, [myejvAnne and | were awakened
by someone banging on our front door. It was Neyman. He rushedth papers in hand, all
excited: “I've just written an introduction to one of yourgers. Read it so | can send it out right
away for publication.” For a minute | had no idea what he wadrg about. To make a long
story short, the problems on the blackboard that | had sahieéting they were homework were
in fact two famous unsolved problems in statistics. That thasrst inkling | had that there was
anything special about them.

A year later, when | began to worry about a thesis topic, Neyjuat shrugged and told me
to wrap the two problems in a binder and he would accept themyahesis.

The second of the two problems, however, was not publish&tlafter World War II. It
happened this way. Around 1950 | received a letter from AamaiWald enclosing the nal
galley proofs of a paper of his about to go to press inAhaals of Mathematical Statistics
Someone had just pointed out to him that the main result ipdyier was the same as the second
“homework” problem solved in my thesis. | wrote back sugmpestve publish jointly. He simply
inserted my name as coauthor into the galley proof.

22.6 Frank Nelson Cole andM g7

On October 31, 1903, American mathematician Frank Nelsdafamously made a presentation to a meeting
of the American Mathematical Society where he identi ed thetors of the Mersenne numb2t’ 1, or
Mg7. Edouard Lucas had demonstrated in 1876 kgt must have factors (i.e., is not prime), but he did not
determine what those factors were. During Cole's so-cdliecture,” he approached the chalkboard and in
complete silence proceeded to calculate the valighf with the result being 147,573,952,589,676,412,927.
Cole then moved to the other side of the board and wrote 19320 761,838,257,287, and worked
through the tedious calculations by hand. Upon completiggrbultiplication and demonstrating that the
result equaled/ig7, Cole returned to his seat, not having uttered a word duhieghbur-long presentation.
His audience greeted the presentation with a standingavaiiole later admitted that nding the factors had
taken “three years of Sundays”. [17]

22.7 Gar eld's Pythagorean Proof

The twentieth president of the United States, James A. Glrence developed an original proof of the

Pythagorean theorem. He got the idea while a member of thesdiofiRepresentatives, after discussing
mathematics with other members of Congress. Gar eld's pvers published in an educational journal, and
is considered to be quite original.
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Chapter 23

Mental Arithmetic

In this chapter, we'll look at a few tricks of mental arithrizetYou will probably nd these handy in everyday
life, and you can also use these methods to impress youdBien

23.1 Multiplying or Dividing by Powers of 2

If you want to multiply or divide by a power of 2, just doubler (oalve) the number by the number of times
given in the power:

» To multiply a number by 4, double it twice.

» To multiply a number by 8, double it 3 times.

» To multiply a number by 16, double it 4 times.

» To multiply a number by 32, double it 5 times.
and similarly for division:

» To divide a number by 4, halve it twice.

» To divide a number by 8, halve it 3 times.

 To divide a number by 16, halve it 4 times.

 To divide a number by 32, halve it 5 times.

Example.15 8. Just double 15 three times: 30, 60, 120. The answer is 120.

Example84 16: Just halve 84 four times: 42, 21, 10.5, 5.25. The answe?Pis.5.

23.2 Squares of Numbers Near 50

In his bookSurely You're Joking, Mr. FeynmanNobel laureate Richard Feynman relates a trick of mental
arithmetic he learned from fellow physicist Hans Bethe a Béamos.
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Don't you know how to square numbers near 50? [Bethe] saysy ‘&quare 50 — that's 2500
— and subtract 100 times the difference of your number fromI5§ou want the correction,
square the difference and add it on.”

Example.Find 48°.
Solution.If we want48, we (mentally) nd the difference from 50 is 2, so

48 2500 200D 2300
or to be more precise, we add on the correctio@’oD 4:

48 D 2500 200C 4D 2304

Example.Find 53°.
Solution.If we want53?, we (mentally) nd the difference from 50 is 3, so

532  2500C 300D 2800
or to be more precise, we add on the correctioB%D 9:

53 D 2500C 300C 9D 2809

23.3 Squares of Numbers Near 100

To square a number near 100: Take the difference of the nuimdmerl00, and subtract it from your number.
Multiply by 100, and add the square of that difference.

Example.Find 96°.
Solution. The difference of 96 from 100 is 4. Take 4 from 96 to get 92. Tépease of 4 is 16, so the
answer is 9216.

Example.Find 94°.
Solution. The difference of 94 from 100 is 6. Take 6 from 94 to get 88. Tipease of 6 is 36, so the
answer is 8836.

Example.Find 102.
Solution.The difference of 102 from 100 is2. Take 2 from 102 to get 104. The square o® is 4, so
the answer is 10404.

23.4 Divisibility Rules

» 2is a factor of all even numbers.

 3is afactor when the sum of the digits is divisible by 3.
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» 4is a factor when the rightmost two digits are a 0 or a numbesitike by 4.

» 5is a factor when the units digitis 5 or 0.

» 6is a factor of all even numbers that are divisible by 3.

» 7is afactor if, writing the number af0aC b, we nd a 2bis 0 or a multiple of 7.
 8is a factor when the rightmost three digits are zeros or a rumivisible by 8.

* 9is a factor when the sum of the digits is visible by 9.

» 10is a factor if the units digit is 0.

» 11is a factor when the sum of the digits in the even places edbhalsum of the digits in the odd
places, or when the difference between these two sums isddnae multiple of 11.

» 19is a factor if, when the number is written in the fod0aC b, the number C 4bis divisible by
19.

Example.ls 4,065,717 divisible by 3?
Solution.The sum of the digits is 30, whidk a multiple of 3. Soyes 4,065,717 is divisible by 3.

23.5 Square Root of a Two-Digit Number

To nd the (approximate) square root of a two-digit numbeyour head:

» Think of the largest perfect square less than your numhen you want to nd the square root of the
sum of your perfect square and the difference.

» The approximate answer is: the square root of yo rfrtpgm, plus the difference divided by twice
the square root. In other words, write your problemds D =~ p2 C d, wherep? is a perfect square.
The desired square root is approximatel d=.2p/.

p_—
Example. 12
Solution.For this problem, the largest perfect square less than thiearad is32 D 9, so the solution is

pIé pgca

D3C3=2 3/
D 31 D 3:5:

Example.IO 37.
Solution.The largest perfect square less than 37 Bi® 36, so write this as

IO3_7 IO36(:1

1 .
D 6C ;5 D 6:083
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23.6 Cube Roots

This is a clever method for quickly determining the cube fany perfect cube less thar000;000" First,
examine the following tables, showing the perfect cubedahtough 90 on the left, and 1 through 9 on the
right:

10° D 1;000 £D1
20° D 8;000 2D 8
30° D 27,000 3D 27
40° D 64,000 4D 64
50° D 125;000 8D 125
60° D 216;000 6 D 216
70° D 343;000 7D 343
80° D 512;000 8 D 512
90° D 729;000 §D 729

Example. As an example of this method, suppose we ask someone to cube-didit number on a
calculator and tell us the result. We're told the result25167 Now what is the cube root df2;167(i.e. the
person’'s original two-digit number)? It's quite easy to distmentally. Just look in the left-hand table and
nd the largest number less tha®?;167 It's 20, so we know the desired cube root lies between 20 &)d 3
and so it begins with a 2. Now notice an interesting propeftyre right-hand table: the cube of any digit
ends in a different, unique digit. (For example, the cube ehds in 8, the cube of 3 ends in 7, etc.) The
number we were giveril@;167 ends in a 7, and the only cube that ends in a 7 is 3. Therefwesitbe root
is 23.

Example.What is the cube root 6f9; 507 In the left-hand table, the biggest number less than thieis
cube of 40, and so the cube root begins with a 4. The given nuemus in a 7, so the second digit must be
3 (since3® D 27). Therefore, the cube root is 43.

Example.What is the cube root 6f74; 552 Referring to the tables, the rst digit must be 7, and thé las
digit must be 8. The cube root is 78.

This method requires memorizing the tables above, but d@tsas bad as it may rst appear. In the rst
place, the cubes in the left-hand table are just 1000 timesubes in the right-hand table. Furthermore, in
the right-hand table, notice that 1, 4, 5, 6, and 9 all map éoelves1® ends in 14° ends in 45° ends in
5, etc. For the other digits, 2 and 8 are switched, and 3 and 3veitched 22 ends in 88° ends in 23% ends
in 7, and7® ends in 3.). So all you really need to remember is the cubeghubligh 9.

Practice this for a while, and you can challenge your frigndgve you the cube of any two-digitnumber,
and you can provide the cube root in just a few seconds.

23.7 Multiplication Tables through 19 19

In elementary school, you memorized your multiplicatidoiés throughl2 12. It's pretty easy to extend
this throughl9 19, without memorizing anything.
Here's the method. You want to memorit8C a by 10C b, wherea andb are single digits. This is:

10Ca/ .10C b/ D 100C 10.aC b/C ab

1See YouTube videdsearning Math with Howie Hua.
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In other words, add 100, 10 times the sum of the nal digits] #re product of the nal digits. With practice,
you can do this pretty quickly.

Example.12 13is 100, plus the sum times 10, plus the prodd€OC E.Z 3/« 10C .2 3/D 156
Example.l4 17D 100C 110C 28D 238:

Examplel9 19D 100C 180C 81D 361:
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Chapter 24

Recreational Mathematics

24.1 Magic Squares

A magic squards a square array of numbers in which all the rows, all themoils, and the two diagonals
add up to the same number. We'll describe here some pantigiiéeresting magic squares.

The Melencolia Magic Square

One very famous magic square appears in the 1514 engridétencholia Iby the German artist Albrecht
Durer (1471-1528) (Figure 24.1).

If you look carefully at the upper-right part of Durer's emaging (below the bell), you'llsee 4 4 array
of numbers. (This is also shown enlarged in the table beldhig is not just some random array of numbers,
but amagic squareall the rows, columns, and the two diagonals add up to thesaimber, 34. Also, for
this remarkable magic square square, the four corner sgjaacefour center squares add up to 34; so do the
opposite pairs 32 15 14 and 8 12 9 5; and so do the slantingesi@a8 15 9 and 3 5 12 14. The corner sets
of squares also add up 34: 96 1514,3105 16,2 138 11, and 12 .1Fi4thhermore, the bottom line of the
square shows the date of the engraving: 1514.

16| 3 | 2 | 13

5110 11| 8

9 | 6| 7|12

4 1514 1
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Figure 24.1:Melencolia Iby Albrecht Durer.
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Figure 24.2: The IXOHOXI magic square. [28]

IXOHOXI

Another unusual magic square goes by the name IXOH®4] (Figure 24.2). As with other magic squares,
all the rows, columns, and two diagonals add up to the saméaunn this case, 19998. But IXOHOXI
has a special property: it's still a magic square if you haldgside-down, or in front of a mirror, or even
upside-down in front of a mirror. The sums all rows, columorsthe two diagonals is still always 19998. In
fact, the name of the magic square (IXOHOXI) also remaindanged whether rightside-up, upside-down,
in a mirror, or upside-down in a mirror.

24.2 The Mobius Strip

Take a long, thin strip of paper (like a strip of thermal peinpaper), a couple of feet or so long. Now bring
the ends together. But instead of forming a simple ring, give of the ends a half-twist before gluing them
together. The result is a peculiar surface callédabius strip(Figure 24.3).

For more about the Mobius strip, see Reference [12].

Starting at one spot on the strip, begin coloring it red. Migfeto right along the strip, coloring red as
you go, and stop when you reach the point where you started.dgtor the other side green.

You'll nd that you can't. The strip is already all red, andeteis no “other side” to color green. The
Mobius strip is a one-sided surface.

You might like to see what happens if you cut the Mobius simip two strips, by cutting lengthwise
along the strip. What happens if you cut it into thirds (ths&@s lengthwise)?

1Pronouncedxo-hocksee
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Figure 24.3: A Mobius strip. (wonderopolis.org)

24.3 Conway's Game of Life

The October 1970 issue &cienti c American Magazinéncluded a very popular article in its monthly
“Mathematical Games” column: a game created by matheraatitohn Horton Conway, who is well known
for his work in recreational mathematics. The article digset Conway's latest game, which he callsiée.
It was originally envisioned as a board game with a board oéses and black and white counters, but today
is is run almost entirely on computers.

Life is an example of what is callezkllular autonoma

Imagine a board or piece of paper of in nite extent, on whick drawn a grid of square (like graph
paper). You begin by placing some initial pattern on the dmrplacing counters on squares, however you
wish. This is the initial “generation.” You then apply thdes of the game to your pattern, and the rules
determine what the next “generation” will look like.

The rules of the game of Life are:

1. Survivals.Every counter with two or three neighboring counters swawifor the next generation.

2. Deaths. Each counter with four or more neighbors dies (is removedinfoverpopulation. Every
counter with one neighbor or none dies from isolation.

3. Births. Each empty cell adjacent to exactly three neighbors—no mmardewer—is a birth cell. A
counter is placed on it at the next move.

You end of with a surprising variety of outcomes, dependindhe initial pattern. There are “still life”
patterns that do not change from one generation to the nestijllators” that repeat over and over with some
period; “gliders” and “spaceships” that travel across tbard; and many more. Figure 24.4 gives a small
sample of some of the patterns that have been discovered.

If you're interested in learning more about Life, see refees [13, 14, 20].

You can play Life yourself using Internet implementationsis as https://conwaylife.com/ . Just enter
some different initial patterns and watch what happens—¢halts can be unexpected and unpredictable.
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Figure 24.4: A few patterns in LifeJredit: blog.xojo.com)
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Figure 24.5: The Mandelbrot set.

For example, one early discovery was the “R pentomino” pattké consists of only ve counters, and yet it
takes 1103 generations for it to nally evolve into a stab&tprn of eight blocks, six gliders, four beehives,
four blinkers, one boat, one loaf, and one ship.

24.4 The Mandelbrot Set

The Mandelbrot set (Figure 24.5) is a gure on the complex plane: the real axitdgsizontal, and the
imaginary axis is vertical. For each pombn the plane, one initializes the variable “count” and theptex
number’ to zero, then calculates the following repeatedly:

1. “2Cc
2. count count+1

Repeat these steps urjtijf > 2 or “count” exceeds 1000, whichever comes rst. We then assigolor to
pointc based on the value reached by “count” at the end of this ptoeedPoints that reach a value of 1000
are in the Mandelbrot set, and are shown in black in Figurg.Zather colors indicate in a sense how “near”
those points are to the Mandelbrot set.

The Mandelbrot set is an example of a branch of mathematitsddaactal geometry You may wish
to search the Internet for “Mandelbrot set viewkednd use it to zoom in on parts of the Mandelbrot set,
particularly near the “edges”. You'll see what appears tbilngcopies of the whole set scattered throughout
the complex plane, and yet every region is different. Youloak all over the Mandelbrot set and zoom in to
see more and more detail — and yet you'll never see the samg tivice.

Exploring the Mandelbrot set became a popular pastime @fteas the cover story on the August 1985
issue ofScienti c Americanmagazine. It was the subject of that montifathematical Recreationsolumn.

2Pronounced aBIAN-dell-brot
3For example, the Mandelbrot Set Explorer at https://mageelnz/
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24.5 Martin Gardner's “Mathematical Games”

For thirty years (1956-1986), Martin Gardner wrote a verguylar column inScienti c Americanmagazine
called “Mathematical Games.” The column covered many wéfietopics in recreational mathematics. Ap-
pendix 20 is an index to the all “Mathematical Games” colunmitge articles can be found in back issues of
Scienti ¢ Americanand they have also been reprinted in a series of 15 boolslistied in Appendix 20).

The table below shows a few of these “Mathematical Gamesironk on topics discussed in these course

notes.

The game of Hex

The Soma cube

Magic squares

The golden ratio

The number

The four-color map problem
Binary numbers

The ellipse

The numbee

Ternary numbers

Trisecting an angle

The Mobius strip

Fibonacci & Lucas Numbers
The game of Life

The Collatz conjecture

The hyperbola

The number

The parabola

July 1957
September 1958
March 1959
August 1959
July 1960
September 1960
December 1960
February 1961
October 1961
May 1964
June 1966
December 1968
March 1969
October 1970, February 1971
June 1972
September 1977
August 1979
August 1981
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Chapter 25

Topics in Advanced Mathematics

25.1 The Riemann Zeta Function

An important special function in number theory is fReemann zeta functiomn/ , de ned for integer argu-
ments as

n D = (25.1)

The de nition can be extended to real arguments, giving fbésghown in Figure 25.1.

