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1 The Simple Plane Pendulum

A simple plane pendulum consists, ideally, of a point mass connected by a light rod of length L to a frictionless
pivot. The mass is displaced from its natural vertical position and released, after which it swings back and forth.
There are two major questions we would like to answer:

1. What is the angle 6 of the pendulum from the vertical at any time ¢?
2. What is the period of the motion?

For such a simple system, the simple plane pendulum has a surprisingly complicated solution. We’ll first
derive the differential equation of motion to be solved, then find both the approximate and exact solutions.

2 Differential Equation of Motion

To derive the differential equation of motion for the pendulum, we begin with Newton’s second law in rotational
form:
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where 7 is the torque, 7 is the moment of inertia, « is the angular acceleration, and 6 is the angle from the vertical.
In the case of the pendulum, the torque is given by
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T = —mgLsind, 2
and the moment of inertia is
I =mL> (3)

Substituting these expressions for 7 and 7 into Eq. (1), we get the second-order differential equation
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which simplifies to give the differential equation of motion,
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3 Approximate Solution

3.1 Equation of Motion

The easy way to solve Eq. (5) is to restrict the solution to cases where the angle 6 is small. In that case, we can
make the linear approximation

sinf ~ 6, (6)

where 0 is measured in radians. In this case, Eq. (5) becomes the differential equation for a simple harmonic
oscillator,
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The solution to this differential equation is

0(t) = 6y cos (\/%t + 8) , 3

as may be verified by direct substitution. Here 0y and § are arbitrary constants that depend on the initial conditions.
The angle 6y is called the amplitude of the motion, and is the maximum displacement of the pendulum from the
vertical. The constant § is called the phase constant, and represents where in its motion the pendulum is at time
t =0.

3.2 Period

Eq. (8) implies that the angular frequency of the motion is @ = /g/L; since the period T = 27 /w, we find the
period for small amplitudes to be
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4 Exact Solution

While the small-angle approximate solution to Eq. (5) is fairly straightforward, finding an exact solution for angles
that are not necessarily small is considerably more difficult. We won’t go through the derivations here—we’1l just
look at the results. Here we’ll assume the amplitude of the motion 6y < 7, so that the pendulum does not spin in
complete circles around the pivot, but simply oscillates back and forth.

4.1 Equation of Motion

When the amplitude 6y is not necessarily small, the angle 0 from the vertical at any time ¢ is found to be

6(t) = 2sin”! {ksn[\/%(t —zo);k“ ) (10)

where sn(x; k) is a Jacobian elliptic function with modulus k = sin(6y/2). The time ?( is a time at which the
pendulum is vertical (6 = 0).



The Jacobian elliptic function is one of a number of so-called “special functions” that often appear in math-
ematical physics. In this case, the function sn(x; k) is defined as a kind of inverse of an integral. Given the
function
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the Jacobian elliptic function is defined as the inverse of u:
y =sn(u; k). (12)

Values of sn(x; k) may be found in tables of functions or computed by specialized mathematical software libraries.

4.2 Period

Eq. (9) is really only an approximate expression for the period of a simple plane pendulum; the smaller the
amplitude of the motion, the better the approximation. An exact expression for the period is given by

T— 4#/1 dr (13)
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which is a type of integral known as a complete elliptic integral of the first kind.
The integral in Eq. (13) cannot be evaluated in closed form, but it can be expanded into an infinite series. The

result is
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We can explicitly write out the first few terms of this series; the result is
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If we wish, we can write out a series expansion for the period in another form—one which does not involve
the sine function, but only involves powers of the amplitude 6y. To do this, we expand sin(6y/2) into a Taylor
series:
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Pendulum: Ratio of True to Small-Angle Period
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Figure 1: Ratio of a pendulum’s true period 7 to its small-angle period Ty = +/L/g, as a function of amplitude
0. For small amplitudes, this ratio is near 1; for larger amplitudes, the true period is longer than predicted by the
small-angle approximation.

Now substitute this series into the series of Eq. (14) and collect terms. The result is
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S Plot of Period vs. Amplitude

Shown in Fig. 1 is a plot of the ratio of the pendulum’s true period 7 to its small-angle period Ty (T/ (27 /L/g))
vs. amplitude 6 for values of the amplitude between O and 180°, using Eq. (15). As you can see, the ratio is 1
for small amplitudes (as expected), and increasingly deviates from 1 for large amplitudes. The true period will
always be longer than the small-angle period Tp.
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