The Riemann Hypothesis

The Riemann hypothesis is the conjecture that the Riemaanfazection has its zeros only at the negative
even integers and complex numbers with real éaA proof of this conjecture is one of Hilbert's 23 problems
andis one of the Millennium Prize problems (see below, Sectm8 and 25.4). It is considered by many
to bethemost important unsolved problem in pure mathematics, ansbitution would have very important

implications for the study of prime numbers.

Figure 25.1: Plot of the Riemann zeta functior/ . (Credit: Wolfram MathWorld)
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Figure 25.2: The prime counting functiom/ and its approximation Lin/, for prime numbers < 1000.
(Credit: Wolfram MathWorld.)

25.2 The Prime Number Theorem

The prime number theorerhas to do with the distribution of prime numbers. In part&cutie ne theprime
counting function.n/ to be the number of prime numbers less than some integeklthough noexact
analytic form of .n/ is known, the prime number theorem gives an approximatiae {d Gauss):

.n/ Li.n/ (25.2)
where Lin/ is thelog integral functionde ned by

z, % -
dx kSn
Li.n/ D — _— 25.3
tn 5 In Jnn/kc1 ( )
kDO

Figure 25.2 shows a plot of the prime counting functionl and its approximation Ln/ for prime
numbera < 1000. As seen inthe gure, an alternative approximation for thiene counting function is due
to Legendre (1808),

n
InnC B

whereB D 1:08366is known ad_egendre's constant

(25.4)

25.3 Hilbert's 23 Problems

In 1900, German mathematician David Hilbert published adfs23 (then) unsolved problems in mathe-
matics, intending for it to a list of example problems thatilcblead to future directions for mathematical
research. A description of Hilbert's 23 problems is givetole'

1These descriptions are from Wolfram MathWorld, https:timeorld.wolfram.com .
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10.

11.
12.

. “Cantor’s problem of the cardinal number of the continuufthe question of if there is a trans nite

number between that of a denumerable set and the numbers cdtiinuum was answered by Godel

and Cohen in their solution to the continuum hypothesis éodtfiect that the answer depends on the
particular version of set theory assumed. The questiontb&itontinuum of numbers be considered a
well ordered set is related to Zermelo's axiom of choice.963, the axiom of choice was demonstrated
to be independent of all other axioms in set theory. Therenigausal consensus on whether these
results give a solution to this problem.

. “The compatibility of the arithmetical axioms.” Godelsecond incompleteness theorem indicated

that it is cannot be proven that the axioms of logic are coasisn the sense that any formal system
interesting enough to formulate its own consistency cangits own consistency iff it is inconsistent.
There is no consensus if the results of Gddel and Gentzesidera solution.

. Give two tetrahedra that cannot be decomposed into cengretrahedra directly or by adjoining

congruent tetrahedra. Dehn [48, 49] showed that a regulieahiedron cannot be decomposed into
a nite number of congruent tetrahedra (directly or by joigicongruent tetrahedra) which can be
reassembled to make a cube. It follows immediately form tegilt that two tetrahedra cannot be
decomposed, as Hilbert proposed.

. Find geometries whose axioms are closest to those ofdaacligeometry if the ordering and incidence

axioms are retained, the congruence axioms weakened, angjtiivalent of the parallel postulate
omitted. This problem was solved by G. Hamel.

. Can the assumption of differentiability for functionsrdag a continuous transformation group be

avoided? (This is a generalization of the Cauchy functiegalation.) Solved by John von Neumann
in 1930 for bicompact groups. Also solved for the Abelianegaand for the solvable case in 1952
with complementary results by Montgomery and Zippin (sgioeatly combined by Yamabe in 1953).
Andrew Gleason showed in 1952 that the answer is also “ye<ilféocally bicompact groups.

. Can physics be axiomatized?

.Let @ 1o 0be algebr%ig and irrational. Is  then transcendental? In particular, are the

Gelfond-Schneider constait 2 and Gelfond's constare transcendental [50]? is known to be
transcendental for the special case @in irrational algebraic number, as proved in 1934 by Aleisan
Gelfond in a result now known as Gelfond's theorem [51]. Heavethe case of nonalgebraic irrational

has not been resolved, with solutions known only for degaeeronstructions such asD 2; D
In3=In2.

. Prove the Riemann hypothesis. The conjecture has stifl heither proved nor disproved.

. Construct generalizations of the reciprocity theoremwhber theory.

Does there exist a universal algorithm for solving Diaptine equations? The impossibility of obtain-
ing a general solution was proven by Yuri Matiyasevich in@§52-56] by showing that the relation
n D Fay (WhereF,y, is the.2m/th Fibonacci number) is Diophantine. More speci cally, Matse-
vich showed that there is a polynomRlin n, m, and a number of other variablgsy;"; ::: having
the property thah D F», iff there exist integers;y;”;::: such thaP.n;m;x;y;";:::/ D O.

Extend the results obtained for quadratic elds to adbitinteger algebraic elds.

Extend a theorem of Kronecker to arbitrary algebraiaseby explicitly constructing Hilbert class
elds using special values. This calls for the constructiddholomorphic functions in several variables
which have properties analogous to the exponential funetia elliptic modular functions [57].
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13.
14.
15.
16.
17.
18.
19.
20.
21.

22.

23.

Show the impossibility of solving the general seventirde equation by functions of two variables.
Show the niteness of systems of relatively integraldtions.

Justify Schubert's enumerative geometry [58].

Study the topology of real algebraic curves and surfeé®es [59-61] for additional details.

Find a representation of de nite form by squares.

Build spaces with congruent polyhedra.

Analyze the analytic character of solutions to variaigroblems.

Solve general boundary value problems.

Solve differential equations given a monodromy grouprdtechnically, prove that there always exists
a Fuchsian system with given singularities and a given maoray group. Several special cases had
been solved, but a negative solution was found in 1989 by HbBah [47].

Uniformization of analytic relations by means of autopioc functions. This problem asks whether
every algebraic or analytic curve (solutions to polynoreliations) can be written in terms of single-
valued functions.

Extend the methods of the calculus of variations.

25.4 The Millennium Prize Problems

In 2000, the Clay Mathematics Institute challenged the eratitical community to solve these seven prob-
lems, in homage to the 23 famous problems posed by David Hlillbe1 900. These are considered to be
the most important unsolved problems in mathematics. Te,datly one of these has been solved — the
Poincaré conjecture. The Clay Institute offers a prize 881,000,000 for the solvers of each problem. [4, 6]

1.
2.

The Birch and Swinnerton-Dyer Conjectutiéhe rank of an elliptic curve equals its analytic rank.
The Hodge Conjecturdzvery Hodge class on a projective complex manifold is algiebr

Existence and Smoothness of the Navier-Stokes Equadiiven any initial conditionvg D v.x; 0/
a vector eld onR3, is there a vector function.x; t/ and a pressure functign x; t/ that satisfy the
equations? Is there a smooth solutiongfis smooth?

The Poincaré Conjecturény simply connected, closed 3-manifold is the same as thgHre. (This
is the only Millennium Prize problem that has been solved.)

. The P versus NP ProblenboesP D NP? HereP is the set of computational problems for which a

solution can be found in polynomial timEpP is the set of computational problems for which a solution
can be veri ed in polynomial time.

The Riemann HypothesiShe nontrivial zeroes of the Riemann zeta function lie onlitheeRes D %

Quantum Yang-Mills TheoryShow that the Yang-Mills theory in quantum physics is inéynlog-
ically consistent, and prove that there is a strictly pesilower bound on the masses of particles
predicted by the theory.
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25.5 Prizes in Mathematics

There is no Nobel prize in mathematics. Its equivalent isHiletdls medal which recognizes speci ¢ major
contributions to mathematics. The Fields medal has beendadavery four years since 1950. Recipients
must be under the age of 40.

The other major award in mathematics is #kigel prize This is awarded to mathematicians to recognize
a lifetime of achievements in mathematics. There is no agi¢ for the Abel prize.
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Chapter 26

Introduction to the Electronic
Calculator

An electronic calculator is allowed for all homework and msafor this course. No speci ¢ model of cal-
culator is required, and a very simple, inexpensive TI-38Xhbout $15) would be perfectly adequate. The
author's personal preference is for calculators with RewdPolish Notation (RPN), such as the Hewlett-
Packard HP 15C, HP 42S, and their modern SwissMicotenes DM 15 and DM 42. You may wish to
investigate these calculators yourself, along with the fegop” calledFree42? Many people nd RPN easier
to use and less error-prone than calculators with the mareramn algebraic notation.

For the following chapters, | will give instructions for bothe popular Tl 84 Plus calculator from Texas
Instruments, and the HP 42S calculator from Hewlett-PatkHryou have different calculator, the instruc-
tions should be similar, but you should consult your calimrlaser's manual for details.

Here we will be reviewing some basic calculator skills, wagiecial emphasis on traps that tend to cause
students the most dif culty.

26.1 Algebraic Notation
26.2 Reverse Polish Notation

26.3 Arithmetic Notation

Ihttps://www.swissmicros.com
2Free42 by Thomas Okkehttps://thomasokken.com/free42
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Chapter 27

Calculators with Algebraic Notation (T
84 Plus)

The Texas Instruments TI-84 Plus (and its couYins a full-featured graphing scienti ¢ calculator, and an
enhanced version of Texas Instruments' earlier TI-83 Palcutator. It is a favorite among college students
today

27.1 Calculator Memory Registers
The TI 84 Plus calculator has 27 memories you can use to steuits; they are labeledithroughz, plus .

You may store a number into any of these memories (rathenthiging down intermediate results on paper).
The names of the memory registers are printed in green oneiyfeolard, above and to the right of the keys.

The names are accessed using the gra&PHA | key.

For example, to store the number 3 in memory register X:

sTa | [ALPHA ENTER

You may also store the result of the most recent calculatibm & memory register. For example, to
calculate2 C 3, then store the result in memory register Y:

ENTER [sTa | [ALPHA ENTER

To retrieve the number from a memory register, just enterdtae. For example, to recall the value stored
in memory register X:

ALPHA ENTER

27.2 Break Problems Up Into Small Pieces

1T1-84 Plus Silver Edition, TI-84 Plus C Silver Edition, Té&lus CE, and TI-84 Plus CE Python.
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Chapter 28

Calculators with Reverse Polish
Notation (HP 42S)

28.1 Introduction

The Hewlett-Packard HP 42S is another full-featured stienalculator (without graphics). The HP 42S
uses Reverse Polish Notation (RPN) entry mode, which witléscribed here.

28.2 Reverse Polish Notation (RPN)

Electronic calculators like the HP 42S use a notation caledgerse Polish Notation, a “reversed” version of a
mathematical notation developed by the Polish logicianlasiewicz. In ukasiewicz's original notation,
instead of placing operators between numbers as we normatiid,

5 6/ 7
he proposed putting the operators in front:
567

thus eliminating any need for parentheses. This is somstoakedPolish notation
In Reverse Polish Notation (RPN), one writes the operaafter the expression. In this example, we
would write

56 7

This system is easy to implement in hardware: one createsaak®on which numbers are temporarily
stored, and the operator acts on the most recent two numb#he Btack. The stack contains four registers
named X, Y, Z, and T, and each register can hold one numberawéhink of the stack as looking like this:

X|<|N| 4
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On an RPN calculator, normally only the X register is visilsighe display. On the HP 42S, both the
X and Y registers are visible. The DM 42S can be con gured tovshall four registers in the display. But
always, the result of the current calculation is shown inXhregister (at the bottom of the stack).

With RPN, we enter numbers onto the stack, separating themthe ENTER| key as needed. Then
each operation key operates on the two numbers in the X anditees:

» TheC key doesy C X
» The keydoesy X
» The keydoesy X
» The keydoesy X

For example, to computeC 4, we would do:

ENTER

The result (7) is left in the X register.
To look at this in more detail:

» Pressing 3 enters the number 3 into the X register.

» PressingENTERcopies the 3 from the X register to the Y register. Now both ¥ ¥rcontain a 3.
» Pressing 4 overwrites the X register with a 4. Now X contdinand Y contains 3.

» PressingC adds the contents of X and Y, leaving the result (7) in X.

Similarly, to compute8 4, we would do:

ENTER D

The result ( 1) is left in the X register.

The other arithmetic keyijwork similarly. Some, like theggerate on the two numbers in the X and Y
registers. Others, likk=xand" x operate only on the number in the X register.

Here's a more complicated example:

35C7/

8C2 6
we would evaluate this the same way we would work with paper @encil, allowing the stack to store
intermediate results:

2C

* 5ENTER7C — Start with5C 7, leaving 12 in the X register.

3 — multiply the 12 by 3, leaving 36 in the X register.

6 P X — Now go to the denominator and nchJI 6, which will be left in X. The previous result (36)
is savedin Y.

+2  —NowXhas?" 6, and Y still has 36.

* 8 P xC —Add P 8 to the denominator in X. Now X has 7.7274. Y still has 36.
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. — Now divideY X to evaluate the fraction. Now X has 4.6587.

e 2C — Addthe 2in front. Now X has 6.6587, the nal result, in X.

Notice that we have no need for parentheses, and we evaheagpression just as we would with paper and
pencil.

28.3 Calculator Storage Registers

The HP 42S has 25 storage registers (callediRough R4 that can be used to store temporary results. To
store the contents of the X register into a storage regiptess the STO| key, followed by the two-digit
register number. Similarly, to recall the number in a stereggister back to the X register in the stack, press
the| RCL|key, followed by the two-digit register number.

For example, let's computaC 3, and save the result in storage register R

E ENTER STO @

Now we'll recall R; to the stack and add 4.

o7 1] ]

The result, 9, is left in the X register.

RC

-
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Appendix 1

Hints for Selected Problems

Chapter 2
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Appendix 2

Solutions to Selected Problems

Chapter 2
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Appendix 3

Greek Alphabet

Table 3-1. The Greek alphabet.

Letter Name
A Alpha

B Beta

€ Gamma
. Delta
E" Epsilon
Z Zeta
H Eta

, Theta

| lota

K Kappa
f Lambda
M Mu
N Nu

” Xi
Oo Omicron
Pi
P Rho

t Sigma
T Tau

T Upsilon
o Phi

X Chi

%o Psi

ol Omega

(Alternate forms* D , D", #D ,~D ,$ D ,%D ,&D
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Appendix 4

Fraktur Alphabet

The Fraktur alphabet was used to write German from the 16th century U84lL, when its use was banned
by the Nazi regime. Today it is still occasionally used in ngahatics to make available more symbols than
those in the standard Roman and Greek alphabets.

218



Appendix 5

Arithmetic Tables

Addition Table
cio 1 2 3 4 5 6 7 8 9
ojo 1 2 3 4 5 6 7 8 9
141 2 3 4 5 6 7 8 9 10
212 3 4 5 6 7 8 9 10 11
3/3 4 5 6 7 8 9 10 11 12
414 5 6 7 8 9 10 11 12 13
5/5 6 7 8 9 10 11 12 13 14
66 7 8 9 10 11 12 13 14 15
717 8 9 10 11 12 13 14 15 16
88 9 10 11 12 13 14 15 16 17
919 10 11 12 13 14 15 16 17 18
Multiplication Table
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
1 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
2 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50
3 3 6 9 12 15 18 21 24 27 30 33 36 39 42 45 48 51 54 57 60 63 66 69 72 75
4 4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 64 68 72 76 80 84 88 92 96 100
5 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100 105 110 115 0 12125
6 6 12 18 24 30 36 42 48 54 60 66 72 78 84 90 96 102 108 114 120 126 132 8 13144 150
7 7 14 21 28 35 42 49 56 63 70 7 84 91 98 105 112 119 126 133 140 147 15461 168 175
8 8 16 24 32 40 48 56 64 72 80 88 96 104 112 120 128 136 144 152 160 16876 1 184 192 200
9 9 18 27 36 45 54 63 72 81 90 99 108 117 126 135 144 153 162 171 180 18398 207 216 225
10 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 190 2010 220 230 240 250
11 11 22 33 44 55 66 7 88 99 110 121 132 143 154 165 176 187 198 209 22Q31 242 253 264 275
12 12 23 36 48 60 72 84 96 108 120 132 144 156 168 180 192 204 216 228 0 24252 264 276 288 300
13 13 24 39 52 65 78 91 104 117 130 143 156 169 182 195 208 221 234 24760 2 273 286 299 312 325
14 14 28 42 56 70 84 98 112 126 140 154 168 182 196 210 224 238 252 26680 2 294 308 322 336 350
15 15 30 45 60 75 90 105 120 135 150 165 180 195 210 225 240 255 270 28300 315 330 345 360 375
16 16 32 48 64 80 96 112 128 144 160 176 192 208 224 240 256 272 288 30820 336 352 368 384 400
17 17 34 51 68 85 102 119 136 153 170 187 204 221 238 255 272 289 306 3 32340 357 374 391 408 425
18 18 36 54 72 90 108 126 144 162 180 198 216 234 252 270 288 306 324 2 34360 378 396 414 432 450
19 19 38 57 76 95 114 133 152 171 190 209 228 247 266 285 304 323 342 1 36380 399 418 437 456 475
20 20 40 60 80 100 120 140 160 180 200 220 240 260 280 300 320 340 36080 3 400 420 440 460 480 500
21 21 42 63 84 105 126 147 168 189 210 231 252 273 294 315 336 357 37899 3 420 441 462 483 504 525
22 22 44 66 88 110 132 154 176 198 220 242 264 286 308 330 352 374 39618 4 440 462 484 506 528 550
23 23 46 69 92 115 138 161 184 207 230 253 276 299 322 345 368 391 41437 4 460 483 506 529 552 575
24 24 48 72 96 120 144 168 192 216 240 264 288 312 336 360 384 408 43256 4 480 504 528 552 576 600
25 25 50 75 100 125 150 175 200 225 250 275 300 325 350 375 400 425 45@75 500 525 550 575 600 625
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Appendix 6

Prime Numbers

Table 6-1. Prime numbers less than 1000.

2
23
59
97

137
179
227
269
313
367
419
461
509
571
617
661
727
773
829
883
947

3

29

61

101
139
181
229
271
317
373
421
463
521
577
619
673
733
787
839
887
953

5
31
67
103
149
191
233
277
331
379
431
467
523
587
631
677
739
797
853
907
967

7
37
71
107
151
193
239
281
337
383
433
479
541
593
641
683
743
809
857
911
971

11
41
73
109
157
197
241
283
347
389
439
487
547
599
643
691
751
811
859
919
977

13
43
79
113
163
199
251
293
349
397
443
491
557
601
647
701
757
821
863
929
983

17
47
83
127
167
211
257
307
353
401
449
499
563
607
653
709
761
823
877
937
991

19
53
89
131
173
223
263
311
359
409
457
503
569
613
659
719
769
827
881
941
997
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Appendix 7

Prime Factorizatons

Table 7-1. Prime factorizations of integers to 100.

1 — 26 2 13 |51 3 17 76 2219
2 2 27 33 52 22 13 77 7 11

3 3 28 22 7 |53 53 78 2 3 13
4 22 29 29 54 2 3 79 79

5 5 30 2 3 5|55 5 11 80 2* 5

6 2 3|31 31 56 2 7 81 3

7 7 32 2° 57 3 19 82 2 4

8 23 33 3 11 |58 2 29 83 83

9 3? 34 2 17 |59 59 84 22 3 7
10 2 5| 35 5 7 60 22 3 5| 85 5 17
11 11 36 22 3 |61 61 86 2 43
12 22 3|37 37 62 2 31 87 3 29
13 13 38 2 19 |63 ¥ 7 88 2 11
14 2 7|39 3 13 |64 26 89 89

15 3 5[40 22 5 |65 5 13 90 2 3 5
16 24 41 41 66 2 3 11| 91 7 13
17 17 42 2 3 7|67 67 92 22 23
18 2 3|43 43 68 22 17 93 3 31
19 19 44 22 11 | 69 3 23 94 2 47
20 22 5|45 3P 5 (70 2 5 7| 95 5 19
21 3 7 (46 2 23 |71 71 96 2> 3
22 2 11| 47 47 72 28 2 97 97
23 23 48 2¢ 3 |73 73 98 2 7
24 22 3|49 72 74 2 37 99 F 11
25 52 50 2 5 75 3 5 100 22 52
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Appendix 8

Julian Day Conversions

The following algorithms are taken frofstronomical Algorithmby Jean Meeus [27]. Here INX/ means
taking the integer part of.

Calendar Date to Julian Day

Let Y be the yearM the month number (1 to 12), arigl the day of month (including fraction of a day).
Then:

*IfM D lorM D 2, thenreplacey byY 1andM byM C 12 (If M > 2, then leaveY andM
unchanged.)

» ComputeA andB:

ADINTL BD?2 ACINTé
100 4

(If using the Old-Style Julian calendar, instead t8k® 0.)

» The Julian Day is then

JDD INTE365:25.€ 4716/-C INTE30:6001.M 1/«C D C B C 1524:5 (8.1)

Julian Day to Calendar Date

» Add 0.5 to the Julian Day. L&t be the integer part, arfél the fractional (decimal) part of the result.
o If Z <2299161, takeA D Z. Otherwise, nd

Z 1867216:25
36524:25

ADZC1C INTZ

D INT
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* Then calculate

B DACI1524
B 122:1
365:25
D D INT.365:25C/
B D
30:6001

C D INT

E D INT

» The day of the month (with decimals, if any) is then
B D INT.30:6001D/C F
* The month numbem is

E 1 if E<14
E 13 ifE D 140rE D 15

* The yearis

C 4716 ifm>2
C 4715 ifmD lormD 2
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Appendix 9

Derivation of the Quadratic Formula

The general quadratic equation is
ax?CbxCcDO (9.1)

To solve forx, we rst divide both sides by:
b
x2C 2xc b o
a a
Now subtract=afrom both sides:

b
x2Cc2xp < 9.2)
a a

2
Next, add % to both sides so we can complete the square:

b b > ¢ b ?
2C-xC — D =-C — 9.3
X ax 2a a 2a (©-3)
Simplifying,
b ? cd4a _ b> _ b? 4ac
C— D -—C-—D—— 94
X 2a ada 4a? 432 (9.4)
Take the square root of both sides:
S —— P
b b? 4ac b2 4ac
C—D D 9.5
X~ 2a 4a? 2a (©-5)
Finally, we subtracb=2afrom both sides:
p
b b2 4
xD — >~ (9.6)
2a 2a
or
p
b b2 4
X D ac 9.7)
2a

which is the quadratic formula.
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Appendix 10

Binomial Coef cients (Pascal's Triangle)

nC D ? : Values ofn in left column; values of in top row.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1)1 1
2|1 2 1
3|1 3 3 1
411 4 6 4 1
5|1 5 10 10 5 1
6|1 6 15 20 15 6 1
711 7 21 35 35 21 7 1
8|1 8 28 56 70 56 28 8 1
911 9 36 84 126 126 84 36 9 1
10| 1 10 45 120 210 252 210 120 45 10 1
11|11 11 55 165 330 462 462 330 165 55 11 1
12| 1 12 66 220 495 792 924 792 495 220 66 12 1
13|11 13 78 286 715 1287 1716 1716 1287 715 286 78 13 1
1411 14 91 364 1001 2002 3003 3432 3003 2002 1001 364 91 14 1
15|11 15 105 455 1365 3003 5005 6435 6435 5005 3003 1365 455 105 15
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Appendix 11

Table of Quarter Squares

P4

©CO~NOOOMWNEREO

Qs.

10000
10100
10201
10302
10404
10506
10609
10712
10816
10920
11025
11130
11236
11342
11449
11556
11664
11772
11881
11990
12100
12210
12321
12432
12544
12656
12769
12882
12996
13110
13225
13340
13456
13572
13689
13806
13924
14042
14161
14280
14400
14520
14641
14762
14884
15006
15129
15252
15376
15500

Qs.

15625
15750
15876
16002
16129
16256
16384
16512
16641
16770
16900
17030
17161
17292
17424
17556
17689
17822
17956
18090
18225
18360
18496
18632
18769
18906
19044
19182
19321
19460
19600
19740
19881
20022
20164
20306
20449
20592
20736
20880
21025
21170
21316
21462
21609
21756
21904
22052
22201
22350



Appendix 12

Trigonometry

Pythagorean Formulae

sif C cod 1
sed 1C tar?
cs@ 1C cof

Angle Addition Formulae

sin. / sin cos cos sin
cos / COS CO0S sin  sin
tan tan
tan / -
1 tan tan

Double-Angle Formulae

2tan

sin2 2sin cos —
1C tar?
cos2  cog sir? 1 2sir? 2cog

2tan

tan2 =
1 tar?

Triple-Angle Formulae

sin3  3sin  4sir®
cos3 4cos  3cos

3tan tar?
tan3 ==
1 3tar?
cot? 3cot
cot3 - -
3cot? 1
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Quadruple-Angle Formulae

sind  4cos sin  4cos sir®

cos4 cosd  6cod sin® Csin'

tand 4tan  4tar?
1 6ta? C tart
cot* 6co C1
cot4

4cof 4 cot

Half-Angle Formulae

sin— 1 cos
2 ; 2
1C cos
cosz >
tan— sin 1 cos
2 1Ccos sin

Products to Sums

1
sin  cos 5C‘En. C / Csin.
. 1 .
cos sin EC‘En_ C / sin
1
COoS cos —@s C / Ccos

1
sin  sin 5G‘Eos C / cos

cos /| cos C/

tan tan

[o

[o

cos | Ccos C /

Sums to Products

sin C sin 2sin cos
sin sin 2cos sin
2

cos C cos 2cos cos >
cos cos 2sin sin >

sin. C /
tan C tan _

COS CcoS

sin. /
tan tan R

COS CO0S
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Power Reduction Formulae

sir?

2.1 cos2/
1
cod :

.1 Ccos2/
tar? 1 cos2
1C cos2
Other Formulee

tan cot 2cot2
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Credit: trigidentities.net , ©2005 Paul Dawkins.
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Exact values of trigonometric functionsat intervals. (Ref. [16])

sin cos tan
0 DO 0 1 0
3D g %pgcpi P51 273 1 %2p§c1q5c sc "5 Pz P51 b q10c2§p§1
6 D 35 %q3o o5 "5 1 171 picqlo 2° 5 1 3
9 D 55 %pﬁcpi 2q5 5 %pl piczqs 5 P
12 D 1z %quZg 5c’3 t 3so0cse 5c5 1 1 K 5
15 D 1 4lp_ Pz %pgcp_ 2
18 D 1o 4lp_ 1 4lq10c2 5 %qzs 10" 5
20l | &2"3ci s P5 "F "7 Psca & "5cP7 PScic2PT 15 P5 | 1°5 P35 Pics w0 2% Pics
24 b 2o i "15c’ 3 qu 2° 5 %q3o 6 5c’5c1 %qsoczz 5 '3 '
27 o 35 %2q5c 5 Poc’z %2q5c sc’wm Pz P51 qs 25
0 05 1 iP3 13
33 b U %pgcpi P5 1¢c2"3 1q5c 5 %zp_c1q5c 5 Ps Pz P5 g 4lp§ P3 P31 wc2’s5cPscn
3% D ¢ 4lq10 2" 5 4lp§c1 qs 2° 5
39 b - %pscpi Psc1 273 1 %2p§c1q5 5c 5 Pz Psca %pgcpi p_lqlo 2’5 Psca
2 b 4 t 30ce 5 5c1 %qlocz sc’rw P3 %plsc 3 quCZ 5
45 D o %pi %pi 1
48 D 4 %quZ sc’E 3 %qsocs 5 Psca %3‘)5 plscqso 22" 5
s 0 | & 2"3ci s P5c s Pz Pcs & "5cP7 PSc1 27 15 "5 | 175 P35 P3cs w0 25’5 a
54 D 3y 4lp§c1 4lq10 25 %qzscm 5
s 018 | L 2"3ci sc”5 "5 Pz P54 4 P5c"7 "5 1c2"5 1 5c"5 | 1°5c¢”5 Pica wc’E PF o
60 D %p§ 1 b3
63 D 5o %2q5c sc’w Pz %2q5c 5 PwcPz b5 1cq5 25
66 D 14— %q3o e 5c’5c1 i Bc’3 qu 2" 5 %qlo 5c’E P3
69 D 2 %pgcpi Psci1c2"3 1q5 5 %2p3c1q5 5 P5 Pz Psca %pgcp_ §1q10 25c’5 1
72 D 2 4lq10c2§ 4lp§ 1 q5c2§
0% | 476’z 1% Pz 2c’3
78 D 13- %qsocs 5cP5 1 %quZ 5 PcPs %pﬁcpicqlocz 5
81 D Y %pﬁcpiczqs 5 %pﬁcpz 2q5 5 p§c1cq5c2 5
84 D 7= %pﬁc‘)?cqlo 2" 5 %q3o &5 "5 1 %qsoczz S5cs’3c’
87 D 2 %2p§c1q5c sc 5 Pz P51 &= PscPz P51 273 1q5c 5 %pgcp_ P3ca quCZ 5cPs5c1
90 D 1 0 —
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sec csc cot
0 DO 1 —
q q
p— p- I—p= p - pP— P = pP— P= P P
3 D g 171 8 5C2 5 2Cc 3 1 "T0c 6 2c"3c s5c2 5 1 "5c"3 "3c1 1wc2 5¢c 5c1
q q q
P = L= o = o h= p P —
6 D 35 3 5 2 5 15C6 5C 5C2 1 soc22 " 5c3 3¢ 15
q q
P- P — p-_p P p p— —p=
9 D 55 13 2c 0 25¢c 5 13 2c Toc2 5¢c 5 5c1c 5C2 5
q q q
—7p= p_ —r= p— _p
12 D 15 15 6 5 @ 5C2 5c2 5C 3 3 "15c"3c 1wwc2 5
p— p- p—_p p -
15 D 1 2 6Cc 2 2c 3
q q
—p= p— —p=
18 D 15 Ls0 1005 5c1 5c2 5
q q q
p— P p- 9—p= P p— 9—p= p - pP— P= P —p=_p-
21 D Ly 110 § 2c 3 5 25 1 "oc 8 5 2 5c2 L 75c"3 "3 1 10 2 5c 1
5 9——>p= p_ p_ 9—p= L 9= p— o
24 D %5 15¢6 5 5 2 3¢ 5 2 5 1 10 2 5c I 3
q q q
—P= P-_P— —Pp=_ P- P— p— —p=
27 0 35 125 3 2c 10 125 5c3 2 10 5 1c 5 2 5
P -
30 D g 273 2 3
q q q
p— P = p - p— P P = pP— P= P — = P
33 b 17170 "% s5c25c2 3 1 "Toc & 2¢°3 sc2 5 L " s5c 3c1 1wwc2 5 5 1
q q
p— —p= =
3% D ¢ 5 1 L s0ciw0 5 L 2sc10 5
q q q
p— p- Y—p= p - p— P p- 9—p= pP— P= P = P
39 b | 1 "c 5 5 25 2¢c 1771 6 2¢c 3Cc 5 25 1"5 "3 "3c1 10 2 5c 1
q q q
—P= P —p=_p_ P P =
2 D Ly 5C2 5 3 15 6 5C 5 2 133 15C 50 225
[ [
45 DT 2 2 1
q q q
—p=_p_ —r= P p— p- Y—p=
48 D 4g 15 6 5C 5C2 5 3 1 "15c"3 1wc2 5
q q q
p— P p- 9—p= p— p- Y—p= p - p—_pP= P —p= P
st bl | 1710 "% 2c 3c 5 25 1 "10c 5 25 2¢ 3 1 "5c"3 10 25 " 5c1
q q
= P — —p=
54 D 35 L s0oc10 5 5 1 5 25
q q
19 1P P P = 1 P— P = 1 P= P= P = p_
57 D 13- 3 "0c 6 2¢°3 s5Cc2 5 371 8 5C2 5Cc2 3 ¥ 5 "3 "3 1 1wc2 5c 5c1
60 D 5 2 %p§ %p§
q q q
—P=_P- P— —Pp= _P p— p— — =
63 D L 125 5c3 2 10 125 5 3 2Cc 10 5 1 5 25
q q q
p- 9—p= —P= p- — = P- P—
66 D il 3¢ 5 25 15¢6 5 5 2 1 soc22"5 33 15
q q q
p— p — = p - p— P P pP— P= P= —p= p-
69 D &2 1 " 1oc 5 2 5C2 110 § 2c 3 5 25 175 3 "3c1 10 2 5 5C 1
q q
p— —p= —p=
72 D 2 5c1 L5 105 L2 105
[P - p— P p -
75 D 3y 6C 2 6 2 2 3
13 9—p= p_ 9—p= p_ , P p— 1 =
78 D B 5C2 5C 3 15 6 5 5C2 133 1 50 22 5
q q
P P— _ P=_P= pP- P— — = p— =
81 D - 13 2c 10cz2 5¢c 5 13 2c 10 25¢c 5 5c1 5C2 5
q q q
—P=_ P p- Y—p= —p= P—_ P
84 D Ie 15C6 5C 5C2 3 5 25 1 w0 25 BC 3
q q q
p— P po d—p= p— p- Y—p= p - P— P- P= — = p-
87 D2~ | $ "Toc & 2c 3c sc2 5 171 & s5Cc2 5 2¢c 3 1 3 "3 1 1wwc25 5 1
90 D 5 — 1 0
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Appendix 13

Hyperbolic Trigonometry

Pythagorean Formulae

cosfx sinffx 1
secHx 1 tanifx

cscHfx cottfx 1

Angle Addition Formulae

sinhx y/ sinhx coshy coshx sinhy

coshx y/ coshx coshy sinhx sinhy

tanhx / tanhx tanhy
y 1 tanhxtanhy

Double-Angle Formulae

sinh2x 2 sinhx coshx

cosh2x  cosH x C sinff x
2tanhx

tanh2x ———
1C tanif x

Half-Angle Formulae

r—
Sinhx coshx 1
2 2

r—
coshx coshx C 1
2 2

tanhx sinhx coshx 1
2 coshx C 1 sinhx
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Products of Hyperbolic Sines and Cosines

1
sinhx coshy > @&nhx Cy/ C sinhx /e
1
coshx sinhy > @&nhx Cy/ sinhx y/e
1
coshx coshy > @&oshx Cy/ C coshx vyl
. . 1
sinhx sinhy > @oshx Cy/ coshx y/e
Power Reduction Formulae

sinkf x .cosh2x 1/

cosH x

N NIE

.coshex C 1/
Relations to Plane Trigonometric Functions

sinhx i sin.ix/
coshx cosix/

tanhx i tanix/
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Appendix 14

Useful Series

The rst four series are valid ifxj < 1; the fth is valid for x? < a?; and the last three are valid for all real
X.

.10x/1:2D1c1x Exzcix?’ 5x4 T g5 2liec 33,0 429

X 8 C 1 128 ©256¢ 1024 © 2028 32768

8c @141

1 x/*¥2p1 }x }Xz ixs S a4 s 21 ¢ 33 7, 429 ¢
' 2 8

AN 14.2
160 128° 256 1024 2048° 32768 (14.2)
_ 1 3., 5 35 63 231 . 429 6435
ACx 2D 1 ZxC=x? =x3C —x* —x° 6 7 8 14.3
X X280 168 Y128 256 ~1024° 2048 " 32768 (14.3)
_ 1 3., 5 35 63 231 429 6435
1 x/ 2D 1CZxC Zx?C =x%C —=x*Cc —x>°C 6C e 8¢C 14.4
X X8 Y18 Y 128" Y2568~ 1024° 2048 32768 (14.4)
1 1 x _x%2 x3 _x* x°
p- XcX XX X 145
aCx a a a3 a* a> ab ( )
2 X3 X4 X5 X6 X7 X8 X9
spicxCocicilcXtctc C C C 14.6
© XY 5~ 5~ 22 120 720 5040~ 40320 362880 (14.6)
3 5 7 9 11 13
sixDx —cX. X ¢ X X X (14.7)
6 ~ 120 5040 362880 39916800 6227020800
2 4 6 8 10 12
cosxD1 ~cXt X ¢ X X ¢ X (14.8)
2 24 720 40320 3628800 479001600
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Appendix 15

Mathematical Subtleties

* When taking the square root of both sides of an equation,sign must always be introduced. For
example:
x?D a ) xb 'a

Both roots may be valid, or, depending on the problem, it mayHhat one root or the other may be
rejected on mathematical or physical grounds.

» Dividing an equation through by a variable may result indggoots. For example, suppose we have

x2 4xDO

Dividing through by the variablg will result in one solutionx D 4; the solutiorx D 0 has been lost.
Instead of dividing through by the variabte the proper procedure is factor outanx:

xXx 4/DO

Since the product on the left-hand side is zero, it follovat #itherx D O orx D 4, and we retain
both roots.

* Likewise, multiplying an equation through by a variableymiatroducenewroots that were not roots
of the original equation. For example, given the equation

3x2
—D®6
X

Multiplying through by the variabl&, we get
3x? D 6x

or
x.3x 6/DO0

so thatx D Oorx D 2. Butclearlyx D 0is not a valid solution to the original equation, since it
results ing, which is unde ned. Thenlyvalid rootisx D 2.

Itis a good practice to try substituting the roots you nd baato the original equation to make sure it
is satis ed by each of the roots you've found.
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» The relation

p P~

P y D" Xy (15.1)
is valid only forx;y 0.
* Some mathematical conventions:

? lisnotconsidered a prime number.

? 0SD 1

?20°D1

? Towers of exponents are evaluated from the top dafh:D a®®/
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» When taking an inverse trigonometric function, there wilgeneral béwo correct values; your cal-

culator will give only one value, thprincipal value(P.V.). The other value is found using the table
below.

Function P.V. Othervalue
arcsin
arccos
arctan C
arcsec
arccsc
arccot C

For arctany=x/, add to the calculator's principal value answeixif< O .
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Appendix 16

Table of Derivatives

d

—aDo 16.1

Ix 2 (16.1)

d xD1 (16.2)

dx '

9 ynp oyt (16.3)

dx '

d p-— 1

— D p= 16.4

dx X 2 X ( )

d sinx D cosx (16.5)

dx '

d cosx D sinx (16.6)

dx '

d tanx D sec x (16.7)

dx '

d

— secx D tanx secx (16.8)

dx

d

— cscx D cotx csex (16.9)

dx

d cotx D cséx (16.10)

dx '
(16.11)
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d X

—e*D¢e* 16.12
xC D€ ( )
d 1

— InxD = 16.13
dx nx X ( )
9 %D a‘ha (16.14)
dx '

d log, x D (16.15)
dx o xIna '

d sin1x D pil (16.16)
dX 1 X2 -

d cos 1x D pil (16.17)
dx 1 x2 '

d 1 1

™ tan “x D 1c 2 (16.18)
d 1

— seclx D — (16.19)
dx ixj x2 1

d 1

—cscix D —p——— (16.20)
dx ixj x2 1

Il 1

Ix cot “xD 1C <2 (16.21)
d .

— sinhx D coshx (16.22)
dx

d .

— coshx D sinhx (16.23)
dx

d

Ix tanhx D secH x (16.24)
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Appendix 17

Table of Integrals

In the following table, an arbitrary consta@itshould be added to each result.

z
dx D x (17.1)
z
adx D ax (17.2)
z XnCl
x"dx D na 1/ (17.3)
nC1
z
— 2P —
P x dx D 3 x3 (17.4)
z 1
" dx D Injx] (17.5)
z
sinxdx D cosx (17.6)
z
cosx dx D sinx (17.7)
z
tanx dx D Inj secx;j (17.8)
(17.9)
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z

secx dx D Injsecx C tanxj (17.10)
z

cscx dx D Injesex  cotxj (17.11)
z

cotx dx D Injsinxj (17.12)
z

e dx D &* (17.13)
z

Inxdx D xInx X (17.14)
Z X

a
a*dx D — (17.15)
Ina

z xInx x

log, xdx D —— 17.16
z

sinhx dx D coshx (17.17)
z

coshx dx D sinhx (17.18)
z

tanhx dx D Incoshx (17.19)
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Appendix 18

Fundamental Theorems of Mathematics

Fundamental Theorem of Arithmetic

Every integer greater than 1 can by represented uniquelypesdaict of prime numbers.

Fundamental Theorem of Algebra

Every polynomial equation of degreehasn (complex) roots.

Fundamental Theorem of Calculus

Differentiation and integration are inverse operationsaxh other.
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Appendix 19

Chi-Squared Table

The following 2 table shows critical values for the? test for various degrees of freedom (rows). The
columns show the probability of exceeding the con denceel@nd therefore rejecting the null hypothesis.
Nominally we will use a value of 0.05 for this (column highliged in green) so that we nd the critical value
for accepting the null hypothesis with 95% con dence.
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Appendix 20

Index to “Mathematical Games”

The following is an index to the 298 “Mathematical Games"urohs by Martin Gardner, appearing $ti-
enti c Americanmagazine between 1956 and 1986.

Issue Book Topic
Dec 1956 1 Hexa exagons

Jan 1957 1 Magic with a Matrix

Feb 1957 1 Nine Problems

Mar 1957 1 Ticktacktoe

Apr 1957 1 Probability Paradoxes

May 1957 1 The Icosian Game and the Tower of Hanoi
Jun 1957 1 Curious Topological Models

Jul 1957 1 The Game of Hex

Aug 1957 1 Sam Loyd: America's Greatest Puzzlist
Sep 1957 1 Mathematical Card Tricks

Oct 1957 1 Memorizing Numbers

Nov 1957 1 Nine More Problems

Dec 1957 1 Polyominoes

Jan 1958 1 Fallacies

Feb 1958 1 Nim and Tac Tix

Mar 1958 1 Left or Right?

Apr 1958 2 The Monkey and the Coconuts

May 1958 2 Tetra exagons

Jun 1958 2 Henry Ernest Dudeney: England's Greatest Puzzlis
Jul 1958 2 Digital Roots

Aug 1958 2 Nine Problems

Sep 1958 2 The Soma Cube

Oct 1958 2 Recreational Topology

Nov 1958 2 Squaring the Square

Dec 1958 2 The Five Platonic Solids
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Issue Book Topic
Jan 1959 2 Mazes
Feb 1959 2 Recreational Logic
Mar 1959 2 Magic Squares
Apr 1959 2 James Hugh Riley Shows, Inc.
May 1959 2 Nine More Problems
Jun 1959 2 Eleusis: The Induction Game
Jul 1959 2 Origami
Aug 1959 2 Phi: The Golden Ratio
Sep 1959 2 Mechanical Puzzles
Oct 1959 2 Probability and Ambiguity
Nov 1959 3 Euler's Spoilers: The Discovery of an Order-10e@mal atin Square
Dec 1959 3 Group Theory and Braids
Jan 1960 2 The Mysterious Dr. Matrix
Feb 1960 3 Eight Problems
Mar 1960 3 The Games and Puzzles of Lewis Carroll
Apr 1960 3 Board Games
May 1960 3 Packing Spheres
Jun 1960 3 Paper Cutting
Jul 1960 3 The Transcendental Number Pi
Aug 1960 3 Victor Eigen: Mathemagician
Sep 1960 3 The Four-Color Map Theorem
Oct 1960 3 Nine Problems
Nov 1960 3 Polyominoes and Fault-Free Rectangles
Dec 1960 3 The Binary System
Jan 1961 9 Dr. Matrix (Los Angeles)
Feb 1961 3 The Ellipse
Mar 1961 3 The 24 Color Squares and the 30 Color Cubes
Apr 1961 3 H.S.M. Coxeter
May 1961 3 Mr. Apollinax Visits New York
Jun 1961 3 Nine More Problems
Jul 1961 3 Bridg-it and Other Games
Aug 1961 3 The Calculus of Finite Differences
Sep 1961 4 Knots and Borromean Rings
Oct 1961 4 The Transcendental Numler
Nov 1961 4 Geometric Dissections
Dec 1961 4 Scarne on Gambling
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Issue Book Topic
Jan 1962 4 The Church of the Fourth Dimension
Feb 1962 4 Eight Problems
Mar 1962 4 A Matchbox Game-Learning Machine
Apr 1962 4 Spirals
May 1962 4 Rotations and Re ections
Jun 1962 4 Peg Solitaire
Jul 1962 4 Flatlands
Aug 1962 4 Chicago Magic Convention
Sep 1962 4 Tests of Divisibility
Oct 1962 4 Nine Problems
Nov 1962 4 The Eight Queens and Other Chessboard Diversions
Dec 1962 4 A Loop of String
Jan 1963 9 Dr. Matrix (Sing Sing)
Feb 1963 4 Curves of Constant Width
Mar 1963 4 The Paradox of the Unexpected Hanging
Apr 1963 4 Thirty-Seven Catch Questions
May 1963 4 Rep-Tiles: Replicating Figures on the Plane
Jun 1963 5 The Helix
Jul 1963 5 Klein Bottles and Other Surfaces
Aug 1963 5 Combinatorial Theory
Sep 1963 5 Bouncing Balls in Polygons and Polyhedrons
Oct 1963 5 Four Unusual Board Games
Nov 1963 5 The Rigid Square and Eight Other Problems
Dec 1963 5 Parity Checks
Jan 1964 9 Dr. Matrix (Chicago)
Feb 1964 5 Sliding-Block Puzzles
Mar 1964 5 Patterns and Primes
Apr 1964 5 Graph Theory
May 1964 5 The Ternary System
Jun 1964 5 The Trip around the Moon and Seven Other Problems
Jul 1964 5 The Cycloid: Helen of Geometry
Aug 1964 5 Mathematical Magic Tricks
Sep 1964 5 Word Play
Oct 1964 5 The Pythagorean Theorem
Nov 1964 5 Limits of In nite Series
Dec 1964 5 Polyiamonds
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Issue Book Topic
Jan 1965 9 Dr. Matrix (Miami Beach)
Feb 1965 5 Tetrahedrons
Mar 1965 5 Coleridge's Apples and Eight Other Problems
Apr 1965 5 In nite Regress
May 1965 5 The Lattice of Integers
Jun 1965 5 O'Gara, the Mathematical Mailman
Jul 1965 5 Op Art
Aug 1965 5 Extraterrestrial Communication
Sep 1965 6 Piet Hein's Superellipse
Oct 1965 7 Polyominoes and Recti cation
Nov 1965 6 The Red-Faced Cube and Other Problems
Dec 1965 6 Magic Stars and Polyhedrons
Jan 1966 9 Dr. Matrix (Philadelphia)
Feb 1966 6 Penny Puzzles
Mar 1966 6 Aleph-null and Aleph-one
Apr 1966 6 The Art of M. C. Escher
May 1966 6 Cooks and Quibble-Cooks
Jun 1966 6 How to Trisect an Angle
Jul 1966 6 The Numerology of Dr. Fliess
Aug 1966 6 The Rising Hourglass and Other Physics Puzzles
Sep 1966 6 Mrs. Perkins' Quilt and Other Square-Packing IBnod
Oct 1966 6 Card Shuf es
Nov 1966 6 Hypercubes
Dec 1966 6 Pascal's Triangle
Jan 1967 9 Dr. Matrix (Wordsmith College)
Feb 1967 6 Jam, Hot, and Other Games
Mar 1967 7 The Dragon Curve and Other Problems
Apr 1967 6 Calculating Prodigies
May 1967 6 Tricks of Lightning Calculators
Jun 1967 7 Polyhexes and Polyaboloes
Jul 1967 6 Sprouts and Brussels Sprouts
Aug 1967 7 Factorial Oddities
Sep 1967 7 Double Acrostics
Oct 1967 7 Knights of the Square Table
Nov 1967 7 The Cocktail Cherry and Other Problems
Dec 1967 7 Game Theory, Guess It, Foxholes
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Issue Book Topic
Jan 1968 9 Dr. Matrix (Squaresville)
Feb 1968 7 Trees
Mar 1968 7 Perfect, Amicable, Sociable
Apr 1968 8 Dollar Bills
May 1968 8 Spheres and Hyperspheres
Jun 1968 7 Playing Cards
Jul 1968 6 Random Numbers
Aug 1968 7 Ridiculous Questions
Sep 1968 7 Finger Arithmetic
Oct 1968 7 Colored Triangles and Cubes
Nov 1968 7 Dice
Dec 1968 7 Mobius Bands
Jan 1969 9 Dr. Matrix (Fifth Avenue)
Feb 1969 8 Boolean Algebra
Mar 1969 8 Fibonacci and Lucas Numbers
Apr 1969 8 The Rotating Round Table and Other Problems
May 1969 8 Random Walks and Gambling
Jun 1969 8 Random Walks on the Plane and in Space
Jul 1969 8 Matches
Aug 1969 8 Simplicity
Sep 1969 8 Mascheroni Constructions
Oct 1969 9 Dr. Matrix (The Moon)
Nov 1969 8 Patterns of Induction
Dec 1969 8 Dominoes
Jan 1970 8 The Abacus
Feb 1970 8 Eccentric Chess and Other Problems
Mar 1970 8 Cyclic Numbers
Apr 1970 8 Solar System Oddities
May 1970 8 Optical lllusions
Jun 1970 8 Elegant Triangles
Jul 1970 10 Diophantine Analysis and Fermat's Last Theorem
Aug 1970 8 Palindromes: Words and Numbers
Sep 1970 10 Wheels
Oct 1970 10  The Game of Life, Part |
Nov 1970 10  The Knotted Molecule and Other Problems
Dec 1970 10 Nontransitive Dice and Other Probability Paxado
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Issue Book Topic
Jan 1971 9 Dr. Matrix (Honolulu)
Feb 1971 10  The Game of Life, Part Il
Mar 1971 10  Alephs and Supertasks
Apr 1971 10  Geometric Fallacies
May 1971 10  The Combinatorics of Paper Folding
Jun 1971 8 Can Machines Think?
Jul 1971 10 A Set of Quickies
Aug 1971 10  Ticktacktoe Games
Sep 1971 10  Plaiting Polyhedrons
Oct 1971 10 The Game of Halma
Nov 1971 10  Advertising Premiums
Dec 1971 10  Salmon on Austin's Dog
Jan 1972 10  Nim and Hackenbush
Feb 1972 9 Dr. Matrix (Houston)
Mar 1972 10  Golomb's Graceful Graphs
Apr 1972 10  Charles Addams' Skier and Other Problems
May 1972 10  Chess Tasks
Jun 1972 10 SlitheBX C 1, and Other Curious Questions
Jul 1972 10  Mathematical Tricks with Cards
Aug 1972 11  The Binary Gray Code
Sep 1972 11 Polycubes
Oct 1972 11  Coincidence
Nov 1972 11 Bacon's Cipher
Dec 1972 11  Doughnuts: Linked and Knotted
Jan 1973 11  Sim, Chomp, and Race Track
Feb 1973 11 Elevators
Mar 1973 11 Napier's Bones
Apr 1973 11  Napier's Abacus
May 1973 11  The Tour of the Arrows and Other Problems
Jun 1973 11  Crossing Numbers
Jul 1973 11 Newcomb's Paradox
Aug 1973 9 Dr. Matrix (Clairvoyance Test)
Sep 1973 11 Point Sets on the Sphere
Oct 1973 11 Look-See Proofs
Nov 1973 11  Worm Paths
Dec 1973 11  Waring's Problems
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Issue Book Topic
Jan 1974 11  Thel Ching
Feb 1974 11  Cram, Bynum and Quadraphage
Mar 1974 11 Re ections on Newcomb's Paradox
Apr 1974 11 Reverse the Fish and Other Problems
May 1974 12  Time Travel
Jun 1974 9 Dr. Matrix (Pyramid Lake)
Jul 1974 12 Hexes and Stars
Aug 1974 12 Tangrams, Part 1
Sep 1974 12 Tangrams, Part 2
Oct 1974 12 Nontransitive Paradoxes
Nov 1974 12  Combinatorial Card Problems
Dec 1974 12 Melody-Making Machines
Jan 1975 12 Anamorphic Art
Feb 1975 7 Nothing
Mar 1975 12  The Rubber Rope and Other Problems
Apr 1975 12  Six Sensational Discoveries (April Fools)
May 1975 12  The Csaszar Polyhedron
Jun 1975 12 Dodgem and Other Simple Games
Jul 1975 12 Tiling with Convex Polygons
Aug 1975 12  Tiling with Polyominoes, Polyiamonds, and Pekéds
Sep 1975 9 Dr. Matrix (The King James Bible)
Oct 1975 * Concerning an Effort to Demonstrate ESP by Machine
Nov 1975 12  Curious Maps
Dec 1975 12  The Sixth Symbol and Other Problems
Jan 1976 12 Magic Squares and Cubes
Feb 1976 12 Block Packing
Mar 1976 12 Induction and Probability
Apr 1976 15  Trivalent Graphs, Snarks, and Boojums
May 1976 7 Everything
Jun 1976 12  Catalan Numbers
Jul 1976 12 Fun with a Pocket Calculator
Aug 1976 12  Tree-Plant Problems
Sep 1976 13 Conway's Surreal Numbers
Oct 1976 13 Back from the Klondike and Other Problems
Nov 1976 9 Dr. Matrix (Calcutta)
Dec 1976 13 Mandelbrot's Fractals
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Issue Book Topic
Jan 1977 13 Penrose Tiling
Feb 1977 13  The Oulipo
Mar 1977 13 Wythoff's Nim
Apr 1977 13 Pool-Ball Triangles and Other Problems
May 1977 13 Mathematical Induction and Colored Hats
Jun 1977 13 Negative Numbers
Jul 1977 13  Cutting Shapes into N Congruent Parts
Aug 1977 13  Trapdoor Ciphers
Sep 1977 13 Hyperbolas
Oct 1977 13  The New Eleusis
Nov 1977 13 Ramsey Theory
Dec 1977 9 Dr. Matrix (Stanford)
Jan 1978 13 From Burrs to Berrocal
Feb 1978 13  Sicherman Dice, the Kruskal Count and Other Sitigs
Mar 1978 13 Raymond Smyllyan's Logic Puzzles
Apr 1978 14  White, Brown, and Fractal Music
May 1978 14  The Tinkly Temple Bells
Jun 1978 14 Mathematical Zoo
Jul 1978 14  Charles Sanders Peirce
Aug 1978 14  Twisted Prismatic Rings
Sep 1978 14  The Thirty Color Cubes
Oct 1978 14 Egyptian Fractions
Nov 1978 14 Minimal Sculpture
Dec 1978 9 Dr. Matrix (Chautauqua)
Jan 1979 14  Tangent Circles
Feb 1979 14  The Rotating Table and Other Problems
Mar 1979 14 Does Time Ever Stop? Can the Past Be Altered?
Apr 1979 14  Generalized Ticktacktoe
May 1979 14 Psychic Wonders and Probability
Jun 1979 14 Mathematical Chess Problems
Jul 1979 14 Douglas Hofstadte&bdel, Escher, Bach
Aug 1979 14 Imaginary Numbers
Sep 1979 14 Pi and Poetry: Some Accidental Patterns
Oct 1979 14 Packing Squares
Nov 1979 14  Chaitin's Omega
Dec 1979 15 A Toroidal Paradox and Other Problems
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Issue Book Topic
Jan 1980 15  Checker Recreations
Feb 1980 15 M -Pire Maps
Mar 1980 15 Directed Graphs and Cannibals
Apr 1980 15 Fun with Eggs
May 1980 15 Dinner Guests, Schoolgirls, and HandcuffedbRess
Jun 1980 15  The Monster and Other Sporadic Groups
Jul 1980 15  The Wonders of a Planiverse
Aug 1980 15  The Power of the Pigeonhole
Sep 1980 9 Dr. Matrix (Istanbul)
Oct 1980 15  \oting Mathematics
Nov 1980 15  Taxicab Geometry
Dec 1980 15  Strong Laws of Small Primes

Feb 1981 15 Modulo Arithmetic and Hummer's Wicked Witch
Apr 1981 15 Levina Seeks a Room and Other Problems

Jun 1981 15  The Symmetry Creations of Scott Kim

Aug 1981 15 Parabolas

Oct 1981 15 Non-Euclidean Geometry

Dec 1981 11  The Laffer Curve

Aug 1983 15 Bulgarian Solitaire and Other Seemingly Endlasks
Sep 1983 15  The Topology of Knots

Jun 1986 15 Minimal Steiner Trees

*Note: The October 1975 column was not published in any of the books.

Book titles
1. Hexa exagons and Other Mathematical Diversions: ThstScienti c AmericanBook of Mathemat-
ical Puzzles and Games
2. The Secon&cienti c AmericanBook of Mathematical Puzzles and Diversions

3. New Mathematical Diversions

E

The Unexpected Hanging and Other Mathematical Divessi@nClassic Collection of Puzzles and
Games fronScienti c American

Martin Gardner's 6th Book of Mathematical Diversionsfr&cienti c American
Mathematical Carnival
Mathematical Magic Show

Mathematical Circus

© ®© N o v

The Magic Numbers of Dr. Matrix
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10.
11.
12.
13.
14.
15.

Wheels, Life, and Other Mathematical Amusements

Knotted Doughnuts and Other Mathematical Entertairinen

Time Travel and Other Mathematical Bewilderments

Penrose Tiles to Trapdoor Ciphers...and the Return .afi@trix

Fractal Music, Hypercards, and More: Mathematical Baions fronfScienti c AmericanMagazine

The Last Recreations: Hydras, Eggs, and Other Matheahdiysti cations

255



Appendix 21

Sl Units

Table 21-1. Sl base units.

Name Symbol Quantity
meter m length
kilogram kg mass
second S time
ampere A electric current
kelvin K temperature
mole mol amount of substance
candela cd luminous intensity
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Table 21-2. Derived Sl units.

Name Symbol De nition Base Units Quantity
radian rad m/m — plane angle
steradian sr m/m? — solid angle
newton N kgms?2 kgms? force
joule J Nm kgm s ? energy
waitt w J/s kgms 3 power
pascal Pa N/ kgmls? pressure
hertz Hz st st frequency
coulomb C As As electric charge
volt \Y J/C kgntf A 1s 3  electric potential
ohm . VI/IA kgm? A ?2s 3 electrical resistance
siemens S AlV kgt m 2 A2s®  electrical conductance
farad F Cl/V kg!m 2A? ¢ capacitance
weber Wb Vs kgrAA s ?  magnetic ux
tesla T Wb/m  kgA ls? magnetic induction
henry H Wb /A kgt A 2s 2 induction
lumen Im cd sr cd sr luminous ux
lux Ix Im / m? cdsrm? illuminance
becquerel Bq st st radioactivity
gray Gy J/kg ms ? absorbed dose
sievert Sv J/kg ms 2 dose equivalent
katal kat mol /s mol st catalytic activity
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Table 21-3. Sl pre xes.

Prex Symbol De nition English
quetta- Q 10%° nonillion
ronna- R 1077 octillion
yotta- Y 10%4 septillion
zetta- z 10%t sextillion
exa- E 108 quintillion
peta- P 10 quadrillion
tera- T 102 trillion
giga- G 10° billion
mega- M 10° million
kilo- k 10° thousand
hecto- h 107 hundred
deka- da 10 ten

deci- d 10* tenth
centi- c 10 ? hundredth
milli- m 10 3 thousandth
micro- 10 © millionth
nano- n 10 ° billionth
pico- p 10 2 trillionth
femto- f 10 quadrillionth
atto- a 10 8 quintillionth
zepto- z 10 % sextillionth
yocto- y 10 % septillionth
ronto- r 10 %/ octillionth
quecto- q 10 %0 nonillionth

Table 21-4. Pre xes focomputer use only

Prex Symbol De nition

yobi- Yi 280 D 1,208,925,819,614,629,174,706,176
zebi- Zi 20 D 1,180,591,620,717,411,303,424
exbi- Ei 2%0 D 1,152,921,504,606,846,976

pebi- Pi 20 D 1,125,899,906,842,624

tebi- Ti 240 D 1,099,511,627,776

gibi- Gi 230 D 1,073,741,824

mebi- Mi 220 D 1,048,576

kibi- Ki 210 D 1,024
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Gaussian Units

Table 22-1. Gaussian base units.

Name Symbol Quantity
centimeter cm length
gram g mass
second S time
kelvin K temperature
mole mol amount of substance
candela cd luminous intensity
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Table 22-2. Derived Gaussian units.

Name Symbol De nition Base Units Quantity
radian rad m/m — plane angle
steradian sr m/ n? — solid angle
dyne dyn gcm¢? gcms? force
erg erg dyncm gcms 2 energy
statwaitt statW erg/s gchs 3 power
barye ba dyn/cr gemts? pressure
galileo Gal cm/$ cms 2 acceleration
poise P g/ (cms) gent st dynamic viscosity
stokes St crh/s cnt st kinematic viscosity
hertz Hz st st frequency
statcoulomb  statC g2cm®?s 1 electric charge
franklin Fr statC g2cm*2?s 1 electric charge
statampere statA  statC/s g em*?s 2 electric current
statvolt statvV  erg/ statC B em*?s 1 electric potential
statohm stat  statV/statA scm?! electrical resistance
statfarad statF  statC/statV cm capacitance
maxwell Mx  statV cm g2cm*2s 1 magnetic ux
gauss G Mx / crh g*?cm ¥2s 1 magnetic induction
oersted Oe statAs/dn g¥2cm ¥2s ! magnetic intensity
gilbert Gb statA g2cm*?s 2 magnetomotive force
unit pole pole  dyn/Oe T2cm*?s ! magnetic pole strength
stathenry statH erg/statA s cm ! induction
lumen Im cd sr cd sr luminous ux
phot ph Im/cm cd srcm? illuminance
stilb sh cd / cr cdcm ? luminance
lambert Lb 1= cd/cnf cdcm? luminance
kayser K 1/cm cm? wave number
becquerel Bq st st radioactivity
katal kat mol /s mol st catalytic activity
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Appendix 23
British Engineering Units

Table 23-1. Britsh Engineering base units.

Name Symbol Quantity
foot ft length
slug slug mass
second S time
degree Rankine R temperature
pound-mole Ib-mol  amount of substance
candle candle luminous intensity

Table 23-2. Derived British Engineering units.

Name Symbol De nition Base Units Quantity
radian rad ft/ft — plane angle
steradian sr ft/ft2 — solid angle
pound-force Ibf slug fts®> slugfts? force
hertz Hz st st frequency
becquerel Bq st st radioactivity
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Appendix 24

Physical Constants

Table 24-1. Fundamental physical constants (CODATA 2018).

Description

Symbol

Value

Speed of light (vacuum)
Gravitational constant
Elementary charge
Permittivity of free space
Permeability of free space
Coulomb constantl=.4 " of)
Electron mass

Proton mass

Neutron mass

Atomic mass unit (amu)
Planck constant

Planck constant 2
Boltzmann constant
Avogadro constant

c 2:99792458 1% m/s
G 6:67430 10 *' mikg 's?
e 1:602176634 10 ° C
"o 8:8541878128 10 12 F/m
0 1:256637062121C N/A2
Ke 8:9875517923 10° m/F
Me 9:1093837015 10 3! kg
my 1:67262192369 10 27 kg
mp 1:67492749804 10 27 kg
u 1:66053906660 10 27 kg
h 6:62607015 10 % Js

1:054571817646156410 3* J s

ke 1:380649 10 22 J/K
Na 6:02214076 10 mol !

Table 24-2. Other physical constants.

Description Symbol Value
Acceleration due to gravity at Earth surface ¢ 9.80 m/8
Radius of the Earth (eq.) R 6378.140 km
Mass of the Earth M 5:97320 10** kg
Earth gravity constant GM 3:986005 10 m®s ?
Speed of sound in ai2Q C) Vsnd 343 m/s
Density of air (sea level) air 1.29 kg/n?
Density of water w 1 g/cn? D 1000 kg/ni
Index of refraction of water Ny 1.33

Resistivity of copperZ0 C)

Cu

1:68 108« m
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Astronomical Data

Table 25-1. Astronomical constants.

Description Symbol Value
Astronomical unit AU 1:49597870 10 m
Obliquity of ecliptic (J2000) " 23:4392911
Solar mass M 1:9891 10*° kg
Solar radius R 696;000km
Earth grav. const. GM 3:986004415 10 m3s 2
Sun grav. const. GM 1:32712440041 10°° m3 s 2

Table 25-2. Planetary Data.

Planet Mass (Yg) Eqg.radius (km) Orbit semi-major axis (Gm)

Mercury 330:2 2439:7 5791
Venus 4868:5 6051:8 108:21
Earth 5973:6 6378:1 149:60
Mars 641:85 3396:2 22792
Jupiter  1;898;600 71,492 778:57
Saturn 568;460 60;268 1433:53
Uranus 86;832 25;559 2872:46
Neptune 102;430 24,764 4495:06
Pluto 12:5 1195 5906:38
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Unit Conversion Tables

Time

1 dayD 24 hoursD 1440 minute® 86400 seconds
1 hourD 60 minutedD 3600 seconds
1 yearD 31557 600 seconds 10" seconds

Length

1 mileD 8 furlongsD 80 chaindD 320 rodsD 1760 yardD 5280 feetD 1.609344 km

1 yardD 3 feetD 36 inchedD 0.9144 meter

1footD 12 inchedD 0.3048 meter

1linchD 2.54 cm

1 nautical mileD 1852 meter® 1.15077944802354 miles

1 fathomD 6 feet

1 parsed 3.26156376188 light-yeai3 206264.806245 AWD 3:08567756703 10'® meters
1angstromD 0.1 nmD 10° fermiD 10 0 meter

Mass

1 kilogramD 2.20462262184878 Ib

1 poundD 16 0zD 0.45359237 kg

1 slugD 32.1740485564304 1D 14.5939029372064 kg
1 short torD 2000 Ib

1longtonD 2240 Ib

1 metric tonD 1000 kg

Velocity

15 mphD 22 fps
1 mphD 0.44704 m/s
1 knotD 1.15077944802354 mpbh 0.514444444444444 m/s
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Area

1 acreD 43560 f€ D 4840 yc? D 4046.8564224
1 mile? D 640 acred 2.589988110336 ki

1 areD 100 n?

1 hectareD 10* m? D 2.47105381467165 acres

Volume

lliterD 1dn® D 10 *m® 1 quart

1 m* D 1000 liters

lcm®D 1mL

12D 1728 ir* D 7.48051948051948 g&l 28.316846592 liters

1 gallonD 231 ir® D 4 quartsD 8 pintsD 16 cupsD 3.785411784 liters
1 cupD 8 oz D 16 tablespoonB 48 teaspoons

1 tablespooi 3 teaspoon® 4 uidrams

1 dry gallonD 268.8025 id D 4.40488377086 liters

1 imperial gallorD 4.546009 liters

1 busheD 4 pecksD 8 dry gallons

Density
1 g/cn? D 1000kg/m® D 8.34540445201933 Ib/g&l 1.043175556502416 |b/pint

Force

11bf D 4.44822161526050 newtobs32.1740485564304 poundals
1 newtonD 10° dynes

Energy

1 calorieD 4.1868 joules

1 BTU D 1055.05585262 joules
1ft-Ib D 1.35581794833140 joules
1 kW-hrD 3.6 MJ

1eVvD 1:602176634 10 ' joules
1jouleD 107 ergs

Power

1 horsepowebD 745.69987158227022 watts
1 statwattD 1 abwattD 1 erg/sD 10 ’ watt

Angle
radD deg 55 degD rad 89

1 degD 60 arcminD 3600 arcsec
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Temperature

CD(F 32/ 3 FD C  C32
KD CC 273:15
RD FC 459:67

Pressure

1 atmD 101325 P& 1.01325 bab 1013.25 millibaD 760 torr
D 760 mmHgD 29.9212598425197 inHD 14.6959487755134 psi
D 2116.21662367394 IbAD 1.05810831183697 tonfft
D 1013250 dyne/cfD 1013250 barye

Electromagnetism

1 statcoulomid 3:33564095198152010 1° coulomb
1 abcoulomiD 10 coulombs

1 statvoltD 299:792458/0lts

1 abvoltD 10 8 volt

1 maxwellD 10 8 weber

1 gaus®D 10 *tesla

1 oersted 250= .D 79:577471545947H/m
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Appendix 27

Angular Measure

Plane Angle

The most common unit of measure for plane angle isldggee( ), which is 1/360 of a full circle. Therefore
a circle is360 , a semicircle is.80 , and a right angle i90 .

A similar unit (seldom used nowadays) is a sort of “metricjlencalled thegrad, de ned so that a right
angle is 100 grads, and so a full circle is 400 grads.

The Sl unit of plane angle is thradian (rad), which is de ned to be the angle that subtends an agtken
equal to the radius of the circle. By this de nition, a fultcie subtends an angle equal to the arc length of a
full circle (2 r ) divided by its radius — and so a full circle i2 radians.

Since a hemisphere 180 or radians, the conversion factors are:

radD 180 deg (27.1)

180
degD — rad (27.2)

Subunits of the Degree

For small angles, a degree may be subdivided intmétuteq ©), and a minute into 66econdg °°). Thus a
minute is 1/60 degree, and a second is 1/3600 dégpawgles smaller than 1 second are sometimes expressed
asmilli-arcsecondg1/1000 arcsecond).

Solid Angle

A solid angleis the three-dimensional version of a plane angle, and iteadled by the vertex of a cone. The
Sl unit of solid angle is theteradian(sr), which is de ned to be the solid angle that subtends aa aqual

to the square of the radius of a circle. By this de nition, # iphere subtends an area equal to the area of a
sphere 4 r ?) divided by the square of its radius?) — so a full sphere ig¢ steradians, and a hemisphere
is2 steradians.

1sometimes these units are called thimute of arcor arcminute and thesecond of aror arcsecondo distinguish them from the
units of time that have the same name.

2In an old system (Ref. [25]), the second was further subdividto 60thirds ( °°9, the third into 6Courths( °°%9, etc. Under this
system, 1 milli-arcsecond is 3.6 fourths of arc. This sysieno longer used, though; today the second of arc is simgigisided into
decimals (e.932:86473 %9,
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Figure 27.1: Relation between plane anglend solid angle for a right circular cone.

There is a simple relation between plane angle and solicedogla right circular cone. If the vertex of
the cone subtends an anglgtheaperture angleof the cone), then the corresponding solid angles (Fig.
27.1)

D2 1 cosE : (27.3)
Another unit of solid angle is thequare degre¢ded):
2

sg deg D sr 180 : (27.4)

In these units, a hemisphere is 20,626.48¢dagd a complete sphere is 41,252.96%deg
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Round-Number Handbook of Physics

The one-pag&ound Number Handbook of Physarsthe following page is by Edward M. Purcell of Harvard
University, and appeared in the January 1983 issue oAtherican Journal of Physicdt is intended as a
brief reference for doing quick “back of the envelope”, ardémagnitude calculations.
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Appendix 29

Fundamental Physical Constants —
Extensive Listing

The following tables, published by the National InstitutéScience and Technology (NIST), give the current
best estimates of a large number of fundamental physicataots. These values were determined by the
Committee on Data for Science and Technology (CODATA) fot&0and are a best t of the constants to
the latest experimental results. These values includeQh® &-de nition of Sl units.
(Source:https://physics.nist.gov/cuu/Constants/index.html )
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Fundamental Physical Constants B Extensive Listing
Relative std.
Quantity Symbol Value Unit uncerti,
UNIVERSAL
speed of light in vacuum c 299792458 ms ! exact
vacuum magnetic permeabilitlp h=€’c 0 1:25663706212(19) 10 © NA 2 15 10 %0
0=(4p 10 7) 1:000 000 000 55(15) NA 2 15 10 10
vacuum electric permittivitg= oc? 0 8:8541878128(13) 10 12 Fm 1 15 10 %0
characteristic impedance of vacuumc Zo 376730313 668(57) 15 10 0
Newtonian constant of gravitation G 6:67430(15) 10 “ mikg 's? 22 10°
G=hc  6:70883(15) 10 (GeV=@) 2 22 10°
Planck constant h 6:62607015 10 34 JHz ! exact
4:135667696:: 10 1° eVHz ! exact
h 1:054571817:: 10 ** Js exact
6:582119569:: 10 6 eVvs exact
hc 197.3269804 :: MeV fm exact
Planck masghc=G)1=2 mp 2:176434(24) 10 8 kg 11 10°
energy equivalent mp 1:220890(14) 10%° GeV 11 105
Planck temperaturghc®=G)1=2=k Te 1:416 784(16) 10 K 11 10°
Planck lengtthh=mpc = (hG=c3)172 Ip 1:616255(18) 10 % m 11 10°
Planck timelp=c = ( hG=)12 tp 5:391247(60) 10 * s 11 105
ELECTROMAGNETIC
elementary charge e 1:602176634 10 1° C exact
e=h 1:519267447:: 10% AJ? exact
magnetic “ux quantun2ph=(2e) 0 2:067833848:: 10 Wb exact
conductance quantuge’=2ph Go 7:748091729:: 10 ° S exact
inverse of conductance quantum Gyt 1290640372 :: exact
Josephson constane2h Kj 4835978484::: 10° Hzv 1 exact
von Klitzing constant o¢=2 = 2ph=¢€ Rk 25812807 45::: exact
Bohr magnetoreh=2m, B 9:2740100783(28) 10 2* JT1? 30 10 1
5:7883818060(17) 10 ° evT 1 30 10 10
s=h  1:39962449361(42) 10 HzT ¢ 30 1010
s=hc  46:686 447 783(14) miT 1Y 30 10
s=k  0:67171381563(20) KT ¢ 30 10 10
nuclear magnetosh=2mj, N 5:050 783 7461(15) 10 27 JT 1! 31 101
3:152451 258 44(96) 10 8 evT ! 31 10
n=h 7:6225932291(23) MHzT ! 31 10 10
n=hc  2:54262341353(78) 10 2 miT?Y 31 101
n=k  3:6582677756(11) 10 4 KT ¢ 31 10 °
ATOMIC AND NUCLEAR
General
®ne-structure constaet=4p ohc 7:297 3525693(11) 10 3 1.5 10 %
inverse ®ne-structure constant 1 137035999 084(21) 5 101
Rydberg frequency 2mec?=2h = E=2h cRy 3:2898419602508(64) 10> Hz 1.9 10 *?
energy equivalent hcR;  2:1798723611035(42) 10 ¥ J 19 10 %
13:605 693122 994(26) eV 19 10 *?
Rydberg constant Ry 10973 731568 160(21) [m 1Y 19 10 *?
Bohr radiush=m ¢c = 4p oh=mee? ag 5:29177210903(80) 10 ! m 15 10 10
Hartree energy ?mec® = €=4p oap = 2hcR;  Ej, 4:3597447222071(85) 10 ¥ J 1.9 10 12
27:211 386 245 988(53) eV 19 10 22
quantum of circulation ph=me 3:6369475516(11) 10 ¢ m?s 1 30 1010
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Fundamental Physical Constants B Extensive Listing
Relative std.
Quantity Symbol Value Unit uncerti,

2ph=m, 7:2738951032(22) 10 ¢ m?s 1 30 1010
Electroweak

Fermi coupling constaht Ge=(hc)® 1:1663787(6) 10 ° GeV ? 51 107
weak mixing anglé  (on-shell scheme)
sinf w=s3 1 (my=myz)? sin® w 0:22290(30) 13 103
Electron, e
electron mass Me 9:109 3837015(28) 10 3! kg 30 1010
5:48579909065(16) 10 4 u 29 10 ¢
energy equivalent MeC? 8:1871057769(25) 10 4 J 30 1019
0:510 998 950 00(15) MeV 30 10 ©
electron-muon mass ratio Me=Mp 4:83633169(11) 10 3 22 108
electron-tau mass ratio M= 2:87585(19) 10 * 6:8 10 3
electron-proton mass ratio Me=M, 5.44617021487(33) 10 4 60 104
electron-neutron mass ratio Me=Mp 5:438 6734424(26) 10 4 4:8 10 10
electron-deuteron mass ratio Me=My 2:724 437 107 462(96) 10 * 35 101
electron-triton mass ratio M= 1:819200062 251(90) 10 4 50 10 1t
electron-helion mass ratio Me=Mh 1:819543074573(79) 10 4 43 10 11
electron to alpha particle mass ratio Me=My 1:370933554 787(45) 10 4 33 101!
electron charge to mass quotient e=me 1:75882001076(53) 10t Ckg ! 30 101
electron molar masis o me M (e);M, 5:4857990888(17) 10 kgmol * 30 10 1°
reduced Compton wavelengtkmec= a9 —¢ 3:8615926796(12) 10 13 m 30 101°
Compton wavelength c 2:42631023867(73) 10 2 [m]Y 30 101
classical electron radius?ag le 2:8179403262(13) 10 m 45 10 10
Thomson cross section83)r2 e 6:652 458 7321(60) 10 2° m? 91 101
electron magnetic moment e 9:2847647043(28) 10 ¢ JT? 30 1010
to Bohr magneton ratio = B 1:001 159 652 181 28(18) T 10 18
to nuclear magneton ratio = N 1838281971 88(11) ® 104
electron magnetic moment
anomalyj ¢j= g 1 ae 1:159652 181 28(18) 10 3 15 10 0
electrong-factor 2(1 + ag) Oe 2:002 319 304 362 56(35) T 10 18
electron-muon magnetic moment ratio e= m 206766 9883(46) 2 108
electron-proton magnetic moment ratio = p 658210687 89(20) D 101
electron to shielded proton magnetic
moment ratio (HO, sphere, 25C) e= 5 6582275971(72) 1 108
electron-neutron magnetic moment ratio e= n 960:92050(23) 24 107
electron-deuteron magnetic momentratio = ¢ 2143923 4915(56) % 10 °
electron to shielded helion magnetic
moment ratio (gas, sphere, 26) =9 864:058 257(10) 12 108
electron gyromagnetic rati@j oj=h e 1:760 859 630 23(53) 104 stT?! 30 1010
28024951 4242(85) MHzT ! 30 101
Muon,m
muon mass Mm 1:883531627(42) 10 28 kg 22 108
0:113 428 9259(25) u 22 108
energy equivalent M2 1:692833804(38) 10 * J 22 108
105658 3755(23) MeV 22 108
muon-electron mass ratio My=Me 206768 2830(46) 2 108
muon-tau mass ratio my=my 5:946 35(40) 10 2 68 105
muon-proton mass ratio Mp=Mp 0:112 609 5264(25) 2 108
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Relative std.
Quantity Symbol Value Unit uncerti,
muon-neutron mass ratio mMy=My 0:1124545170(25) 2 108
muon molar mashl o mp, M(mM; My 1:134289259(25) 10 4 kgmol * 22 108
reduced muon Compton wavelengthm.¢  —¢c:m 1:867594306(42) 10 1° m 22 108
muon Compton wavelength cm 1:173444110(26) 10 4 [m]Y 22 108
muon magnetic moment m 4:490 448 30(10) 10 26 JT1! 22 108
to Bohr magneton ratio = B 4:84197047(11) 10 3 22 108
to nuclear magneton ratio = N 8:890597 03(20) 2 108
muon magnetic moment anomaly
i m=(eh=2mn) 1 am 1:16592089(63) 10 3 54 10 7
muong-factor 2(1 + ay) Om 2:002 3318418(13) 8 10 10
muon-proton magnetic moment ratio = p 3:183345142(71) 2 108
Tau,t
tau mass my 3:16754(21) 10 % kg 6:8 105
1:907 54(13) u 6:8 105
energy equivalent m,c? 2:84684(19) 10 J 68 105
177686(12) MeV 68 105
tau-electron mass ratio m¢=me 347723(23) 68 105
tau-muon mass ratio m¢=Mp, 16:8170(11) 68 10 °
tau-proton mass ratio m¢=my 1:89376(13) 68 10 °
tau-neutron mass ratio m¢=m, 1:891 15(13) 68 10 °
tau molar mas#l o m; M (t);M,; 1:90754(13) 10 3 kgmol ! 68 10 °
reduced tau Compton wavelendthm; c “cit 1:110538(75) 10 16 m 6:8 105
tau Compton wavelength cit 6:97771(47) 10 [m]Y 6:8 105
Proton, p
proton mass mp 1:67262192369(51) 10 " kg 31 1010
1:007 276 466 621(53) u 53 10 1
energy equivalent mpc? 1:50327761598(46) 10 10 J 31 1010
938272088 16(29) MeV 31 10 10
proton-electron mass ratio Mp=Me 1836152 67343(11) @ 101
proton-muon mass ratio Mp=Mp, 8:88024337(20) 2 108
proton-tau mass ratio mp=m 0:528 051(36) 68 105
proton-neutron mass ratio Mp=M, 0:998 623478 12(49) A 10 1°
proton charge to mass quotient e=m, 9:5788331560(29) 10 Ckg ?! 31 1010
proton molar mashla mp M (p),M, 1:00727646627(31) 10 * kgmol 1 31 10 %
reduced proton Compton wavelengthm,c  —c.p 2:10308910336(64) 10 ¥ m 31 1010
proton Compton wavelength Cip 1:32140985539(40) 10 > [m}Y 31 1010
proton rms charge radius Mo 8:414(19) 10 16 m 22 103
proton magnetic moment p 1:41060679736(60) 10 26 JT ! 42 10 10
to Bohr magneton ratio p= B 1:521 032202 30(46) 10 3 30 10 1°
to nuclear magneton ratio p= N 2:792 847 344 63(82) ® 1010
protong-factor2 ,= y O 5:585 694 6893(16) » 1010
proton-neutron magnetic moment ratio p= n 1:459 898 05(34) 2 107
shielded proton magnetic moment 5 1:410570560(15) 10 26 JT1! 11 108
(H20, sphere, 25C)
to Bohr magneton ratio 0= 5 1:520993128(17) 10 3 11 108
to nuclear magneton ratio §= N 2:792 775599(30) n 108
proton magnetic shielding correction
1 9=, (H0, sphere, 25C) 0 2:5689(11) 10 5 42 104
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Quantity Symbol Value Unit uncerti,
proton gyromagnetic rati@ ,=h b 2:6752218744(11) 10 stT 1 42 101
42:577478518(18) MHzT 1 42 1010
shielded proton gyromagnetic ratio
2 9=h (H.0, sphere, 25C) 0 2:675153151(29) 10 sIT! 11 108
42:576 384 74(46) MHzT ! 1.1 108
Neutron, n
neutron mass mp 1:67492749804(95) 10 %’ kg 57 10 1°
1:008 664 915 95(49) u 48 10 1
energy equivalent m,c? 1:50534976287(86) 10 © J 57 10 1°
939565 420 52(54) MeV 57 10 10
neutron-electron mass ratio mp=me 1838683661 73(89) B8 1010
neutron-muon mass ratio Mp=Mpn 8:892 484 06(20) 2 108
neutron-tau mass ratio mp=m; 0:528 779(36) 68 10 °
neutron-proton mass ratio Mp=m, 1:001 378419 31(49) o 10 1°
neutron-proton mass difference m, mp 2:30557435(82) 10 ° kg 35 107
1:38844933(49) 10 3 u 35 107
energy equivalent nin  mp)c®  2:07214689(74) 10 18 J 35 107
1:293 332 36(46) MeV 35 107
neutron molar mas o my, M (n); M, 1:00866491560(57) 10 * kgmol * 57 10 1©
reduced neutron Compton wavelengtfm,c  —¢c:n 2:1001941552(12) 10 8 m 57 10 1°
neutron Compton wavelength Cn 1:31959090581(75) 10 ¥ [m]Y 57 10 1°
neutron magnetic moment n 9:6623651(23) 10 %7 JT1! 24 107
to Bohr magneton ratio n= B 1:04187563(25) 10 3 24 107
to nuclear magneton ratio n= N 1:913042 73(45) 2 107
neutrong-factor2 = y On 3:826 085 45(90) 2 107
neutron-electron magnetic moment ratio n= e 1:04066882(25) 10 3 24 107
neutron-proton magnetic moment ratio n= p 0:684 979 34(16) 2 107
neutron to shielded proton magnetic
moment ratio (HO, sphere, 25C) n= 9 0:684 996 94(16) 2 107
neutron gyromagnetic rat® ,j=h n 1:83247171(43) 10° stT! 24 107
29:164 6931(69) MHzT ! 24 107
Deuteron, d
deuteron mass my 3:3435837724(10) 10 2 kg 30 1010
2:013 553 212 745(40) u 20 10 1
energy equivalent Mg 2 3:00506323102(91) 10 © J 30 10 10
1875612 942 57(57) MeV 30 10 1°
deuteron-electron mass ratio Mg=Me 3670482967 88(13) $ 101
deuteron-proton mass ratio Mg=mp 1:999 007 501 39(11) 5 10U
deuteron molar mags$, mgy M (d); Mg 2:01355321205(61) 10 2 kgmol * 30 10 %
deuteron rms charge radius rq 2:112799(74) 10 15 m 35 10 ¢4
deuteron magnetic moment d 4:330735094(11) 10 7 JT1? 26 10°
to Bohr magneton ratio 4= B 4:669754570(12) 10 4 26 10 °
to nuclear magneton ratio d= N 0:857 438 2338(22) B 10°
deuterorg-factor 4= Od 0:857 438 2338(22) B 10°
deuteron-electron magnetic moment ratio 4= e 4:664345551(12) 10 4 26 10 °
deuteron-proton magnetic moment ratio d= p 0:307 012209 39(79) B 10 °
deuteron-neutron magnetic moment ratio 4= 0:448 206 53(11) 2 107
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Fundamental Physical Constants B Extensive Listing
Relative std.
Quantity Symbol Value Unit uncerti,
Triton, t
triton mass my 5:007 356 7446(15) 10 2 kg 30 1010
3:015500 716 21(12) u 40 10 1
energy equivalent my ¢ 4:5003878060(14) 10 © J 30 1010
2808921 132 98(85) MeV 30 1010
triton-electron mass ratio mi=Me 5496921535 73(27) »H 101
triton-proton mass ratio me=mp 2:993 717 034 14(15) ® 101
triton molar masN 4 m; M(t);M; 3:01550071517(92) 10 * kgmol * 3:0 10 10
triton magnetic moment ¢ 1:5046095202(30) 10 26 JT 1 20 10°
to Bohr magneton ratio = B 1:6223936651(32) 10 3 20 10°
to nuclear magneton ratio t= N 2:978 962 4656(59) D 10 °
triton g-factor2 = y O 5:957 924 931(12) D 10 °
Helion, h
helion mass mp 5:0064127796(15) 10 7 kg 30 1010
3:014 932247 175(97) u 32 101t
energy equivalent mpc? 4:4995394125(14) 10 ** J 30 1010
2808391 607 43(85) MeV 30 1010
helion-electron mass ratio mp=me 5495885 280 07(24) B8 101
helion-proton mass ratio My=m, 2:99315267167(13) 4 104
helion molar massl, mp, M(h);My 3:01493224613(91) 10 3 kgmol * 30 10 1°
helion magnetic moment h 1:074617532(13) 10 %6 JT ! 12 108
to Bohr magneton ratio h= B 1:158 740958(14) 10 3 1:2 108
to nuclear magneton ratio h= N 2:127 625 307(25) r 108
heliong-factor2 = y Oh 4:255 250 615(50) r 10°8
shielded helion magnetic moment 0 1:074553090(13) 10 %6 JT ! 12 108
(gas, sphere, 25C)
to Bohr magneton ratio 0= g 1:158671471(14) 10 3 12 108
to nuclear magneton ratio b= N 2:127 497 719(25) » 108
shielded helion to proton magnetic
moment ratio (gas, sphere, 26) 0=, 0:761 766 5618(89) 2 108
shielded helion to shielded proton magnetic
moment ratio (gas/kD, spheres, 25C)  p= § 0:761786 1313(33) 8 10 °
shielded helion gyromagnetic ratio
2j 9j=h (gas, sphere, 25C) N 2:037894569(24) 10° s'T?! 12 108
32434099 42(38) MHzT ! 12 108
Alpha particlea
alpha particle mass My 6:644 657 3357(20) 10 2’ kg 30 1010
4:001506 179 127(63) u 16 10 1
energy equivalent (o2 5:9719201914(18) 10 ® J 30 1010
3727379 4066(11) MeV 30 10 10
alpha particle to electron mass ratio Ma=me 7294299541 42(24) 3 108
alpha particle to proton mass ratio Ma=mp 3:972599 690 09(22) 5 104
alpha particle molar mas$, m, M(a);M, 4:0015061777(12) 10 2 kgmol * 30 10 1°
PHYSICOCHEMICAL
Avogadro constant Na 6:02214076 10 mol 1 exact
Boltzmann constant k 1:380649 10 = JK 1 exact
8:617333262:: 10 ° eVK ' exact
k=h 2:083661912:: 10 HzK ' exact



Prince George's Community College College Mathematics Simpson
Fundamental Physical Constants B Extensive Listing
Relative std.
Quantity Symbol Value Unit uncerti,
k=hc 69:50348004:: [m TK 1Y exact
atomic mass constant
my = %m(lZC) =2hcR; = 26%A,(e) my 1:660539 066 60(50) 10 27 kg 30 1010
energy equivalent m,c? 1:49241808560(45) 10 0 J 30 1010
931:494 102 42(28) MeV 30 10 10
molar mass constant My 0:99999999965(30) 10 * kgmol ! 30 1010
molar mas$ of carbon-12A, (*2C)M M (*2C) 11:9999999958(36) 10 *  kgmol ! 30 1010
molar Planck constant Nah 3:990312712:: 10 10 JHz *mol * exact
molar gas constam o k R 8:314462618:: Jmol 1K 1 exact
Faraday constami 5 e F 9648533212 :: Cmol 1t exact
standard-state pressure 100000 Pa exact
standard atmosphere 101325 Pa exact
molar volume of ideal gaRT=p
T =273:15K; p=100 kPa Vi 22:71095464:: 10 3 m3 mol 1 exact
or standard-state pressure
Loschmidt constantl o =Vin no 2:651645804:: 107 m 3 exact
molar volume of ideal gaBT =p
T =273:15K; p=101:325 kPa Vi 22:41396954:: 10 3 m3 mol 1 exact
or standard atmosphere
Loschmidt constantl o =Vin no 2:686780111:: 10% m 3 exact
Sackur-Tetrode (absolute entropy) constant
3 +In[( mykT1=2ph?)32kT; =p]
T, =1K; po =100 kPa So=R 1:151 707 537 06(45) ® 1010
or standard-state pressure
T1=1K; pp =101:325 kPa 1:164 870523 58(45) ® 1010
or standard atmosphere
Stefan-Boltzmann constant
(p?=60)k*=h3c2 5:670374419:: 10 8 Wm 2K 4 exact
®rst radiation constant for spectral
radiance2hc? sr 1 on 1:191042972:: 10 18 [Wm?sr 1] exact
®rst radiation consta@phc? = psrcy. c 3:741771852:: 10 6 [W m2]YY exact
second radiation constant=k [ 1:438776877:: 10 2 [m K]Y exact
Wien displacement law constants
b= maxT = ;=4:965114231: b 2:897771955:: 10 3 [m K]Y exact
BP= =T =2:821439372:c=¢ P 5:878925757:: 10%° HzK 1 exact

The energy of a photon with frequencyexpressed in unit Hz iE = h in J. Unitary time evolution of the state of this photon is given b
exp( iEt=h)j' i, wheregj' i is the photon state at tinte= 0 and time is expressed in unit s. The rdft=h is a phase.

Y The full description of m? is cycles or periods per meter and that of m is meter per cycle (m/cycle). The scienti®c community is aw
the implied use of these units. It traces back to the conventions for phase and angle and the use of unit Hz versus cycles/s. No solutior
agreed upon.

# Value recommended by the Particle Data Group (Tanabesél, 2018).

* Based on the ratio of the masses of the W and Z bosogsm; recommended by the Particle Data Group (Tanabaskil., 2018). The
value forsin? \ they recommend, which is based on a variant of the modi®ed minimal subtréa@ipscheme, isin® "\ (Mz) = 0 :231 22(4).

{ This and other constants involvimg; are based om;c? in MeV recommended by the Particle Data Group (Tanabaslai,, 2018).

¥ The relative atomic mass, (X ) of particleX with massm(X ) is de®ned by, (X ) = m(X )=m,, wherem, = m(**C)=12 = 1 u is the
atomic mass constant and u is the uni®ed atomic mass unit. Moreover, the mass ofaioléX ) = A;(X) u and the molar mass & is
M (X)= A/(X)My, whereM, = Na uis the molar mass constant aNd is the Avogadro constant.

The entropy of an ideal monoatomic gas of relative atomic mMass given byS = Sy + %R In A,
¥ The full description of fiism 2 (m=cycle)*. See also footnote for nt.

R In(p=p) + 3R In(T=K):
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Further Reading

Mathematics

Analytic Geometnby Murray H. Protter and Charles B. Morrey, Jr.; Addison-\&g<Co., 1966. A
standard high school text on analytic geometry.

Ask Marilynby Marilyn vos Savant. St. Martin's Press, 1992. A selectidrMarilyn vos Savant's
columns fromParademagazine from 1986-1992. Chapter 26 contains the whol@isifmn of the Monty
Hall problem, whose solution she correctly provided in tregarine.

The Circle: A Mathematical Exploration beyond the LineAlfred S. Posamentier and Robert Geretschlager.
Prometheus Books, 2016. An entire book about circles, fiteperties, and theorems related to circles, writ-
ten at about the level of these notes.

A College Algebraby Henry Burchard Fine. Ginn and Company, 1904; reprinteédrgotten Books,
2018. An older, very thorough book on college algebra. TéMs¢overs quite a bit of material, and goes into
more depth than the algebra covered in these notes.

Conway's Game of Life: Mathematics and Constructigmathaniel Johnson and Dave Greene. Lulu.com,
2021. A thorough and extensive discussion of Conway's gafiéfe, including the latest results. A free
PDF copy is available at https://conwaylife.com/ .

A Course of Pure Mathemati¢3rd ed.) by G.H. Hardy. Dover, 2018. An introductory bookroathe-
matical analysis by one of the great mathematicians of thie@tury. First published in 1908 and reprinted
by Dover.

The Drunkard's Walk: How Randomness Rules Our Liweseonard Mlodinow. Pantheon Press, 2008.
This book, written for the general public, is about the “ramdwalk” problem.

The (Fabulous) Fibonacci Numbey Alfred S. Posamentier and Ingmar Lehmann. Prometheuk€800
2007. A book that goes into great detail about the Fibonaacibers, written for the general public.

Fun with Mathematicby Jerome S. Meyer; Fawcett Pub., 1962. A very well-writted anjoyable book
on mathematics for the general public.

The Higher Arithmetic: An Introduction to the Theory of Nierd{8th Ed.) by H. Davenport; Cambridge
University Press, 2008. A highly regarded and well-resgeb¢éxt on number theory. This is an excellent
place to start learning about number theory.

How to Enjoy Calculudy Eli S. Pine; Arco Pub., 1975, 1980. If you've never studilee calculus and
are interested learning what it's all about, then this boiebk is the place to start. It is the best introductory
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book on calculus available, bar none. The author states‘thahe years | have taught this subject, no one
has gone away without understanding it completely.”

Introduction to Geometry2nd ed.) by H.S.M. Coxeter; Wiley, 1991. A masterpiece adrgetrical
exposition, by the geometer whom many would consider thatgse of modern times. If you work your way
through this text, you will be a serious student of geometry.

An Introduction to the Theory of Numbdgth ed.) by G.H. Hardy and E.M. Wright; Oxford University
Press, 2008. Originally written in 1938, this book contistie be a very well-known and well-respected
text on number theory. This book can get into some fairly aded material, and can be considered one of
the de nitive texts on number theory. If you're interestedléarning more about number theory, this is an
excellent place to start.

Mathematics and the Imaginatitny Edward Kasner and James Newman; Simon and Schuster, A940.
well-known, classic text on mathematics written for the@@hpublic. This is the book that introduced the
world to the wordyoogol

Men of Mathematicby E.T. Bell; Simon and Schuster, 1937. A well-known coliectof short biogra-
phies of famous mathematicians throughout history. Writte a general public audience.

Modern Algebra, Book OnandModern Algebra, Book Twby Mary Locianiet al; Houghton-Mif in
Co., 1970 and 1973. — Standard high school texts on basibge

Modern School Mathematics: Geomehy Ray C. Jurgensen, Alfred J. Donnelly, and Mary P. Dolgiani
Houghton-Mifin Co., 1972. A standard high school text onogeetry.

The Monty Hall Problem: The Remarkable Story of Math's Mosh@ntious Brain Teasdoy Jason
Rosenhouse. A book entirely about the Monty Hall problenittem for the general public.

Numerical Recipe$3rd ed.) by William H. Pressgt al; Cambridge University Press, 2007. If you're
interested in numerical methods, this is an excellent plactart learning about them. This book does have
its detractors, who claim that the methods presented arsitople, and elaborate pre-written black-box
routines work better. That's undoubtedly true, but if yountvaome insights into the basics of numerical
methods, this book does that job very well.

Prelude to Mathematicsy W.W. Sawyer; Dover Publications, 2011. Another excél(@nief) book on
mathematics, intended for a general audience and covesing advanced topics.

The Princeton Companion to Mathematims Timothy Gowerset al; Princeton University Press, 2008.
A massive compilation of all sorts of topics in pure matheosatVery interesting to browse through and read
articles that capture your interest.

The Princeton Companion to Applied MathematigsNicholas J. Highanet al; Princeton University
Press, 2015. Like its cousin above, but focused on topicgplied mathematics.

The Secrets of Triangles: A Mathematical Jourrmsy Alfred S. Posamentier and Ingmar Lehmann.
Prometheus Books, 2012. An entire book dedicated to tréangheir properties, and theorems related to
triangles, written at about the level of these notes.

Topology Without Tearby Sidney A. Morris. An excellent starter text on generaldiogy by a well
respected mathematician in the eld. The book is currentBilable for free as an e-book on the Internet at
https://topologywithouttears.net/ , along with some accompanying videos. The text is still a
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work in progress, and is updated from time to time, so be sowdwave the latest version. The book is geared
toward readers with a wide range of mathematical backgreund

The Trachtenberg Speed System of Basic Mathentatigagkow Trachtenberg; Ishi Press, 2011. A system
for performing amazing feats of mental arithmetic, develbpy Jakow Trachtenberg while imprisoned in
concentration camps during the Holocaust. Be sure to reatiazing foreword to this book — it's an
incredible story that could easily be adapted to an actacked movie.

A Treatise on Algebré&3rd ed.) by Charles Smith; MacMillon and Co., 1892. An oloer comprehensive
text on college algebra. Beware of books on “algebra”: theghtrbe about basic algebra (quadratic equations
and so forth), or they might be about so-called “abstractlaig’ or “modern algebra,” which has to do with
abstract concepts like groups, rings, and elds. Smith'slo the former, and covers algebra as we've
discussed it here, along with a few related topics. Therbsslately no way to tell from a book's title which
kind of “algebra” book it is — you have to look insidelf there's a lot of talk about groups and rings and
elds, then it's abstract algebra. If there's talk about deatic equations, then it's the basic algebra we've
discussed here.

Trigonometry(2nd ed.) by Elbridge P. Vance; Addison-Wesley, 1969. Adéad high school trigonom-
etry textbook.

What is MathematicsBy by Richard Courant and Herbert Robbins; Oxford UnivgiBitess, 1996. First
publishedin 1941, this is an excellent book on mathematica §ieneral audience. Albert Einstein said of this
book, “A lucid representation of the fundamental concept$methods of the whole eld of mathematics.”

The World of Mathematigg vol.) by James R. Newman (ed.). Simon and Schuster, 19%&IlAknown
collection of writings about mathematics, written for a geal audience.

Physics

Applied Physicq11th ed.) by D. Ewen, N. Schurter, and P.E. Gundersen; &ga017. Applied
physics is closely related to technical physics. This re¢ext on applied physics is algebra-based (no
calculus) and would make a good companion for this course.cbliege may consider adopting this text for
future offerings of this Technical Physics course.

Brainteaser Physics: Challenging Physics Puzzleysby Goran Grimvall. Johns Hopkins University
Press, 2007. A very interesting and entertaining collectbphysics puzzlers, including a discussion of
Benford's law.

College Physichy F.W. Sears and M.W. Zemansky; Addison-Wesley, 1960. Adgetandard algebra-
based textbook on college physics. This text goes into metaldhan the present text, and could be covered
in roughly two years of college instruction.

Experiments for Technical Physi€8nd ed.) by A. McAlexander; Allyn and Bacon, Inc., 1979. One
of very few laboratory manuals written speci cally for tedbal physics. Maybe thenly such laboratory
manual.

The Feynman Lectures on Phys{8svol.), by R.P. Feynman, R.B. Leighton, and M.L. Sands; i&dd-

10ne famous example is the two-volume wdksic Algebraby Jacobson. Volume | immediately starts discussing setryhe
monoids, groups, rings, ideals, Galois theory, etc. Thai'stract algebra, and is fairly advanced. On the other Hdodern Algebra
by Dolciani is about basic algebra of the kind discussedimttxt.
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Wesley, 1963. A very well known and respected set of lectbyeobel laureate Richard Feynman. These
lectures are at an upper undergraduate level, and covdy adlaf physics. These can be found as published
paper editions, or free online https://www.feynmanlectures.caltech.edu . There are a num-
ber of editions of these lectures available; the authoedgrence is for th€ommemorative Issueersion,
but the most recent is thidew Millennium Edition The audio lectures are available on CD-ROM; a prob-
lem book is available under the titkexercises for the Feynman Lectures on Physicgl a companion book
Feynman's Tips on Physigs also available.

Technical College Physic8rd ed., J.D. Wilson. Saunders Pub., 1992. Now out of pbiat,available
used from online book sellers. This text was once used a®thered textbook for this course.

Technical Physics3rd ed., F. Bueche. Harper & Row Pub., 1985. Another stahigastbook on technical
physics. There are not many textbooks on technical phyaius this is one of the few. Out of print, but
available used from used bookstores and online used booksgr

Technical PhysigsP.J. Ouseph, D. Van Nostrand Co., 1980. Another one of jhsinaful of books on
the subject of technical physics.

Thermodynamicdy Enrico Fermi. Dover Publications, 1936, 1956. A bridtofus-based introduction
to thermodynamics by one of the giants in the history of ptg/si

Understanding Thermodynamity H.C. Van Ness. Dover Publications, 1969, 1983. Anothéfbr
calculus-based introduction to thermodynamics.

Remote Sensing

Flattening the Earth: Two Thousand Years of Map Projectimnpdohn P. Snyder. University of Chicago
Press, 1993. A good, up-to-date history and descriptiohefriany map projections in use today.

Introduction to Remote Sensir{§th ed.) by J.P. Campbell R.H. Wynne, and V.A. Thomas; @uilf
Press, 2023. A comprehensive and up-to-date text on rerapging.

Remote Sensing Laboratory Manuml Floyd F. Sabins; Kendall/Hunt Publishing Co., 1997. A doo
manual of laboratory exercises in remote sensing.
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Reference Works

CRC Standard Mathematical Tables and Formu|a8rd ed.) by Dan Zwillinger (ed.); CRC Press,
2018. A very well-known reference work on many areas of mattes. There's quite a bit of interesting
and useful reference material in here.

CRC Handbook of Chemistry and Phys{@®4th ed.) By John R. Rumble (ed.), CRC Press, 2023. A
large and very well-known standard reference, with lotsndbimation related to physics and chemistry.
Published in a new edition every year.

Handbook of Mathematical Functioy Milton Abromowitz and Irene A. Stegun; Dover Publication
1965. This highly regarded reference work, popularly kn@sriAbromowitz and Stegun,” is still in print
after its initial publication by the National Bureau of Stiands in 1964. Lots of tables and other information
on special functions, integrals, etc.

Table of Integrals, Series, and Produ¢8sh ed.) by I.S. Gradshteyn and I.M. Ryzhik; D. Zwillinged().
Especially for students of calculus, you'll need a goodeatii integrals. This one is very well known and
quite comprehensive, and includes tables of series andiptods well.
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On-Line Resources

Online Encyclopedia of Integer Sequences (OEIS)
https://oeis.org/

WolframjAlpha
https://www.wolframalpha.com/

Wolfram MathWorld
https://mathworld.wolfram.com/
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47,131

Abel prize, 208
Absolute value, 19
Abstract algebra, 117
Acute
angle €n), 120
triangle, 120
Addend, 13
Addition, 13
Amicable numbersf(n.), 190
Andrica's conjecture, 60
Anecdotes, 189
Antilogarithm, 33
Apogee, 141
Area, 119
Arecibo radio message, 58
Arithmetic
fundamental theorem of, 58
Arithmetic mean, 166
Arithmetic-geometric mean, 167
Astronomical unit, 263
Augend, 13

Base, 20

number, 49, 50, 83, 203
Bases, 49
Benford's law, 157
Bentley, Donald, 131
Beta function

Beta function(f.n.), 68
Big Mac, 17
Binary arithmetic, 50, 155
Binary coef cient, 88
Binet's formula, 83
Binomial, 85

distribution, 154

theorem, 88
Birthday Problem, 155
Bit, 155
Brocard's conjecture, 60

Calculus, 183
Calendar

Gregorian, 44

Julian (Old Style), 44
Cancellation, 80
Candido identity, 92
Catastrophic cancellation, 19
Cellular autonomous, 200
Chemical equations, 100
Chi-squared test, 170, 244
Circle, 122
Circumference, 118
Coin rotation paradox, 127
Collatz conjecture, 63, 203
Combinations, 152
Complementary angles, 133
Completing the square, 86
Complex conjugate, 32
Complex number, 32
Composite numbers, 57
Conditional (logic), 181
Constructions, mathematical, 123
Contrapositive (logic), 181
Converse (logic), 181
Conway, John Horton, 55, 200
Cosine, 134
Cosine formula, 140
Cosines, law of, 140
Coversine, 136
Cross-multiplying, 81
Cube root, 22, 195
Cubic equation, 78

Dantzig, George, 191

Day of year, 45

Decimal arithmetic, 49

Degree, 132, 268
square, 269

Degrees of freedom, 170

Denominator, 16
rationalizing, 23
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Difference, 13
Differential, 183
Dionysius Exiguus, 45
Directrix, 146
Discriminant, 75
Dividend, 13
Divisibility Rules, 193
Division, 13

long, 16

short, 16
Divisor, 13
Doomsday algorithm, 55
Dozenal (duodecimal) arithmetic, 50
Duodecimal arithmetic, 50

e, 36
Earth, 263
Eccentricity
ellipse, 147
hyperbola, 147
Ellipse, 146, 203
Encyclopedia of Integer Sequences, 64
Equiangular triangle, 120
Equilateral triangle, 120
Eratosthenes, sieve of, 57
Euclid, 122
Euclid, game of, 61
Euclidean algorithm, 61
Euler's identity, 31
Evolution, 22
Exponent, 20
Exsecant, 136

Factor, 85
Factor theorem, 89
Factorial, 28
trivia, 29
Fermat's last theorem, 190
Fibonacci numbers, 61, 82, 203
Fields medal, 208
Focus
ellipse, 146
hyperbola, 147
parabola, 146
Four-color theorem, 124, 203
Fourth (of arc), 268
Fractal geometry, 202
Fraction
addition, 16
division, 17

improper, 16
mixed, 16
multiplication, 17
proper, 16
reciprocal, 17
reduced, 16
subtraction, 16

Fractions, 16

Fraktur alphabet, 218

Function, 89
continuous, 90
even and odd, 90
inverse, 90

Gamma function, 28
Gar eld, James A., 121
Geometric mean, 167
Geometric series, 91
German tank problem, 171
Goldbach conjecture, 57
Golden Grahams cereal problem, 156
Goldenratio, 61, 82, 203
Googol, 39
Googolplex, 39
Grad, 132, 268
Grade, 183
Grant, Lou, 113
Graph, 144
Graphs, 91
Great circle, 140
Greek
alphabet, 10, 217
guotations, 12
Gregorian calendar, 44

Hall, Monty, 162

Hardy, G.H., 189
Harmonic mean, 167
Haversine, 136, 140
Haversine formula, 140
Heron's formula, 119
Hexadecimal arithmetic, 50
Hierarchy of operations, 36
Hilbert's Problems, 205
Hindu-Arabic numerals, 15
Hyperbola, 147, 203
Hyperbolic functions, 233
Hypercubes, 128
Hypersphere, 128
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io" 1,31

Imaginary number, 31, 203
Index, 22

In nitesimal numbers, 183
Intersection (of sets), 176
Inverse (logic), 181
Involution, 19

Irrational numbers, 17
Isosceles triangle, 120
IXOHOXI, 199

Julian calendar, 44
Julian day, 45, 222
Jupiter, 263

Kaprekar's constant, 64
Kasner, Edward, 39

LambertW function, 93, 98
Large numbers, 38
Latus rectum, 146
Leap year, 44
Legendre's conjecture, 60
Legendre's constant, 205
Length, 118
Let's Make a Deal162
Life, game of, 200
Linear A, 10
Linear algebra, 116
Linear B, 10
Linear regression, 168
Log integral function, 205
Logarithm, 32

negative numbers, 34
Lucas numbers, 62, 203

Magic square, 197

Magic squares, 203
Mandelbrot set, 202

Mars, 263

Mary Tyler Moore Show, 113
Mathematical Games, 203, 246
Mathematical lore, 189
Matrix, 116

Mean, 166

Median, 166

Meme, 37, 38

Mercury, 263

Minuend, 13

Mobius strip, 199, 203

Mode, 167

Modern algebra, 117

Modulo, 14

Monty Hall Problem, 162

Multiplicand, 13

Multiplication, 13
implied, 14

Multiplier, 13

Nautical mile, 142

Neptune, 263

Neyman, Jerzy, 191
Non-Euclidean geometry, 123
Null hypothesis, 170

Null set, 176

Number bases, 49

Number theory, 57
Numerator, 16

Numerical analysis, 93

Obelus, 14, 38
Obliquity of the ecliptic, 263
Obtuse
angle €n), 120
triangle, 120
Octal arithmetic, 50
Old Style calendar, 44
Opperman's conjecture, 60
Ordered pair, 144
Origin, 144

Parabola, 146, 203
Parallel postulate, 123
Pascal's triangle, 88, 154
Pell numbers, 62

Per mille, 17

Percent, 17

Perfect number, 62
Perimeter, 118
Permutations, 152
Phinary, 83

Pi( ),118,203

Pig ear notches, 49
Pizza toppings, 155
Place-value notation, 49
Platonic solids, 124
Pluto, 263

Polish notation, 211
Polyhedra, 124
Polynomial, 85
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Pomona College, 131
Prime counting function, 205
Prime number theorem, 205
Prime numbers, 57

twin, 57
Principal value, 138
Probability, 151
Product, 13
Product notation, 84
Pythagoras of Samos, 121
Pythagorean theorem, 121

Quadrants, 133

Quadratic equation, 75

Quantum mechanics, 151

Quarter squares, method of, 47, 226
Quartic equation, 78

Quinary arithmetic, 49

Quotient, 13

Radian, 132, 268
Radical, 22
Radicand, 22
Ramanujan, Srinivasa, 189, 190
Rational approximations, 47
Rational numbers, 16, 17
Real numbers, 17
Reciprocal, 14
Remainder, 14
Repeating decimals, 14
Reverse Polish Notation (RPN), 209, 211
Richards, Mary, 113
Riemann hypothesis, 204
Riemann zeta function, 204
Right

angle €.n), 120

triangle, 120
Rise, 183
Roman numerals, 15
Rounding, 18
Run, 183

Saturn, 263

Scalene triangle, 120
Scienti ¢ notation, 39
Scruffy, 187

Sieve of Eratosthenes, 57
Simultaneous equations, 98
Sine, 134

Sines, law of, 139

Sirotta, Milton, 39
Slope, 183
Solid angle, 268
Soroban, 55
Square root, 22, 194

paper and pencil method, 23
Square, completion of, 86
Standard deviation, 167
Statistics, 166
Steradian, 268
Stirling's Approximation, 28
Subtraction, 13
Subtrahend, 13
Sum, 13
Summand, 88
Summation notation, 84
Supplementary angles, 133
Swine ear notches, 49

Tangent, 134

Tau (), 119

Tautology(f.n.), 75

Terms, 85

Ternary arithmetic, 49

Tesseract, 128

Third (of arc), 268

Time conversions, 43

Tower of exponents, 21, 69, 98

Trachtenberg system, 55

Triangle inequality, 120

Tricks of algebra, 80

Trigonometric functions, 134
inverse, 137
lesser-used, 136

Tropical year, 44

Union (of sets), 176
Unit circle, 134
Uranus, 263

Variance, 167

\enus, 263

Versine, 136

Versus (vs.), 91

Vieta's formulas, 76
Vincenty's formulee, 140
Volume, 120

W function,seeLambertW function

Zeckendorf's theorentf), 82
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Zeta function, 204
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